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PREFACE 


THIS work is intended to be strictly a School Edition 
of Euclid’s Elements. While retaining his sequence 
of propositions, and basing their proofs entirely on his 
axioms, the Editors have not scrupled to replace 
some of his demonstrations by easier ones, and to 
discard much superfluous matter, irritating alike to 
student, teacher, and examiner, from those retained. 

Symbols have been introduced at an early stage, 
but their use has been avoided in the first eight 
propositions, in order that beginners might not ve 
confronted with two difficulties at once. 

An attempt has been: made in the Notes and 
Exercises to familiarise the student with such terms 
and ideas as he will be likeiy to meet with in his 
higher reading and in treatises on Elementary Geo- 
metry by other writers, and to indicate by difference 
of type important theorems and problems which should 
be well known to him although not given among 
Euclid’s propositions. At the same time the work is 
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not intended to be a substitute for such works as 
Casey’s well-known Sequel to Euclid, but to serve as 
an introduction to them. 

The Editors are of opinion that students of Geo- 
metry cannot attempt the solution of Geometrical 
Exercises too soon, and they have attached simple 
riders to most of the propositions which ought to be 
within the reach of all those who have mastered the 
book-work intelligently. 

Much use has been made of the excellent Syllabus 
of Plane Geometry issued by the Association for the 
Improvement of Geometrical Teaching, and readers 
of Professor Henrici's remarkable little work on 
Congruent Figures will probably detect its influence 
throughout. 

The short treatise ‘On Quadrilaterals’ will, it is 
hoped, be found interesting to those students who 
have mastered the previous exercises, and useful to 
teachers in supplying a large number of easy and 
instructive exercises in a short compass. 

The final collection of Miscellaneous Exercises is 
purposely taken from widely different sources ; some 
are—as far as it is safe to make such an assertion of 
any proposition in Elementary Geometry—original 
others have been taken from or suggested by various 
examination papers, and others are well known theo- 


Preface. vii 


rems or problems given by most writers on the same 
subject. 

The Editors have to thank several friends for 
examining proof-sheets ; in particular, Mr. A. F. 
Smith, B.A., The Grammar-School, Chester; Mr. H. 
Crofts, B.A., Parkfield School, Liverpool; Mr. G. M. 
Bates, B.A.. Headmaster of the Harpur Trust Ele- 
mentary School; and Mr. A. E. Field, B.A., of Trinity 
College, Oxford. They would be obliged to those 
teachers who use their work as a class-book for early 
notice of any errors that have escaped correction, 
and for such suggestions for its improvement as 
experience may provide. 


EDWARD M. LANGLEY. 
W. SEYS PHILLIPS. 


NOTE. 


THE Editors desire to call attention to the Reports of the 
Mathematical Board at Cambridge, and the Board of the Faculty 
of Natural Science at Oxford, upon the Memorial presented by 
the Council of the Association for the improvement of Geometrical 
Teaching to these Universities, praying for such changes in their 
Examinations in Elementary Geometry ‘as would admit of the 
subject heing studied from Text-books other than editions of 
Euclid, without the student being thereby placed at a disadvantage 
in those Examinations.’ 


: The Cambridge Board reports :— 


‘The majority of the Board are of opinion that the rigid adherence 
to Euclid’s texts is prejudicial to the interests of education, and 
that greater freedom in the method of teaching Geometry is 
desirable. As it appears that this greater freedom cannot be 
attained while a knowledge of Euclid’s text is insisted upon in 
the examinations of the University, they consider that such 
alterations should be made in the regulations of the examinations 
as to admit other proofs besides those of Euclid, while following 
however his general sequence of propositions, so that no proof 
of any proposition occurring in Euclid should be accepted in 
which a subsequent proposition in Euclid’s order is assumed. 


The Oxford Board, in nearly equivalent terms, reports :— 


‘1. That a rigid adherence to the ordinary text-books of Euclid 
should no longer be insisted on, but that a greater freedom of 
demonstration should be allowed, both in Geometrical teach- 
ing and in Examination. 


‘2. That, nevertheless, Ecclid’s method should be required in all Pass 
Examinations in Geometry, in so far as that no axioms other 
than those of Euclid shall be admitted, and that no proof of 
a proposition be allowed which assumes the truth of any pro- 
position which does not precede it according to Euclid's 
order.’ 
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DEFINITIONS. 


Of the thirty-five definitions with which st has been usual to face 
Book J., only about one- age rt need be mastered by the student before he 
attempts the propositions. e are given below. Of the rest, such as he 
will want for Book I. are — in due course. For examination purposes 
and for reference, a complete list of efinstions, e and Fostulates 
is given on pp. 96-98. 

The ‘ Syllabus,’ to which dccasional references asmak ts that published 
by the 4 8 for the Improvement of Geometrical T caching. 

I. A point is that which has no parts, or which 


has no magnitude. 
2. A line is length without breadth. 
3. The extremities of a line are points. 


4. Astraight line is that which lies evenly between 
its extreme points. 

A straight line is sometimes spoken of as the join wd its 
extreme points. 


5. A superficies (or surface) is that which has only 
length and breadth. 


6. The extremities of a surface are lines. 


7. A plane superficies (flat surface) is that in 
which any two points being taken, the straight line 
between them lies wholly in that superficies. 


9. A plane rectilineal angle is the inclination of 
two straight lines to one another, which meet 
together, but are not in the same straight line. 

It is pointed out in the Syllabus that the term angle is 
incapable of real definition. It would be better to say with the 
Syllabus, ‘When two straight lines are drawn from 
the same point they are said to contain, or to make 
with each other, a plane angle,’ and to indicate the nature 
of an angle by saying that the angle ts greater or less, according 
as the amount of turning round the point that would bring either 
of the lines into coincidence with the other ts greater or less. 
(See Syllabus.) 


Definitions. 3 


NOTE. 


When several angles are at one point B, any one of them ts expressed by 
three letters, of which the letter which is at the vertex of the angle, that ts, at 
the point at which the straight lines that contain the angle meet one another, 
is put between the other two letters, and one of these two letters is some- 
where on one of those straight lines, and the other letter on the other straight 
line. Thus the angle which ts contained by the straight lines AB, CB is 


A E 


B C F G 


named the angle ABC or CBA; the angle which ts contained by the straigh 
lines AB, DB ts named the angle ABD or DBA; and the angle contained 
by the straight lines DB, CB is named the angle DBC or CBD. But if 
there ts only one angle at a point, it may be expressed by a letter placed at 
that point ; thus the angle EFG might be called simply the angle F. 

The latter method should always be employed when possible. 


14. A figure is that which is enclosed by one or 
more boundaries. 

A figure contained by three straight lines is called a 
triangle. 


15. Acircle isa plane figure contained by one line, 
which is called the circumference, and is such that 
all straight lines drawn from a certain point within 
the figure to the circumference are equal. 


16. This point is called the centre of the circle, and the 
straight line drawn from the centre to the circumference is 
called the radius of the circle. 
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POSTULATES. 


Let it be granted 


1. That a straight line may be drawn from any 
one point to any other point. 


2. That a terminated straight line may be pro- 
duced to any length in a straight line. 


3. That a circle may be described from any 
centre at any distance from that centre. 


In practice this amounts to demanding the use of a ruler o- 
straight-edge and a pair of compasses. 

Neither of these instruments, however, is to be used for 
carrying distances [see note 2 on Prop. 21 

When Geometers speak of a problem such as to divide a 
given angle into three equal angles as ‘impossible,’ they 
mean ‘impossible under the restrictions they have placed upon 
themselves as to the elementary constructions they take for 
granted,’ | 

They only take for granted the three ‘demanded’ by the 
. Postulates. 


Axioms. 5 


AXIOMS. 
I. Things which are equal to the same thing are 
equal to one another. 


2. If equals be added to equals, the wholes are 
equal. 

3. If equals be taken from equals, the remainders 
are equal. 


4. If equals be added to unequals, the wholes are 
unequal. 


5. If equals be taken from unequals, the re- 
mainders are unequal. 


6. Things which are double of the same thing 
are equal to one another. 


7. Things which are halves of the same thing 
are equal to one another. 


8. Magnitudes which coincide with one another, 
that is, which exactly fill the same space, are equal 
to one another. 


9. The whole is greater than its part. 
10. Two straight lines cannot enclose a space. 
11. All right angles are equal to one another. 


6 Euclid's Elements. 


Der.—A triangle with its three sides equal to each 
other is called an Equilateral Triangle. 


PROPOSITION 1. PROBLEM. 
To describe an equilateral triangle on a given finite 
straight line. 


Let AB be the given straight line; it is required to dannii an 
equilateral triangle on AB. 


From the centre A, at the distance AB, describe 
the circle BCD. 

From the centre 3, at the distance BA, describe 
the circle A 2. 

From the point C, at which the circles cut one another, draw 
the straight lines CA, CB to the points A and B. 

hb. ause the point A is the centre of the circle BCD, 
therefore AC is equal to AB ; [DEF. 15. 

And because the point B is the centre of the circle ACE, 
therefore BC is equal to BA; (DEF. 15. 
therefore AC, BC, AB are all equal to one another; 

[AX. 1. 


[PosT. 3. 


therefore ABC is equilateral. 


Book I. Prop. l. 7 


NOTES. 


1. The words join CA’ are afterwards used as an abbreviation for 
‘draw a straight line from C to A.’ 


2. If we join AD and BD (D being the other point in which the two 
circles cut each other) another equilateral triangle ADB will be described 
on the given straight line AB. 


3. ‘A triangle is sometimes regarded as standing on a selected side, 
which is then called its base, and the intersection of the other two sides is 
called the vertex.’ (Syllabus.) 


4. The quadrilateral (four-sided) figure ACBD has all its sides 
equal, Such a quadrilateral is called a rhombus. 
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PROPOSITION 2, PROBLEM. 


From a given point to draw a straight line equal to 
a given straight line. 


Let A be the given point, and BC the given straight line; 
it is required to draw from the point A a straight line 
equal to BC. 
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Join AB. [PosT. 1. 
On AB describe the equilateral triangle DAB. [I. x. 
From the centre B, at the distance BC, describe the circle 
CGH cutting DB produced in G. [POST. 3. 
From the centre D, at the distance DG, describe the circle 
GKL cutting DA produced in L. [POST. 3. 


Then AL shall be equal to BC. 


Because D is the centre of the circle GKL, 
therefore DL is equal to DG; (DEF. 15. 
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But DA is equal to DB, [ConsT. 
therefore the remainder AL is equal to the remainder 
BG. [Ax. 3. 
Because B is the centre of the circle CGH, 

therefore BC is equal to BG; [DEF. 15. 

But it has been shown that AL is equal to BG; 
therefore AL is equal to BC. [AX. I. 

NOTES. 


1. (a) The point A may be joined with either end of the line CB; 


(4) The equilateral triangle described on this join as base may be 
described on either side of that base; 


(c) The other two sides of the equilateral triangle may be produced 
either both through the vertex, or, as in the diagram, both in the 
opposite direction ; so that with BC and A given there are eight ways in 
which the problem might be solved. The student should try to go through 
the other seven by himself. 


2. The demonstration of the possibility of solving this problem has been 
rendered necessary by the restriction which Euclid has placed upon the 
interpretation of his Third Postulate. If instead of this postulate we 
assumed that of the Syllabus, 

A circle may be described from any centre with a radius equal 
to any finite straight line,’ 
this proposition and the next would be unnecessary. Euclid only uses his 
postulate as if it allowed him to describe a circle from any centre and with 
any straight line drawn from that point as radius. 
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PROPOSITION 3. PROBLEM. 


From the greater of two given straight lines to cut off a part 
equal to the less. 


Let AB and C be the two given straight lines, of which AB is 
the greater ; it is required to cut off from AB, the greater, 
a part equal to C, the less. 
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From the point A draw the straight line AD equal to C. II. 2. 
From the centre A, at the distance AD, describe the circle 
DEF cutting AB at E. [POST. 3. 
AE. shall be equal to C. 
Because A is the centre of the circle DEF, 
therefore AE is equal to AD; [DEF. 15 
But C is equal to AD; [ CONST. 


therefore AE is equal to C. [Ax. 1. 


Book I. Prop. 3. II 


NOTES. 


If the student finds much difficulty in mastering the demonstrations of 
Propositions 4, 5, 6, 7, he would probably do better zo fake their results 
for granted and go on with the easter ones which follow, coming back from 
time to time to those which he has found too difficult. 

By the time he has reached Proposition 16 he ought no longer to find 
them a stumbling-block. 

The course taken by a teacher must naturally depend upon the intelli- 
gence of his pupils and their interest in the subject, but it will probably be 
found best, after explaining the general and particular enunciations of the 
theorems mentioned, to pass on in the way just suggested. After practice 
in the easier demonstrations which follow, they will be better able to 
grapple with the difficulties with which they were previously unable to 


cope. 
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PROPOSITION 4. THEOREM. 


If two triangles have two sides of the one equal to two sides of 
the other, each to each, and have also the angies contained 
by those sides equal to one another, they shall also have their 
bases or third sides equal; and the two triangies shall be 
equal, and their other angles shall be equal, each to each, 
namely those to which the equal sides are opposite. 


Let ABC, DEF be two triangles which have the two sides 
AB, AC equal to the two sides DE, DF, each to each, 
namely AB to DE, and AC to DF, and the angle BAC 
equal to the angle EDF: the base BC shall be equal to 
the base EF, and the triangle ABC to the triangle DEF, 
and the other angles shall be equal, each to each, to 
which the equal sides are opposite, namely the angle 
ABC to the angle DEF, and the angle ACB to the 
angle DFE. 


B C E F 


Fo 


mg 


if the triangle ABC be applied to the triangle DEF, so 
that the point A may be on the point D, and the straight 
line AB on the straight line DE, the point B will coincide 


with the point E, because AB is equal to DE; [HyP. 
And AC will fall on DF, because the angle BAC is equal to 
the angle EDF ; [ HYP. 


therefore also the point C will coincide with the point F, 
because AC is equal to DF ; (arr. 


Book I. Prop. 4. 13 


But the point B was shown to coincide with the point E ; 
therefore the base BC will coincide with the base EF, 
for if not, two straight lines would enclose a space, which 

is impossible ; [XX. 10. 
therefore the base BC is equal to the base EF; [ax. 8. 
and the whole triangle ABC coincides with the whole 

triangle DEF, and is equal to it. [ax. 8. 


Also since AB, BC coincide with DE, EF, np 
therefore the angle B is equal to the angle E. [ax. 8. 


And since AC, CB coincide with DF, FE, 


therefore the angle C is equal to the angle F. [Ax 8. 


NOTES. 


1. The method of proof here used is called Superposition. 

Though often found difficult by a beginner, it is very valuable, and should 
be practised whenever possible. 

It is the most elementary of all methods. Euclid, however, has not 
availed himself of it as much as he might have done. 


2. ‘Figures that may be made by superposition to coincide with one 
another are said to be identically equal; and every part of one being equal 
toa corresponding part of the other, they are said to be equal in all 
respects, ’ (Syllabus. ) 


3. Professor Henrici calls such TRN congruent. 
Ex. 1.—Two quadrilaterals, ABCD and PQRS, have the sides AB, BC, 
CD respectively equal to the sides PQ, QR, RS, and the angles B and 


C respectively equal to the angles Q and R. Show that the quadrilaterals 
are congruent, 


Der.—A triangle with two of its sides equal to 
each other is called an ‘isosceles’. triangle. 
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PROPOSITION 5. THEOREM. 


The angles at the base of an isosceles triangle are equal to one 
another, and, if the equal sides be produced, the angles on the 
other side of the base shall be equal to one another. 


Let ABC be an isosceles triangle, having the side AB equal 
to the side AC, and let the straight lines AB, AC be 
produced to D and E, the angle ABC shall be equal to 
the angle ACB, and the angle CBD to the angle BCE. 


A 


In BD take any point F, and from AE, the greater, cut off 
AG equal to AF, the less, [I. 3. 
and join FC, GB. 
Because AF is equal to AG (const.) and AB to AC, [myr. 
the two sides FA, AC are equal to the two sides GA, AB, 
each to each, 
and they contain the angle FAG common to the two 
triangles AFC, AGB, 

therefore the base FC is equal to the base GB, the angle 
ACF is equal to the angle ABG, and the angle AFC 
is equal to the angle AGB. [I. 4. 
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Again, because the whole AF is equal to the whole AG, 


[ConsT. 
and the part AB is equal to the part AC, [ HYP. 
therefore the remainder BF is equal to the remainder CG. 

[ax. 3. 


Now, FC has been shown to be equal to GB, 
and the angle BFC (contained by BF, FC) to the angle 
CGB (contained by CG, GB); 
therefore the angle CBF is equal to the angle 
BCG, (I. 4. 
and the angle BCF is equal to the angle CBG. 
But the whole angle ACF has been shown to be equal to the 
whole angle ABG, 
as well as the part BCF to the part CBG; 


therefore the remaining angle ACB is equal to the re- 
maining angle ABC. | [AX. 3. 


CoroLiary.—Hence every equilateral triangle is also equiangular. 


A corollary is a proposition, the truth of which follows 
immediately or may easily be deduced from what has been 
demonstrated in the proposition to which it is attached. 


I. 5 is such a traditional stumbling block to beginners that 
it has become known as the ‘pons asinorum.’ Another 
epithet seems at one time to have been attached to it :— 

‘Quinta propositio geometriæ Euclidis dicitur “ Elefuga,” 
id est, fuga miserorum.’—ROGER Bacon (Opus tertium, 
Cap. 6). 
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PROPOSITION 6. THEOREM. 


If two angles of a triangle be equal, the sides also which sub- 
tend, or are opposite to the equal angles, shall be equal to 
one another. 


Let ABC be a triangle, having the angle ABC equal to the 
angle ACB: the side AC shall be equal to the side AB. 


A 
D 


B C 


For if AC be not equal to AB, one of them must be 
greater than the other. 
Let AB be the greater, and from it cut off BD, equal to AC 


the less, UI. 3. 
and join DC. 
Then in the two triangles DBC, ACB, 

we have DB equal to AC, [CoNsT. 

. BC common, 

and the angle DBC (contained by DB, BC) equal to the 
angle ACB (contained by AC, CB); [ HYP. 

therefore the triangle DBC is equal to the triangle 
ACB, II. 4. 

the less to the greater, which is absurd ; [ax. 9. 

therefore AB is not unequal to AC, 


that is, AB is equal to AC. 
CoROLLARY.—Hence every equiangular triangle is also equilateral. 
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NOTE. 


A theorem consists of two parts, the hypothesis, or that which is 
assumed, and the conclusion, or that which is asserted to follow there- 
from. 

Two theorems are said to be converse, each of the other, when the 
hypothesis of each is the conclusion of the other (Syllabus). 

Thus each of the two theorems § and 6 is the converse of the other. 

The student should notice that the converse of a true theorem may or 
may not be true. 


Ex. 2.—In the figure of Prop. 5, if H is the point where BG cuts CF, 
BH is equal to HC. 
Also FH is equal to Hd. 


Ex. 2 (a).— The sides AB, AC of a triangle ABC are produced to D 
and E. If the angle DBC is equal to the angle ECB, then the side AB 
is equal to the side AC (Clavius). 

In BD fake any point F. From CE cut off CG equal to BF. Join 
BG, CF, FG. Show that J. 4 applies (i) to triangles FBC, GCB (ii) to 
triangles FBG, GCF and hence, by J. 6, that AF is egual to AG. 
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PROPOSITION 7. THEOREM. 


On the same base and on the same side of it there cannot be two 
triangles having their sides, which are terminated in one 
extremity of the base equal to one another, and likewise 
those which are terminated at the other extremity equal to 
one another. 


On the same base AB, and on the same side of it, let there 
be two triangles ACB, ADB, having 
C.. their sides CA, DA, which are ter- 


ce 
= 
— 
— 


minated at A, equal to one another, 
then they cannot have also the sides 
CB, DB, which are terminated at B, 
equal to one another. 


Join CD. 
A p in the case in which the vertex of each 
triangle is without the other triangle ; 
Because AC is equal to AD, [BYP. 


therefore the angle ACD is equal to the angle ADC; II. 5 

But the angle ACD is greater than the angle BCD, [Ax. g. 

therefore the angle ADC is also 

5 greater than the angle BCD ; 

r much more then is the angle 
BDC greater than the angle 
BCD, 
therefore BC is not equal to 
BD ;* [I. 5. 

But if one of the vertices, as D, be 

A B within the other triangle ACB, 
produce AC, AD to E and F respectively. 

Then because AC is equal to AD, [ HYP. 
therefore the angle ECD is equal to the angle FDC; 


[I. 5. 
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But the angle ECD is greater than the angle BCD, [XX. 9. 
therefore the angle FDC is also greater than the angle 


BCD; 
much more then is the angle BDC greater than the 
angle BCD, 
therefore BC is not equal to BD.* I. 5. 


The case in which the vertex of one triangle is on a side of 
the other needs no demonstration. 


If the student has any difficulty in seeing that this follows from I. 5, 
he should insert this line : 
For if it were, the angle BDC would be equal to the angle BCD. 


I. 7 is the foundation of the well-known 
practical device for securing rigidity in the 
framework of a gate. 

The framework ABCD could, if there 
was looseness at the joints, easily be dis- 
torted into the shape shown by AB'C'D pem 
without having to stretch or compress any $$ "> 8 
of the bars of which it is composed. D 

But if a fifth bar, EF, were pivoted to 
AB, AD at E and F, it would be impossible for the distortion indicated 
in the figure to take place so long as AF, EF remained of the same 


length, otherwise there could be two triangles AFE, AF’E, on the same 
base AE, and on the same side of it, having AF equal to AF’ and EF 
equal to EF’. 
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PROPOSITION 8. THEOREM. 


If two triangies have two sides of the one equal to two sides 
of the other, each to each, and have likewise their bases 
equal, the angle which is contained by the two sides of the 
one shall be equal to the angle which is contained by the 
two sides, equal to them, of the other. 


Let ABC, DEF be two triangles, having the two sides AB, 
AC equal to the two sides DE, DF each to each, namely 
AB to DE, and AC to DF, and also the base BC equal 
to the base EF; the angle BAC shall be equal to the 
angle EDF. 


A D 


B C E F 
For if the triangle ABC be applied to the triangle DEF, so 
that the point B may be on the point E, and the straight 
line BC on the straight line EF, the point C will also 
coincide with the point F, because BC is equal to EF; 
| [HyYP. 
Therefore BC coinciding with EF, BA and AC will coincide 
with ED and DF. 

_For if not, on EF as base there will be another triangle 
formed on the same side of it as DEF, and having the 
side terminated at E equal to DE, 
and also the side terminated at F equal to DF, 

-which is impossible ; I 


therefore the angle BAC coincides with the angle EDF, 
and is equal to it. 
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NOTE. 


We have really demonstrated more than the enunciation asserts; for we 
have shown that the two triangles are congruent. The student would do 
well to learn the enunciation in the subjoined form :— 

If two triangles have the three sides of the one equal to the three sides 
of the other, each to each, then the triangles are identically equal, and of 
the angles, those are equal which are opposite to equal sides. (Syllabus.) 


Ex. 3.—In the figure of Prop. 1 join AD, BD, and prove that the angles 
CAB, DAB are equal to each other. 


Ex. 4.—In the figure of Prop. 1 join CD and prove that the angles ACD, 
BCD are equal to each other. 


Ex. 5.—In the figure of Prop. 1 let E be the point where CD cuts AB. 
` Then AE is equal to EB. 


Ex. 6.—If ABCD is a rhombus (that is, a quadrilateral having all its sides 
equal to one another), and AC cuts BD in E, then AE is equal to EC, and 
BE is equal to ED; also the four angles AEB, BEC, CED, DEA are all 
equal to one another. 


From I. 9 onwatds, certain symbols will be used as abbreviations for 
words which occur frequently :— 


. will be used for because.’ 


oe 5 i ‘therefore.’ 

= 55 55 ‘is equal to, or are equal to.’ 

>” „ „ is greater than, or are greater than.’ 
< ‘i j ‘is less than,’ or ‘are less than.’ 

l 57 1 ‘angle.’ 

A 99 5 : triangle.’ 

© 97 i ‘circle.’ 
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PROPOSITION 9. PROBLEM. 


To bisect a given rectilineal angle that is, to divide it into 
two equal parts. 


Let BAC be the given rectilineal angle: it is required to 
bisect it. 


Take any point D in AB and from AC cut off AE equal to AD. 


[I. 3. 
Join DE. 
Upon DE, on the side remote from A, describe the equilateral 
A DEF. [L I. 
Join AF. 
The straight line AF shall bisect 2. BAC. 
In the two As FAD, FAE 
AD = AE, [CONST. 
AF is common, 
and DF = EF; [DEF. 24. 


. £DAF=cEAF. | [I. 8. 
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NOTES. 


1. The student should satisfy himself as to the necessity of the words on 
the side remote from A. 


2. The demonstration would be just as easy if the 4 OFE were 
merely an isosceles A having DE for its base; and in Practical 
Geometry, after cutting off AE equal to AD (by describing an arc with any 
radius from centre A), arcs with any equal radii long enough to ensure 
their cutting are described with centres D and E, and the point F, where 
they cut, is joined with A. 

The student may perhaps find an indication of what may have been 
Euclid’s reason for choosing his method instead of the more general 
practical one in Note 2 on Prop. 2. 


3. A quadrilateral like ADFE (having AD, DF equal to AE, EF re- 
spectively) is called a Kite. 

Note that it consists of two congruent As, ADF, AEF, on opposite 
sides of a common base, AF, and such that superposition could be effected 
by turning either of them about that common base until it came into the 
plane containing the other. 

From this property it is called a symmetrical figure, and AF is called 
its axis of symmetry. 

Ex. 6 (a).—If in the fig. of I. 9 an equilateral 4 DGE be described on 
the same side of DE as A and AG be joined, show that 2 DAG = L EAG. 


Ex. 6 (6).—If in the fig. of I. 9 a pt. H be taken on AF, or AF pro- 
duced, show that HD=HE, and HDF L HEF. 


Ex. 6 (c).—The sides OA, OB of a A OAB are equal to each other, 
and the angles OAB, OBA are bisected by st. lines AP, BP meeting in 
P. Show that PA=PB. 


Ex. 6 (d).—The equal sides OA, OB of an isosceles A OAB, are pro- 
duced to C and D respectively, and the angles CAB, DAB bisected by 
st. lines AP, BP meeting in P. Show that PA=PB. 
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PROPOSITION 10. PROBLEM. 


To bisect a given finite straight line—that is, to divide it into 
two equal parts. 
Let AB be the given straight line; it is required to divide it 
into two equal parts. 


Describe on AB an equilateral A ABC. II. I. 
Bisect 4 ACB by the straight line CD, meeting AB at D. [L 9. 
AB shall be divided into two equal parts at the point D. 

In the two As ACD, BCD 


AC=CB, [Consr. 
CD is common, 
and . ACD= L BOD, [Const. 


ee AD=DB. II. 4. 
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NOTE. 


The student should go through the successive steps practically, and 
compare Euclid’s process with that given in Manuals on Practical 
Geometry. 

He will find very little difference between the two, and should satisfy 
himself of the correctness of the ‘ practical’ method. He should also find 
a reason for Euclid having chosen the method of Prop. Io instead of it. 
See Note 2 on Prop. 9. 


Ex. 6 (¢).—If in the fig. of I. 10 a pt. H be taken or OC, or DC pro- 
duced, show that HA=HB, and that L HAC=HBC. 
Ex. 6 (/).—The equal sides OA, OB of an isosceles 4 OAB are 


bisected at C and D respectively. Show that if CD be joined OCD = 
ODC. ‘ 
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Der. 10.—When a straight line standing on another 
straight line makes the adjacent angles equal to one 
another, each of the angles is called a right angle; 
and the straight line which stands on the other is 
said to be perpendicular, or at right angles, to it. 


The symbol for perpendicular is +r. 

The student need draw no distinction between the terms 
‘perpendicular,’ ‘at nght angles.’ It has been usual to make 
an entirely unnecessary one: that the former should be used 
when the first line is looked upon as drawn from an external 
point to the second line (as in Prop. 12); the latter when the 
first line is looked upon as drawn from a point in the second 
(as in Prop. 11). 


PROPOSITION 11. PROBLEM. 


To draw a straight line at right angles to a given straight line 
from a given point in the same. 
Let AB be the given straight line, and C the given point in 
it; it is required to draw from the point C a straight line 
at right angles to AB. 


| F 
Take any point D in AC, and from CB cut off CE equal to CD. 
[I. 3. 
On DE describe the equilateral A DFE, [L I. 
and join CF. 
Then CF shall be at right angles to AB. 
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In the two As CFD, CFE 


DC=CE, [CONST. 
CF is common, 
and DF=EF. [ CONST. 
*. DCF 4 ECF II. 8. 
*. they are right cs. [DEF. 10. 
NOTES. 


Compare this Proposition with Prop. 9. 

If we followed the Syllabus in the so-called ‘definition’ of a plane , 
we might speak of ACB as a straight C, and the problem is really 
equivalent to the following :—‘ To bisect a given straight 2.’ Hence 
the similarity between it and Prop. 9. As in Prop. 9 the demonstration 
would be just as easy if ACB were any isosceles 4 having AB for 
its base; and in Practical Geometry arcs with any equal radii long enough 
to ensure their cutting are described with centres A and B, and the points 
C and E on opposite sides of AB, when they cut, are joined, then the join 
of CE bisects AB. We do not join AC, CB, AE, EB because we are not 
concerned with demonstrating the correctness of our method ; on the other 
hand Euclid does not draw in the other 4 AEB, because the con- 


struction of that or some such a is tacitly implied in the words bisect 
4 DFE.’ 


Ex. 7.—A and B are two given points, and C the mid-point of their join ; 
P is any point on the line drawn through C’irto AB. Show that AP 
is equal to BP. 


Ex. 8.—A and B are two given points, and C the mid-point of their join ; 
P is any other point such that AP is equal to BP. Show that CP is Lr 
to AB. 


N. B.—Ex. 7 and 8 are particular enunciations of the following general 
theorems :— : 

1. If a point is on the perpendicular bisector of the join of two given 
points it is equidistant from them. 

2. If a point is equidistant from two given points it is on the perpen- 
dicular bisector of their join. 
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The following enunciation is a concise statement equivalent is 1 and 2 :— 

The locus of a point equidistant from two given points is the 
perpendicular bisector of their join. 

The student should accustom himself as soon as possible to the use of 
the word locus and of the idea underlying it. A general definition will be 
found on page 107. 

Ex. 9.—Find a point in a given straight line, XY, of unlimited length, 
equidistant from two given points, A, B. 

(Refer to Note just given. It ss there pointed out that the locus of points 
equidistant from A and B is the perpendicular bisector of their join. Con- 
sequently the point required ts the intersection of this perpendicular bisector 
with XY.) 

Ex. 10.—Find a point equidistant from two fixed points A and B, and 
also equidistant from two other fixed points C and D. 

(The point will be the intersection of two lines, cach of which is a locus). 

Ex. 11.—Find a point equidistant from three given points. 

Ex. 12.—One diagonal of a kite bisects the other at right angies. 


Ex. 13.—Each diagonal of a rhombus bisects the other at right 
angies. | 

Ex. 14.—If one diagonal of a quadrilateral bisects the other at right 
angles the quadrilateral must be a kite. 


Ex. 15.—If each diagonal of a quadrilateral bisects the other at right 
angles it must be a rhombus, 
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PROPOSITION 12. PROBLEM. 


To draw a straight line perpendicular to a given straight line of 
unlimited length from a given point without it. 


Let AB be the given straight line which may be produced to 
any length both ways, and let C be the given point with- 
Out it; it is required to draw from the point C a straight 
line tr to AB. 


~* s 
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Take any point D on the other side of AB, and from the 
centre C at the distance CD describe © DGF, meeting 
AB at G and F 

Bisect FG at H. [I. 10. 

Join CH. 

Then CH shall be 4r to AB. 

Join CF, CG. 

In the two As HCF, HCG, 


FH = HG, [Const. 
HC is common, 
and CF = CG. [DEF. 15. 
4 CHF = + CHG. II. S. 
.. CH is r to AB. [DEF. ro. 
NOTE. 


The student should go through the successive steps practically, and 
compare Euclid’s process with that given in manuals on Practical 
Geometry. See note on Props. 9, 10, II. 
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PROPOSITION 13. THxrorem. 


The angles which one straight line makes with another straight 
line on one side of it are either two right angles or are to- 
gether equal to two right angles. 


Let the straight line AB make with the straight line CD on 
one side of it Ls CBA, ABD, then Ls CBA, ABD are 
either two right 28 or together equal to two right cs 


A E A 
i J 
If CBA = 4 ABD, then each of them is a right . [Der. 10. 
If not, from point B draw BE Lr to CD. II. 11. 
Now Ls CBA, ABE together = CBE; 
„, three 28 CBA, ABE, EBD together = the two cs 
CBE, EBD. [Ax. 2. 
Again . DBA = two cs DBE, EBA; 
‘+, 48 DBA, ABC = three ¿s DBE, EBA, ABC. 
[Ax. 2. 


But these three have been shown equal to the two s 


and... 48 DBA, ABC = s CBE, EBD, [Ax. ır. 


which are right cs. [Consr.- 
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NOTES. 


Angles like ABC, ABD, which are together equal to two right Zs, 
are said to be supplementary to each other; and each is called the 
supplement of the other. 

Ex. 16.—If two adjacent supplementary angles, ABC, ABD, 
are bisected by straight lines, BK, BL, the angle KBL is a right 
angle. 

Angles like ABK, ABL, which are together equal to one right 4, 
are said to be complementary to each other; and each is called the 
complement of the other. 


Thus also in the second diagram of I. 13, the angles ABE, ABC are 
complementary to each other. 


Ex. 16 (a).— When is an angle equal (1) to its supplement, (2) to its 
complement. 

Ex. 16 (6).—Find an angle which is (1) one-third (2) one-seventh of 
its supplement. What fraction is it, in the latter case, of its complement ? 

Ex. 16 (c).—AD is drawn perpr. to the base BC of a AABC from the 
vertex A, and produced to D so that AD=DP. If P be joined to B 
and C, shew that As ABC, PBC are congruent. 

Ex. 16 (@).—Enunciate and prove the converse of Ex. 16 (c) 

Ex. 16 (e).—A st. line RS meets a st. line TSV at S. On the other 


side of TSV is drawn SX. Show that if ¿VSX= L RST, then also 
LTSX=CLRSV. 
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PROPOSITION 14. THEOREM. 


If at a point in a straight line two other straight lines on opposite 
sides of it make adjacent angles together equal to two right 
angles, these two straight lines shall be in one and the same 
straight line. 


At the point B in the st. line AB, let the st. lines BC, BD on 
opposite sides of it make the adjacent 4s ABC, ABD, 
together equal to two rt. s; 
then BC shall be cut in the same st. line as BD. 


A 


— E 


C 8 D 


For if BD be not in the same st. line as BC, if possible let 
BE be in the same st. line with it. 


Then Ls ABC, ABE together = two rt. Ls; [I. 13. 
. Ls ABC, ABE together = 2s ABC, ABD, [Ax. 1. 
. L ABE = + ABD, [Ax. 3. 
which is impossible. [Ax. 9. 


.*. BE is not in the same straight line with CB. 
In the same way it may be shown that no other st. line 
through B except BD can be in the same st. line with CB, 


.. BD is in the same st. line with CB. 
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PROPOSITION 15. THEOREM. 


If two straight lines cut one another, the vertical or opposite 
angles are equal. 


Let two st. lines AB, CD cut one another at point E, 
then 4 AEC= L DEB, andz CEB= 4 AED. 


C 


A E B 
D 


The adjacent 2s AEC, AED (made by AE with 
CD)=two rt. cs, I 
and the adjacent 2s AED, DEB (made by (U 8. 
DE with AB)=two rt. Cs. | 


s AEC, AED S CS AED, DEB; [AX. 1. 
AEC S Z DEB. g? 


In the same way it may be shown that CEB S CAE D. 


CoROoLLARY I.—If two straight lines cut one another, the angles 
they make at the point where they cut are together equal to four 
right angles. 


CoRrOoLLARY II.—All the angles made by any number of straight 
lines meeting at one point are together equal to four right angles. 


Ex. 17.—The four st. lines EF, EG, EW, EK drawn from E, 
bisecting the Cs AEC, CEB, BED, DEA, form two st. lines FH, GK 
at rt. Cs to each other. (See Ex. 16.) 


Ex. 18.—If four st. lines EA, EC, EB, ED be drawn from a point E, 
making the 2s AEC, CEB respectively equal to their opposite 4s 
BED, DEA, they form two st. lines AB, CD. 
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PROPOSITION 16, THEOREM. 


If one side of a triangle be produced, the exterior angle shall be 
greater than either of the interior and opposite angles. 
Let the side BC of the A ABC be produced to D, the 


ext. 4 ACD shall be greater than either of the int. and 
opp. 2s BAC, ABC. 


Bisect AC in E. [I. 10. 


Join BE and produce it to F, making EF equal to EB, II. 3. 
and join FC. 


Now in As AEB and CEF 


AE, EB=CE, EF, respectively, [CONST. 

and AEB CL CEF. [I. 15. 

. BAE S ECF. II. 4. 

But 2 ACD> 4 ECF. [Ax. 9. 
. ACD? L BAC. 


In the same manner, if BC be bisected and the side AC pro- 
duced to G, it may be shown that 4 BCG> 2 ABC. 
But . BCG L ACD. II. rs. 


. 4 ACD>< ABC. 
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NOTE. 


Students are exceedingly apt to make a slip in trying to do the second 
part of this proposition, and say ‘similarly it may be shown that the “ 
ACD is also greater than the 4 ABC,’ which is not correct. 

A line like BE drawn from an angle of a triangle to the mid-point of the 
opposite side is called a median line, or simply a median of the triangle. 


Ex. 19.—Enunciate the converse of Prop. 16. 
Ex. 20.—Two of the medians of an isosceles triangle are equal. 


Ex. 21.—The three medians of an equilateral triangle are equal. 


Ex. 21 (a).— In the fig. of I. 16 shew that the three Cs of A FBC are 
together equal to the three Cs of A ABC. 
(Lobatschewsky makes use of this theorem in his 7heory of Parallels.) 


Ex. 21 (6).—In the fig. of I. 16 shew that A FBC A ABC. 


Ex. 21 (c).—If in a A ABC, BC=CA, and the ext. ACD were 
bisected, then the bisecting st. line and the side AB could not meet, 
however far they were produced. Prove indirectly. 

Enunciate this theorem generally. 


Ex. 21 (4).— If in the fig. of I. 5 FG were joined, the st. lines FG, 
BC would never meet, however far they were produced. Prove indirectly. 
Enunciate this theorem generally. 
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PROPOSITION 17. THEOREM. 


Any two angles of a triangle are together less than two right 
angles. : 


Let ABC be a A, any two of its 4s are together less than 
two rt. S. 


A 
8 : co 
Produce BC to D. 
Then ext. L ACD > int. and opp. C ABC. [I. 16. 
the 4s ACD, ACB together > 4s ACB, ABC. 
[Ax. 4. 
But 4s ACD, ACB together = two rt. cs. [L 13. 


. Ls ABC, ACB together < two rt. cs. 


In the same manner it may be shown that Zs BAC, ACB, 
and also 4s CAB, ABC together < two rt. cs. 


Ex. 22.—Enunciate the converse of this Theorem. 


Ex. 23.—Not more than two straight lines equal to one another can 
be drawn from a given point to a given straight line. (Prove sndirectly.) 


Ex. 23 (a).— Each of the Zs at the base of an isosceles A is acute. 


Ex. 23 (6).—No A can have more than one right or obtuse angle. 


Book I. Prop. 18. 37 


PROPOSITION 18. THEOREM. 


The greater side of every triangle has the greater angle 
opposite to it. 


Let the side AC of the A ABC be greater than the side AB, 
then 2 ABC > + ACB. 


2 
D 
8 C 
From AC cut off AD equal to AB, I 3. 
and join BD; 
. AB=AD, 
.. 4 ADB= < ABD; [E 5. 
but C ABC>z ABD, [Ax. 9. 
©. 4 ABC> cz ADB. 
But ext. 2 ADB> int. and opp. 2 ACB. L. 16 


L. ABC SY cz ACB. 


— —— 


NOTE. 


It should be carefully remembered that this proposition is merely 
equivalent to the following :— 

If two sides of a triangle are unequal, the angle subtended by 
the greater is greater than the angle subtended by the less. 

The proposition includes the following :— 

If two sides of a triangle are unequal, the angles which they subtend 
are unequal. 

This last is called the obverse of Proposition §, and is an immediate 
inference from Proposition 6. 

D 
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PROPOSITION 19. THEOREM. 


The greater angle of every triangle is subtended by the greater 
side or has the greater side opposite to it. 


Let 4 ABC of A ABC be greater than 4 ACB, then the side 
AC > the side AB. 


For AC either=AB or < AB or > AB. 
If AC=AB, 
4ABC=czACB, 5 
which is contrary to hypothesis. 
If AC < AB, 
ABC < ¿ACB [I. 18 
which is contrary to hypothesis. 


. AC > AB. 


Ex. 23 (c).—Prove I. 18 by bisecting 2 BAC by AH meeting BC 
in H and joining HD. 


Ex. 23 (d).— Prove I. 6 by I. 19. Is this a fair proof? (Yes, for I. 6 
has not yet been used.) 
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NOTE. 


This is the converse of Prop. 18. 

We have here a second instance of the use of the indirect method for 
proving a converse (see Prop. 6). 

It should be carefully remembered that this proposition is merely 
equivalent to the following :— 

‘If two angles of a triangle are unequal, the side which sub- 
tends the greater is greater than the side subtending the less.’ 

The proposition includes the following 

‘If two angles of a triangle are unequal, the sides which subtend them 
are unequal.’ 

This is the obverse of Prop. 6, and is an immediate inference from 
Prop. 5. 


Ex. 24.—Of all straight lines that can be drawn to a given 
straight line from a given point outside it, the perpendicular is the 
shortest; and of the others those which make equal angles with 
the perpendicular are equal; and that which makes a greater 
angie with the perpendicular is greater than that which makes 
a less angle. 

Ex. 24 (a).— In the fig. of I. 16 if AB > BC then 4 ABE < 4L CBE. 


Ex. 24 (6).—In A ABC if AD, bisecting 2 BAC meets BC in D, then 
AB>BD and AC> CD. Also if AB AC, then BD> DC. 


Ex. 24 (c).— A st. line PQR is drawn cutting the equal sides AB, AC 
of an isos. A ABC in P, Q and BC produced in R. Shew that 2 APQ 
CR and hence that AQ AP. State and prove the converse. 


Ex. 24 (d).—A st. line PQR is drawn cutting the equal sides AB, AC 
produced in P, Q and BC produced in R. Shew that AP> AQ. State 
and prove the converse. 


Ex. 24 (e).—If in the fig. of I. 19, BC be produced through C to any 
pt. D, and AD be joined, then AD>AB. 


Ex. 24 (f ).—If the base BC of an isosceles A ABC be produced to any 
pt. D, and AD be joined, then AD is greater than either of the equal 
sides AB, AC 

Ex. 24 (g).—If a pt. D in the base BC of an isosceles A ABC, and AD 
be joined, then AD is less than either of the equal sides AB, AC. 

Show also that if D divides the base BC unequally, then AD divides 
the vertical angle BAC unequally and conversely. 
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PROPOSITION 20. THEOREM. 


Any two sides of a triangle are together greater than the third. 


Let ABC be a A, any two sides of it are together greater than 
the third side. 


0 
. ; 
j 
: 6 

Produce BA to D, making AD equal to AC; II. 35 

join CD. 
Then. AD AC, [const. 

* ADC = 4 ACD. [I. 5. 
But 4 BCD > cACD, [Ax. 9. 


. LBCD > (AOC. 
„ side BD of A BCD opp. to «BCD > side BC in 
same A opp. 4 ADC. II. 19. 
But BD BA and AC, [CoNsT. 


„. BA, AC > BC. 


In the same manner it may be shown that AB, BC > AC, 
and that BC, CA > BA. 


Ex. 25.—Any side of a triangle is greater than the difference 
of the other two sides. 


Prove this (1) independently, (2) as a deduction from Prop. 20. 


Ex. 26.—Any three sides of a quadrilateral are together greater than the 
fourth. 
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Ex. 27.—Any two sides of a triangle are together greater than twice the 
median line which bisects the base (see figure of Prop. 16). 


Ex. 28.—The sum of the distances of any point from the three vertices 
of a triangle is greater than half the sum of the sides. 


Ex. 29.—Enunciate and prove a similar theorem as regards a quadri- 


lateral. 
Can it be extended to other polygons (figures with more sides than 


three) ? 
The four sides of a quadrilateral are together greater than the diagonals. 


Are the five sides of a pentagon (five-sided figure) greater than its five 
diagonals? | 


Ex. 30.—Two triangles are constructed, each by joining the alternate 
vertices of a hexagon (six-sided figure). 

Show that the perimeter of the hexagon is greater than half the sum of 
the perimeters of the triangles. 


Ex. 31.—ABCDEF is a hexagon. Show that its perimeter is greater 
than two-thirds of the sum of the three diagonals AD, BE, CF. 


Ex. 31 (a).—The side BC ofa A ABC is bisected in O. Show that if 
BA=AC each of these sides is greater than BD, and that in any case one 
of them must be greater than BD. 

Ex. 31 (6).—If one side AB of a A ABC is less than half BC, what can 
we infer about CA? 
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PROPOSITION 21. THEOREM. 


If from the ends of a side of a triangle there be drawn two 
straight lines to a point within the triangle, these shall be 
less than the other two sides of the triangle, but shall contain 
a greater angle. 


From the ends B, C of the side BC of the A ABC let the 
two st. lines BD, CD be drawn to a point D within the 


A; BD, DC shall be less than BA, AC but 4 BDC 
shall be greater than 2 BAC. 


A 
— i 
B C 
Produce BD to meet AC in E. 
Now BA, AE > BE, [I. 20. 


*. BA, AE, EC > BE, EC. 
i. e. BA, AC > BE, EC. 
Again DE, EC > DC, [I. 20. 
*. BD, DE, EC > BD, DC. 
f.e. BE, EC > BD, DC. 
But BA, AC > BE, EC, [_ DEMON. 
*. BA, AC > BD, DC. 
Again ext. 4 BDC > int. and opp. 2 BEC. [I. 16. 
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Also ext. 4 BEC > int. and opp. 4 BAC. [I. 16. 
. £BDC > +4 BAC. 


Ex. 32.—Straight lines, BP, PQ, QR, RC, are drawn forming a 
rectilineal path, BPQRC, from B to C 
but not crossing BC. A second recti- 
lineal path, BSTVC, is drawn from B 
to C lying entirely between the first path 
and BC, and such that tf any of the 
straight lines BS, ST, TV, VO which 
form it be produced either way, the pro- 
duced parts will lie without the figure BSTVC. Show that the outside 
path is the longer. 

(A generalisation of the first part of Prop. 21, to be proved in the same 
way.) 

Examine the effect of omitting the words in italics from the hypothesis. 


Ex. 33.—O is any point within the triangle ABC, show that OA, OB, 
OC are together less than AB, BC, CA together. 


Ex. 33 (2).—O is any pt. within an equil. A ABC. Shew (1) that any 
one of the three st. lines OA, OB, OC is less than a side of the a ABC; 
(2) that any two of them are together greater than the third. 


Ex. 33 (4).—O is any pt. within an equil. SAB C. Equil. as APO 
AQO are described on AO, APO being on the same side of AO as B is. 
Shew that each of the As OPB, OQC has its sides equal to OA, OB 
OC. 

Postpone this Ex. to I. 32. 
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PROPOSITION 22. PROBLEM. 


To make a triangle of which the sides shall be equal to three 
given straight lines, any two of which are together greater 
than the third. 


Let A, B, C be the three given straight lines of which any two 
whatever > the third; it is required to make a A of 
which the sides shall be equal to A, B, C, each to each. 


Take a straight line DE, terminated at the point D, but un- 
limited towards E, 
cut off DF equal to A, FG equal to B, and GH equal 
to C. II. 3. 
From centre F, at distance FD, describe © DKL, 
from centre G, at distance GH, describe © HKM cutting 
© DKL in K. 
Join KF, KG. The A KFG shall have KF equal to A, FG 
to B, and GK to C. 


Now radius FK=radius FD; [DEF. 15. 
.*. FK=A. [Ax. 1. 
Again radius GK=radius GH ; 
GK C, Ax. r. 
and FG=B; 


*. the three straight lines KF, FG, GK=A, B, C. 
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PROPOSITION 23. PROBLEM. 


At a given point in a given straight line to make an angle 
equal to a given rectilineal angle. 


Let AB be the given straight line, and A the point in it, and 
DCE the given rectilineal angle; at the point A in the 
given straight line AB, it is required to make an angle 
equal to 4 DCE. 


C 


In CD, CE take any points D and E and join DE. 


From AB cut off AF equal to CD and make A AFG, the sides 
AF, AG, FG of which=the three straight lines CD, CE, 


ED respectively ; LI. 22. 
then L FAG= z DCE. I. 8. 
NOTE. 


In Practical Geometry it is usual to make the two lines CD, CE egual 
(by describing an arc with centre C and any radius); and then to make a 
triangle FAG congruent with DCE (by describing arcs with centres A and 
F, and radii CD and DE, respectively). 
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PROPOSITION 24. THEOREM. 


If two triangles have two sides of the one equal to two sides of 
the other, each to each, but the angle contained by the two 
sides of one of them greater than the angle contained by the 
two sides equal to them of the other, the base of that which 
has the greater angle shall be greater than the base of the 
other. 


Let ABC, DEF be two As having the sides AB, AC equal to 
the sides DE, DF, each to each, but 2 BAC greater 
than 2 EDF, 
then the base BC shall be greater than the base EF. 


B C 


At the point D in the straight line DE make . EDG equal 


to 4 BAC, [I. 23. 
and make DG equal to AC or DF, [I. 3. 
and join EG. 


If EG passes through F we have at once EG EF. 


If EG does not pass through F, bisect 4 FDG by the straight 
line DH, meeting EG in H; join HF. [I. 9. 


Then in As FDH, GDH 
FD, DH=GD, DH, 
and 4 FOH=zcz GDH; 
~~ HF=HG: 
*. EH, HF=EG. [àx 2. 
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But EH, HF>EF; | Tie: 
* EGS EF. 

Now in either case in the two As BAC, EDG 
BA, AC=ED, DG, 


and 4 BAC= L EDG; [CONST. 
*. BGC SEG. 
But EG EF; 
*. BC SEF. 
NOTE. 


An obverse of Prop. 4 is included in this Proposition. See p. 37. 


Ex. 33 (c). —Prove I. 24 by a construction similar to the above but 
having the angle EDG made on the opposite side of ED to the angle 
EDF. 


Ex. 33 (4).— If in the fig. of I. 5, CG were made equal to AC, show 
that BG>AC. 
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PROPOSITION 25. THEOREM. 


If two triangles have two sides of the one equal to two sides of 
the other, each to each, but the base of the one greater than 
the base of the other, the angle contained by the sides of that 
which has the greater base, shall be greater than the angle 
contained by the sides, equal to them, of the other. 


Let ABC and DEF be two As having the two sides AB, AC 
equal to the two sides DE, DF respectively, but the base 
BC greater than the base EF, 
then 4 BAC Y cz EDF. 


CE F 


For 4 BAC either 4 EDF or < + EDF or > , EDF. 
If . BAC=cEDF, 
BC=EF, [I. 4. 
which is contrary to the hypothesis ; 
if 4 BAC C. EDF, 
BC<EF, [I. 24. 
which is also contrary to the hypothesis ; 


. L BAC>c EDF. 


NOTE. 


This Proposition is the converse of Prop. 24. 
It includes the obverse of Prop. 8. 


Ex. 34.— Write down the obverse of Prop. 8. 
From what Proposition is it an immediate inference ? 
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PROPOSITION 26. THEOREM. 


If two triangles have two angles of the one equal to two angles of 
the other, each to each, and one side equal to one side, 
namely, either the sides adjacent to the equal angles or sides 
which are opposite to equal angles in each, then shall the 
other sides be equal, each to each, and also the third angle of 
the one equal to the third angle of the other. 


Let the two As ABC, DEF have < B equal to 2 E, and C 
equal to 2 F; and first let those sides be equal which 
are adjacent to the equal angles in the two As, namely 
BC to EF; then shall AB, AC be equal to DE, DF, 
each to each, and the third 4 A be equal to the third L D. 


Wa 
AA D 
B C E F 


For if A DEF be applied to the A ABC so that the point 
E may be on the point B, and the straight line EF on 
the straight line BC, the point F will coincide with the 
point C. EF=BC; and the straight line ED must fall 
on the straight line BA, L E= LB, and .. the point 
D must lie somewhere on the straight line from B through 


the point A. [ HYP. 
Similarly the pt.D must lie somewhere on the straight line 
from C through A,. (FLC; [HYP. 


it must coincide with A, 
and ., the whole A DEF coincides with the whole A 
ABC and=it, 
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and AB=DE, and AC=DF, 
and 4 BAC= L EDF. 


Next let the two As ABC, DEF have the zs B and C 
respectively equal to the zs E and F, as in the first case, 
but let them have sides AB, DE, opposite the equal zs 
C and F, equal; then shall AC, CB be equal to DF, FE, 
each to each, and the third 2A to the third < D. 


A A D 


B FC B C F E F 


For if A DEF be applied to A ABC so that the point D is 
on the point A and the straight line DE on the straight 
n. AB, the point E will coincide with the point B, 
DE SAB; 
120 EF must fall on the straight line 80, n 
and .. the point F must fall somewhere on the straight 
line from B through C. 


If it did not coincide with C we should have two angles AF B, 
ACB equal to each other, one of which was an exterior 
angle of the A AFC, and the other an interior angle 
opposite to it, which is impossible; [I. 16. 
F coincides with C; 
and . the whole A DEF coincides with the whole 

A ABC, 
and has DF, FE coinciding or with AC, CB, 
and 4 D with LA. 
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Ex. 35.—Write down the obverse of Prop. 4. 


From what proposition is it the immediate inference? 


Ex. 36.—The two perpendiculars let fall from any point on the line 
bisecting an angle to the two straight lines which contain it are equal. 


1. The converse of this Theorem is also true. 


2. By the distance of a point from a straight line we A 
mean the length of the perpendicular from the point to 
the straight line. Hence :— 


The locus of a point equidistant from two straight 
lines drawn from the same point is the bisector of 
the angle contained by them. f 


For the same use of the word locus see Note on Ex. 8. / \ 


The following proposition is slightly more general :— 

The locus of a point equidistant from two given intersecting 
straight lines is the pair of lines 
at right angles to one another 
which bisect the angles made by : 
the given lines. (Syllabus.) (See 
Ex. 16 and Ex. 18.) 


Ex. 37.—Find a point on the base : 
of a triangle equidistant from its two i 
sides. (The point will be the inter- N 
section of a locus with the base.) 


Ex. 38.— Find a point within a given triangle equidistant from 
the three sides. (The point required is at the intersection of two loci.) 


Ex. 39.—If any straight line be drawn through the mid-point of the join 
of two fixed points, it is equidistant from them. 


Ex. 39 (a).— Prove I. 25 directly thus:—From BC cut off BG=EF 
and on BG describe a A with its sides BH, HG=DE, DF. Let HG 
produced cut AC in |. Join AH and prove L IAH >c IAH. (Menelaus.) 
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Der.—Parallel straight lines are such as are in 
the same plane, and which, being produced ever so 
far both ways, do not meet. 


The symbol for ‘ parallel’ is |}. 


PROPOSITION 27. THEOREM. 


If a straight line falling on two other straight lines makes the 
alternate angles equal to one another, the two straight lines 
shall be parallel. 


Let the straight line EF, falling on AB, CD, make the alter- 
nate angles AEF, EFD equal; AB shall be parallel 
to CD. 


For if not, AB, CD, if produced, will meet either through B, D 
or A, C. 
Let them be produced through B, D, and if possible let them 


meet in G; 
then GEF isa A, 
and .. ext. L AEF > int. and opp. 2 a [I. 16. 
but AEF EFD; [ HYP. 


AB and CD being produced do not meet through B, D. 


In like manner it may be shown that they do not meet if pro- 
duced through A, C; 


-~ AB is || to CD. [ok. 35. 
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PROPOSITION 28. THEOREM. 


If a straight line falling on two other straight lines makes the 
exterior angle equal to the interior and opposite angle on the 
same side of the line, or makes the interior angles on the same 
side together equal to two right angles, the two straight lines 
shall be parallel. 

Let the st. line EF falling on the two st. lines AB, CD make 
ext. L EGB equal to int. and opp. 4 GHD on the same 
side, or make the two int. ¿s on the same side, BGH, 
GHD, together equal to two rt. 2s; then AB shall be 


to CD. ' 
A G B 
C w D 
F 

# e EGB=4 GHD, [HyP. 
. EGB S LAGH; ta? 
*. LAGH= L GHD; Ax. I. 
.*. AB is || to CD. II. 27 
Again. 4s BGH, GHD together two rt. Cs, [ HYP. 
and Cs AGH, BGH also=two rt. LS; Mi TS 
. LS AGH, BGH= +s BGH, GHD. Ax. 1. 
.. 4 AGH=2zGHD. AONE Se 
. AB is || to CD. IL Sore 


Ex. 40.—Prove this proposition independently of Prop. 27. 
Ax. 12.—If a straight line meet two other straight lines so as to 


make the two interior angles on the same side of it together less 
than two right angles, these two straight lines being continually 
produced shall at length meet on that side on which are the angles 
which are together less than two right angles. 

E 
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PROPOSITION 29. THEOREM. 


If a straight line fall on two parallel straight lines, it makes the 
alternate angles equal, and the exterior angle equal to the 
interior and opposite angle on the same side; and also the two 
interior angles on the same side together equal to two right 
angles. 

Let the st. line EF fall on the two || st. lines AB, CD, the 
alternate Ls AGH, GHD shall be equal, and ext. 2 
EGB shall be equal to int. and opp. 4 on the same side, 
GHD, and the two int. 4s on the same side, BGH, 
GHD, shall together=two rt. cs. 


For if 4 AGH be not equal to 4 GHD, one of them must be 
the greater: let 4 AGH be the greater. 

Then. 2 AGH > GH O, 
. Is AGH, BGH > cs BGH, GHD. 


But Cs AGH, BGH = ert. cs; (Tew Se 
. Ls BGH, GHD < ert. cs. 
. AB and CD will meet if produced. las 12. 
But they never meet, since they are || ; [HYP. 
. £ AGH is not unequal to 4 GHD, że. is equal to it. 
But 2 AGH= , EGB; IE 
*. 4 EGB=c GHD; (AK. Th 
. 4S EGB, BGH= zs BGH, GHD. [ ANS ae 
But 4s EGB, BGH =2 rt. Ls; IL. 13 


. Ls BGH, GHD=e rt. cs. [AX. 1. 
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NOTES. 


Axiom 12, on which the proof of I. 29 is based, is not probably self-evident 
to anybody who has not thought somewhat deeply on the nature of parallels. 
It is the converse of I. 17. The student may perhaps find less difficulty in 
admitting as an evident truth the statement that ‘Two intersecting 
straight lines cannot both be parallel to the same straight line,’ or 
‘Through a given point only one parallel can be drawn to a given 
straight line,’ from either of which Euclid’s so-called ‘12th Axiom’ can 
be deduced. 

On the nature of this assumption see Henrici (Congruent Figures, pp. 
65-69). 

The three parts of Prop. 29 are converses of Prop. 27 and of the two 
parts of Prop. 28 respectively. 

Ex. 41.—If any st. line be l to the join of two points, it is equidistant 
from those points. (Join one of the given points with the foot of the Ar 
of the other, and use 29 and 26.) 

Compare Ex. 39. 


Ex. 42.—If a st. line be equidistant from two given points, it either 
bisects their join, or is || to it. 


Ex. 43.—If any number of st. lines be drawn at rt. Cs to a given st. 
line, they are all |] to one another. 


A number of parallel straight lines is sometimes spoken of as a pencil. 

A number of straight lines all passing through a given point is also 
spoken of as a pencil. 

All the straight lines which satisfy the same geometrical condition are 
spoken of as a set. See Henrici (Congruent Figures, pp. 137-146.) 

Thus Ex. 39, 41, 42 might be enunciated thus :— 

The set of lines equidistant from two given points form two pencils, one 
parallel to their join and the other bisecting it. 


Ex. 44.—-The set of lines making equal angles with two given 
intersecting straight lines form two parallel pencils. 


Ex. 45.—The set of lines making a given acute or obtuse angle 
with a given straight line form two sets of parallels. 


What alteration has to be made in the above enunciation if we substitute 
right for acute or obtuse ? 
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PROPOSITION 30. THEOREM. 


Straight lines which are parallel to the same straight line are 
parallel to one another. 


Let AB, CD be each of them || to EF; then AB shall be || 
to CD. 


A G B 
E H E 
C z D 


Let st. line GHK cut AB, EF, CD in G, H, K. 
Then . GHK cuts the Is AB, EF; 


*. L AGH SL GH, II. 29. 
and. GH K cuts the ||s EF, GD; 

„ LGHF= < GKD; [I. 29. 

. LAGH= , GKD; [AX. I. 


*. AB is || to CD. [I. 27. 
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NOTE. 


This proposition is an immediate inference from Playfair’s Axiom, 
‘Two intersecting straight lines, etc.,’ see page 55. 


Ex. 46.— What is the converse of this proposition? 


Ex. 47 (i.).—Through a given point draw as many st. lines as you 
can making a given 4 with a given st. line. 

The required straight lines will be those particular members of a certain 
set which pass through the given point. (See Ex. 45.) 


(ii.).— Through a given point draw as many st. lines as you can, 
making equal Ls with two given intersecting st. lines. 

The required straight lines are those particular members of a certain set 
which pass througk the given point. (See Ex. 44.) 
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PROPOSITION 31. PROBLEM. 


To draw a straight line through a given point parallel to a given 
straight line. 


Let A be the given point and BC the given st. line; it is 
required to draw through A a st. line || to BC. 


In BC take any point D and join AD; 
At the point A in the st. line AD make 2 DAE equal to 


alt. 4 ADC, II. 23. 
and produce EA to F; 


EF shall be parallel to BC. 
. st. line AD, meeting the two st. lines BC, EF, makes 
the EAD Salt. 4 ADC, [constT. 


.. EF is || to BC. (I. 27. 


Ex. 48.—Two congruent triangles can be placed so as to have 
one side common, and the other equal sides parallel each to each. 
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NOTE. 


A method given in works on Practical Geometry for drawing through 
a given point a straight line parallel to a given straight line is worth 
noticing on account of its simplicity and its connection with the above 
theorem. 


* oo" 
eo 
* r N 
* * U 
s -| ` 
N o? LY 
-° * 
U 
* 


Let A be the given point, and D, H any two points in the given straight 
line. With centres A and D, and radii equal to DH, AH respectively, 
describe arcs cutting in a point E, on the opposite side of AD to H. 
Then AE shall be the required straight line. If we join ED, DA, AH 
we can easily show that the triangles HAD, ADE are congruent (I. 8), 
and have sides AE, DE parallel respectively to BC, AH (I. 27). 

When a straight line is drawn from a point A parallel to given st. line 
BC, it may be drawn in one of two opposite directions. Supposing AB to 
be joined it may be drawn (1) on the same side of AB as BC is (like AF 
in the fig. of I. 31); (2) on the opposite side of AB to BC like AE. 

It is often convenient to distinguish between these two lines, and the 
word ‘sense’ is used for the purpose. Thus AF is said to be ‘parallel to 
BC and in the same sense,’ while AE is said to be ‘parallel to BC and 
in the opposite sense.’ 


Ex. 48 (a).—In the diagram of the note compare the senses of (i) AE, 
DH; (ii) AE, CH; (iii) EA, OB. 
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PROPOSITION 82. THEOREM. 


If a side of any triangle be produced, the exterior angle is equal to 
the two interior and opposite angles, and the three interior 
angles of every triangle are together equal to two right 
angles. 


Let ABC be a A having one side BC produced to D; 
then ext. ACD two int. and opp. 2s CAB, ABC, and 
the three int. 2s ABC, BAC, ACB together = two 


rt. 28. 
A E 
B 2 D 

Through C draw CE parallel to AB. (I. 31. 
Then 2 BAC alt. 4 ACE, | II. 29. 
and ext. 4 ECD=int. and opp. 2 ABC; II. 29. 

. whole ext. ACD int. and opp. 4s CAB, ABC; 
[Ax. 2. 

. Ls ACD, ACB=zs CAB, ABC, BCA. [ax. 2. 

But Ls ACD, ACB together two rt. Ls; II. 13. 


*. £8 CBA, BAC, BOA together two rt. 4s. [Ax. 1. 


IN. 5B. — Since the time of Barrow (1655) it has been customary to add 
the two following corollaries, which are now generally regarded as book 
vork though not given by Euclid. 
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COROLLARY I.— All the interior angles of any rectilineal figure, 
together with four right angles, are equal to twice as many 
right angles as the figure has sides. 


A B 

For any rectl. figure, ABCDE, can be divided into as many As as the 
figure has sides by drawing st. lines from a point F within the 
figure to each of its Zs. 

And by the preceding proposition all the Ls of these As=twice as 
many rt. Cs as there are As, #.e. as the figure has sides. 

But the same Cs int. Zs of the figure, together with the Cs at the pt. F. 

.. all the int. Cs of the figure, together with the Cs at F, twice as 
many rt. Es as the figure has sides. 

all the int. Zs of the figure, together with four rt. Ls, twice as 
many rt. 4s as the figure has sides. (I. 15. Cor. II. 


COROLLARY II.—All the exterior angles of any rectilineal figure 
are together equal to four right angles, 


every int. ABC, together with its adjacent ext. CBF, = two rt. 


Ls. II. 13. 
all the int. Zs, together with all the ext. 2s =twice as many rt. Cs as — 
figure has sides. 
, all the int. Cs, together with all the ext. Cs all the int. Cs, together 
with four rt. Zs. II. 32. Cor. I. 


„, all the ext. Cs together=four rt. Zs. [Ax. 3. 
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NOTES. 


Suppose a small st. line PQ to slide successively along the sides AB, 
BC, CD, DE, EA, starting with the end P at A, and sliding along AF 
until P comes to B, then turning about B until Q comes on BC, then 
sliding along BC until P comes to C, then turning about C until Q 
comes on CD, and so on round the figure, continuing the process until 
P has reached A again and Q has fallen on AB: PQ will thus have come 
back to its original position, and the student will probably admit it 
as axiomatic that it must have turned through four rt. 4s altogether. 
But the Cs it has really turned through are the ext. Cs of the figure. 
Hence the truth of Cor. II. 

A rectilineal figure, which is equilateral and equiangular, is called 
regular, e.g. an equilateral A is a regular figure. 

Ex. 49.—If a small st. line slide along the outside rectilineal path 
BPQRC, turning in the manner above described at the angles, show that 
the whole amount of turning will be greater than if it were to slide in the 
same manner along the inside path BSTVC (see Ex. 32). 

Ex. 50.—The angle of an equilateral triangle has always the same 
magnitude. 

Ex. §1.—The interior angle of any regular figure with a given number 
of sides has always the same magnitude. 

Ex. 52.— The interior angle of a regular hexagon is equal to the ex- 
terior angle of an equilateral triangle, and vice versa. 

Ex. 53.—Trisect a right angle. 

Ex. 54.— The straight line parallel to the base of an isosceles triangle 
through the vertex bisects the exterior angle. 

Ex. 55.—Enunciate and prove the converse of the preceding Exercise. 

Ex. 56.—If a straight line be drawn parallel to the base of an isosceles 
triangle, it forms in general another isosceles triangle with the sides. 

Ex. §7.—In the figure of I. 5 the join of FG is parallel to BC. 

Ex. 58.—Show that six equal regular triangles can be arranged round 
one common vertex, so as to make a regular hexagon. 

Ex. 59.—Show that four congruent right-angled isosceles triangles can 
be arranged round one common vertex so as to make a square (regular 
quadrilateral). 

Ex. 60.—Enunciate and prove a theorem similar to Ex. 58, 59, with 
respect to a regular octagon (eight-sided figure). What would be the 


magnitude of an exterior angle of such a figure? (For finding exterior 
angles of regular figures use Cor. TI.) 
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PROPOSITION 33. THEOREM. 


The straight lines which join the extremities of two equal and 
parallel straight lines towards the same parts are themselves 
equal and parallel. 


Let AB and CD be equal and parallel st. lines, and let them 
be joined towards the same parts by the st. lines AC 
and BD. AC and BD shall be equal and parallel. 


A B 
C D 
Join BC, 
. AB is || to CD; [HYP. 
.. 4 ABC=alt. BCD; [I. 29. 


and also in As ABC, DCB 
AB, BC=CD, CB, 


*. AC=BD, (I. 4. 
and 4 ACB= 4 CBD, [I. 4. 
.. AC is || to BD. (I. 27. 


Ex. 61.—If we omitted the words ‘towards the same parts’ from the 
hypothesis of I. 33, what modification should we have to make in the 
conclusion ? 

Ex. 61 (a). EF, GH are two equal and parallel st. lines. Show that 
EG, HF are parallel to, or bisect, one another according as EF, GH are 
in the same sense or in opposite senses. (See p. 59.) 
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Der.—A parallelogram is a quadrilateral which 
has its opposite sides parallel. 

The diagonal of a quadrilateral is the straight 
line joining two of its opposite angles. 

Diagonals of a parallelogram are sometimes called diameters. 

The symbol for parallelogram is gm. 


PROPOSITION 34. THEOREM. 


The opposite sides and angles of a parallelogram are equal to one 
another, and the diameter bisects the parallelogram, i. e. 
divides it into two equal parts. 


Let AC DB be a ||gm of which BC is a diameter; the opposite 
sides and Ls of the figure shall be equal to one another, 
and the diameter BC shall bisect it. 


A 
C D 
4 ABC Salt. 2 BCD, II. 29. 
and 4 ACB Salt. 4 CBD, II. 29. 


and BC is common to the two As ACB, DOB, and 
adjacent to their equal 2s; 
*. AB=CD, 


AC = BO, l 
BAC 4 BDC, Demonstration of I. 26. 


and AABC=ABCD 
(i.e. the ||gm is bisected by BC). 
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Similarly, if AD were joined it could be shown that 4 ABD = 
4 ACD, 
and A ABD=AACD. 


Ex. 62.—If the opposite sides of a quadrilateral are equal it must 
be a parallelogram. 
Ex. 63.—The diagonals of a parallelogram bisect each other. 


Ex. 64.—If the diagonals of a quadrilateral bisect each other it 
must be a parallelogram. 


Ex. 65.—The join of the mid-points of two sides of a triangle is 
parallel to the base and equal to half of it. 


Ex. 66.—The straight line through the mid-point of one side of a 
triangle parallel to another side passes through the mid-point of 
the remaining side. 


Ex. 67.—The median line of a triangle divides it into two triangles 
which are equal in area. 


Ex. 68.—If any point G be taken on the median AD of a a ABC, 
the as AGB, AGC are equivalent (equal in area). Also if the median 
AD be produced to any point G, the 4s AGB, AGC are equivalent. 


Ex. 69.—ABC is a A, the medians AD, BE intersect in G; show that 
BGC is one-third of a ABC. Hence, show that median CF also passes 
through G. 


When any number of st. lines pass through the same point they are 
said to be concurrent. Note that ‘the three medians of a triangle 
are concurrent.’ 

Ex. 69 (a).— P, Q, R, S are the mid-points of the sides DA, AB, 
BC, CD of a quadl. ABCD, show that PQRS is a parallelogram, 


whose sides are parallel to the diagonals of ABCD, and whose 
area is half that of ABCD. 


Ex. 69 (6).— The locus of the mid-point of a st. line OP joining a fixed 
point O to a point on a fixed st. line AB is a st. line parallel to AB. 


Ex. 69 (¢).—Two lgms ABCD, AEF D are on the same base AD and 
on opposite sides of it. If BE, CF be joined, show that BEFC is a 
gm and that it is equal to the sum of gms AC, AF. 


Ex. 69 (d).— In Ex. 69 (c) read ‘the same side’ for ‘opposite sides, 
and ‘difference’ for ‘sum.’ 
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PROPOSITION 35. THEOREM. 


Parallelograms on the same base and between the same parallels 
| are equal to one another. 


Let llgms ABCD, EBCF be on the same base and between 
the same ||s AF, BC, ABCD shall be equal to EBCF. 


Av — F A DE F 
B C B C 
Fig. 1. Fig. 2. 


W D F 
B C 
Fig. 3. , 


If the sides AD, EF be terminated in the same point D 
(E coinciding with D, Fig. 1), it is plain that each of 
the ||gms is double of A BDO, II. 34. 
.. they are equal. | [ax. 6. 

But if the sides AD, EF be not terminated in same point, 
then ABCD is a ||gm ; 


ADB. II. 34. 
For the same reason EF = B, 
„ AD=EF ; [ax. 1. 
the whole or remainder AE whole or remainder DF, 
[ax. 2 and 3. 
and AB DOG, 
and ext. FO C- int. and opp. 4 EAB; [I. 29 


. AEAB= AFDC. I. 4 
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If A EAB be taken from the figure ABCF the [gm EBCF 
remains; if AFDC be taken from the figure ABCF the 
gm ABCD remains; 


am ABCD=|lgm EBCF. TAX. 3. 


NOTE. 


This is the first instance of two figures being proved by Euclid equal in 
area though not necessarily congruent. Two such figures are some- 
times called equivalent. The proof, however, depends on congruency. 


The accompanying figure indicates how two such gms can be divided 
into congruent parts. 
Each is divided by lines || to the sides of the other. 


Der.—The altitude of a figure, with reference to a given side as base, is 
the Lr distance between the base and the opposite side or vertex. 

Ex. 70.—State and prove a converse of this Proposition. 

Ex. 70 (a).—If, in one of the figs. I. 35, FK be drawn i to AC meeting 
BC produced in K. Show that AABK=quadl. AF CB. 


Ex. 70 (6).—A trapezoid (i. e. a quadl. with two opposite sides parallel) 
is equal to a triangle between the same parallels on a base equal to the 
sum of the two parallel sides. 


Ex. 70 (c).—On the same base BC and on the same side of it construct 
a gm BEFC, equal in all respects to a given |gm ABCD. 


í 
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PROPOSITION 36. THEOREM. 


Parallelograms on equal bases and between the same parallels 
are equal. 


Let ABCD, EFGH be gms on equal bases, BC and FG, and 
between the same s, AH and BG; ABCD shall be 
equal to EFGH. 


B ~ € 

Join BE and CH. 
3 BG FM, Iuvr. 
and FG=EH. II. 34. 
oe BC=-EH; [ ax. I. 
and they are |. [HYP. 
. BE and CH are both equal and |. [L 33. 
*. EBCH is a [lgm. [DEF. 
igm ABCD =|lgm EBCH on the same base BC, and be- 
tween the same Is. [I. 35. 
lgm EFGH=||gm EBCH on the same base EH, and be- 
tween the same Js. II. 35. 


„ igm ABCD=\gm EFGH. (ax. 1. 
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NOTES. 


Beginners are apt to assume without proof that the figure EBCH is a 
parallelocram. 

Two such parallelograms on equal bases, and of the same altitude, can 
always be divided into congruent parts in the way indicated in the diagram. 
Fach is divided by lines parallel to the side of the other. 


Ex. 71.—State and prove a converse of this proposition. 


Ex. 72.— The locus of a point at a given distance from a given 
straight line is a pair of parallels on opposite sides of the given 
straight line. 

Consult the notes on Exx. 7 and 8 as to the meaning of this enunciation. 

It is equivalent to two propositions, each the converse of the other. 


Ex. 73.—Find the locus of a point equidistant from two given parallel 
straight lines. 
The locus is a certain straight line easily found. 
We must demonstrate that— 
(1) Any point on it is equidistant from the parallels. 
(2) Any point equidistant from the two parallels is on tt. 


Ex. 74.—Find points ona given straight line at a given distance from 
another given straight line. 

I there are any points possessing the required property they are at the 
intersection of the first straight line with a certain locus. 

There may be no point at all, but if there ts one there must be two. 


Ex. 7§.—Find points on a given circle at a given distance from a given 


Straight line. 
L 
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The points required are at the intersection of the circle with a certain 
locus, (See Ex. 72.) 

There may be four, three, or two points on the circle possessing the 
required property. 

There may be only one, or there may be none at all. 

When a problem is like those given as Exx. 74, 75, where there may 
be several solutions, it is part of the student’s duty (whether specially 
indicated or not) to say what is the greatest number of possible solutions, 
and to point out the cases in which the full number cannot be obtained. 


Ex. 75 (2).—ABCD is a given gm. Ona base FG equal to BC, and 
in the same st. line with it construct two gms EFGH, KFGL, each egual 
in all respects to ABCD. 
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PROPOSITION 37. THEOREM. 


Triangles on the same base and between the same parallels are 
equal to one another. 


Let ABC and DBC be As on the same base BC, and be- 
tween the same s AD and BC, then A ABC shall be 
equal to A DBC. 


FC F 
A 

Produce AD both ways to the points E and F. [rosr. 2. 
and through B and C draw BE and CF | to CA and 
BD respectively. II. 31. 

Then EBCA and DBCF are gms, 
and gm EBC A gm DBCF. [I. 35. 
Now A ABC is half of the [gm EB CA, [I 34. 
and A DBC is half of the [gm DBC F, II. 34. 
. A ABC SA DBC. (ax. 7. 


Ex. 75 (6).— In the fig. of I. 37, show that each of the Os EBD, ACF 
is equal to the trapezoid ABCD. Compare Ex. 70 (a) and 70 (b). 
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PROPOSITION 38. THEOREM. 


Triangles on equal bases and between the same parallels are 1 ä 
to one another. 


Let ABC and DEF be As on equal bases, BC and EF, and 
between the same parallels B F and AD, then ABC shall 
be equal to DEF. 


Produce AD both ways to the points G and H, [PoOsT. 2. 

and through B and F draw BG and FH || to AC and 

ED respectively. II. 31. 
Then GBCA and DEF H are gms. | 

and gm GBCA= igm DE H. II. 36. 

Now As ABC and DEF are halves respectively of Igms 

GBCA and DEFH. [I. 34. 

A ABC=A DEF. [ax. 7. 


Ex. 75 (c).—The I sides AD, BC of a trapezoid ABCD, are bisected i * 
GH. Show that GH bisects the trapezoid ABCD. : 
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NOTES. 


The particular case of this proposition which is most often wanted is 
that in which the equal bases are halves of the same line, and the 
triangles ABC, ACF have one side, AC, common. (See Ex. 76.) 


B C TF 


Ex. 76.—If two triangles have two sides of the one equal to 
two sides of the other, each to each, and the angles contained 
by those sides supplementary, then the triangles shall be equi- 
valent. 


Ex. 77.—Prove the obverse of I. 38. 
Ex. 78.—To make a triangle equivalent to a given quadrilateral ABCD. 


Join any vertex A with the next but one 
(esther way round) to it, C. Through the next 
vertex B draw a parallel to AC, meeting the next 
side to BC in E. AED shall be the required 


triangle. 


Ex. 79.—To make a quadrilateral equivalent 
to a given pentagon, 


Method similar to that given for the preceding Exercise. 


Ex. 80.— To construct a rectilineal figure equivalent to a given 
rectilineal figure, and having the number of its sides one less 
than that of the given figure, and thence to construct a triangle 
equivalent to a given rectilineal figure. (Syllabus.) 
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PROPOSITION 39. THEOREM. 


Equal triangles on the same base and on the same side of it 
are between the same parallels. 


Let ABC and DBC be equal As on the same base BC, and 
on the same side of it, they shall be between the same 


parallels, 
SS 
—— 
B C 
Join AD. 
AD shall be || to BC. 
For if it is not, through A draw AE || to BC, meeting BD in E, 
II. 31. 
and join EC. 
Then A ABC = A EBC. II. 37. 
But A ABC = A DBC. Ixvr. 
[AXx. 1. 


5 A DBC = A EBC, 
which is impossible. 


AE is not || to BC. 
In like manner it can be shown that no other straight line 


through A but AD is || to BC. 


„Abd is || to BC. 
(For it has been shown in Prop. 31 that there can always be 


found one parallel through A to BC.) 
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NOTES. 


Ex. 81.—To bisect a quadrilateral by a line drawn through a given 
vertex. Jf the diagonal DA through the given point D divides the given 
quadrilateral into two unequal triangles, through B, the vertex of the 
smaller one, draw a line BE, making a triangle, DEC, equivalent to the 
given quadrilateral, and draw its median DF. 


C 


Ex. 82.—To bisect a triangle by a line drawn through a given point in 
one of its sides. Zf the line DA joining the given point D to the opposite 
vertex A divides the given triangle into two unequal triangles, through B, 
the vertex of the smaller one, draw a line BE, making a triangle, DEC, 
equivalent to the given triangle, and draw its median DF. 


C 


(Note the close agreement between this and the previous solution : we 
treat ABDC as if it were a quadrilateral with D for one vertex.) 


76 Euclid’s Elements. 


From Corollary to I. 37 and I. 39: ‘The locus of the vertex of a 
triangle on a given base, and having a given area, is a pair- 
FF 
of i 

Ex. 83.—ABC and DEF are any two triangles. Find a point P such 
that the two triangles PBC, PEF are equal respectively to ABC, DEF. 
P dies on two different loci, and will be at their intersection if there be such 
a point. Show that if there is such a point there must at least be three 
others possessing the same property, and that there may be an infinite 
number. 


Ex. 84.—If two equivalent triangles ABC, DBC be on the same base 
BC, and on opposite sides of it, the straight line AD will be bisected by 
BC or BC produced. 


Compare Ex. 68, of which this is a converse. 


Ex. 84 (a).— BA, BD are two given finite st. lines. Show that the 
locus of a pt. P within the 2 ABD or its vertically opposite angle such 
that A PAB= PDB is the st. line through B which bisects AD. 

What would be the locus if we inserted ‘not’ before ‘ within’? 


Ex. 84 (5).—BA, BD are two given finite st. lines. Show that the 
locus of a pt. P within the 2 ABD such that the sum of As PAB, PDB 
remains constant is a finite st. line parallel to or coincident with BD. 


Ex. 84 (c).—AB, DC are two given finite st. lines which would meet 
if produced through A, D in a pt. O. Show that the locus of a pt. P 
within the 2 BOC such that 4 PAB = 4 PDC is a st. line through O. 

(Along OB, OC take OH, OK=AB, DC respectively, show that 
A POH =POK, and use Ex. 84 (a).) 


Ex. 84 (¢).—AB, DC are two given finite st. lines which would meet 
if produced through A, D in a pt. O. Show that the locus of a pt. P 
within the 2 BOC such that the sum of As PAB, PDC remains constant 
is a st. line. 

(Along OB, OC take OH, OK=AB, DO respectively, and use Ex. 84 (b) 
to show that P lies on a || to HK.) 


Ex. 84 (e).—E and F are the mid-pts. of the diagls. AC, BD of a quadl. 
ABCD. Show that aAFB+ ACF Ds half the quadl. ABCD = A AEB 
+ ACED. 

Show also by means of 84 (a) that if P be any pt. on the st. line EF 
that a APB + a CPD= half the quadl. ABCD. 
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PROPOSITION 40. THEOREM. 


Equal triangles on equal bases in the same straight line and on 
the same side of it are between the same parallels. 


Let ABC and DEF be equal As on equal bases BC and EF, 
in the same straight line BF, and on the same side of it, 
then they shall be between the same parallels. 


A D 
B C E F 


Join AD. AD shall be || to BF. 
For if it is not, through A draw AG || to BF, meeting ED in G, 


[I. 31. 

and join GF. 
Then A ABC = A GEF. [I. 38. 
But A ABC = A DEF. [HYP. 
. A DEF = AGEF. (ax. I. 


which is impossible. 
A is not || to BF. 
In like manner it can be shown that no other straight line 
through A but AD is || to BF. 
^ AD is || to BF. 


Ex. 85.—Enunciate, and prove another converse of I. 38. 
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PROPOSITION 41. THEOREM. 


If a parallelogram and a triangle be on the same base and 
between the same parallels, the parallelogram shall be 
double of the triangle. 


Let |gm ABCD and A EBC be on the same base BC, and 
between the same parallels BC and AE, then gm ABCD 
shall be double of A EBC. 


A D E 
Sy 
B C 
Join AC. 
Then A ABC = AEBC. IE 


Bat gm ABCD is double of the A ABC. II. 34. 
.. the [gm ABCD is double of the A EBC. 


Ex, 86.—If two equivalent triangles ABC, DEF be on equal bases 
BC, EF, in the same straight line BF, and on opposite sides of it, the 
straight line AD will be bisected by BF. 


Ex. 87.—A fixed straight line AD is bisected by any other straight line 
BF. On BF are taken any equal segments BC, EF. Show that the 
_ triangles ABC, DEF are equivalent. 


Ex. 88.—Find a set of lines such that any segment of any one of them 
is the base of two equivalent triangles, having two given points as vertices. 

The set consists of two tenctls, one of parallels and the other of con. 
current lines. 


Ex. 88 (a).— A point P within gm ABCD is joined with A,B,C,D. 
Shew that a PAB+ a PCD= 4 PAD+ APBC. 
Ex. 88 (6).--Shew that any number of gms can be described each equal 


to a given gm, ABCD each having either (1) a side of ABCD for a 
diagonal or (2) a diagonal of ABCD for a side. 
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PROPOSITION 42. PROBLEM. 

To describe a parallelogram that shall be equal to a given 
triangle, and have one of its angles equal to a given rectilineal 
angle. 

Let ABC be the given A and D the given rectilineal angle; 
it is required to describe a [gm that shall be equal to the 
given AABC, and have one of its angles equal to D. 


A F G 


rah _/ 


B E C 


Bisect BC in E [I. ro], and at the point E in the st. line EC 
make 4 CEF equal to C D[I. 23]. Through A draw AFG 
|| to EC and through Cdraw CG || to EF [I. 31]. Then ||gm 
FECG=AABC. Join AE. Then. BE=EC. [consr. 


. AABE=AAEC. . [I. 38. 
.. AABC is double of AAEC. 

But gm FECG is also double of AEC. II. 41. 
gm FECG=AABC, [Ax. 6. 


and it has 4 CEF equal to the given 2D. [cost. 


NOTES. 


Ex, 89.—To describe a triangle equal to a given parallclogram, and 
having an angle equal to a given rectilineal angle. 

Ex. 90.—Through the extremities of each diagonal of a given quadri- 
lateral a parallel is drawn to the other. Show that the parallelogram thus 
formed is double the given quadrilateral. 

When the angular points of one rectilineal figure are on the sides of 
another, the first is said to be inscribed in the second, and the second is 
said to be described about the first. 
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PROPOSITION 43, THEOREM. 


The complements of the parallelograms which are about the 
diameter of any parallelogram are equal to one another. 


Let ABCD be a gm, of which the diameter is AC, and EH 
and GF the [gms about AC, that is, through which AC 
passes, and BK and KD the other gms which make up 
the whole figure ABCD, and which are therefore called 
the complements, then BK shall be equal to KD. 


„A is the diagonal of [gm ABCD. 
.. AABC= AADC. [I. 34- 
Similarly AAEK = AAHK, 
and AKGC=AKFC. 
. As AEK and KGC together As AHK and KFC. 
; [ax 2. 
But whole AABC=whole AADC. 
the remainder, the compt. BK=remainder the compt. 
KD. [Ax. 3. 
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Ex. 91.—If HG, Ef be two straight lines drawn across a parallelo- 
gram ABCD, parallel to the sides AB, AD respectively, and making 
the parallelograms EG, HF equivalent, show that K lies on the diameter 


Where must K be in order that the parallelograms about the diameter 
may be equivalent as well as the complements ? 


Ex. 91 (a).—A point K is taken on the diagonal AC of a gm ABCD 
and joined with B and D. Shew that A KAB = 4 KAD and that à KCB 
= AKCD. 


Ex. 91 (ö6).— The diagonal AC of a gm ABCD is produced to a point 
K. If KB, KD be joined, show that AKAB= AKAD and that A KCB 
= A KCD. 


Ex. 91 (c).— ABCD is a ||gm. A point K is taken such that a KAB 
= A KCD, show that K must lie on AC or AC produced. 
Enunciate this and the two preceding Excrcises as a ‘locus’ proposition. 


Ex. 91 (@).—In the fig. of I. 43, a point P is taken on AC or AC pro- 
duced and joined with B,E,H and D. Show that a PHD= a PEB, 


Ex. 91 (¢).—Enunciate and prove the converse of Ex. 91 (d). 


Ex. 91 (/).—If in the fig. of I. 43 FH, G E be joined and produced to 
meet in P. Show that APHOD S APE BB and hence that P lies on AC 
produced. 


Ex. 91 (g).— Two equiangr. [gms AEKH, CFKG are placed with 
equal 2s EKH, FKG vertically opposite. AH and CF are produced to 
meet in D and KD is joined. If EL, GM be drawn from E, G || to KD 
and meeting AD, CD in L, M, show that E, L, M, G are the vertices of a 
gm equal to the sum of the gms EH, GF. 

(This theorem of Pappus was put in the more general form given as Ex. 
156 by Clavius.) 


Euclid gave a special name gnomon to the figure made up of either of 
the two gms EH, GF about the diameter, AC of the gm ABCD together 
with the two complements BK, HF. 

Thus, in the fig. of I. 43, the fig. made up of EH, BK, HF might be 
called she gnomon BHF; and that made up of GF, BK, HF as zke 


gnomon BFH. 
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PROPOSITION 44. PROBLEM. 


To a given straight line to apply a parallelogram which shall 
be equal to a given triangle, and have one of its 3 equal 


to a given rectilineal angle. 


Let AB be the given st. line, C the given A, and D the given 
rectl. L; it is required to apply to the st. line AB a lem 
equal to A0, and having an < geal ts to D. 


Make [gm BEFG equal to AC, and having 4 EBG equal to 
D, so that BE may be in the same st. line with AB: 
[L 22 and I. 42. 


produce FG to H, through A draw AH |] to BG or EF, 
i [I. 31 
and join HB. Then . AH is || to EF, 
the two int. 28 AHF and HFE together a rt. Cs. 
II. 29. 
. 48 BHF and HFE are together less than 2rt. L s. 


. HB and FE will meet if produced towards B and 


E. IX. 12. 
Let them meet in K, through K draw KL || to EA or FH, 
II. 31. 


and produce HA and GB to meet KL in L and M. 
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Then HLKF is a [gm of which the diameter is HK. 


. compt. LB=compt. BF. II. 43. 
But BF=AC. [CoNsT. 

*. BL=AC. [ax. I. 

Again 4 ABM = 4 GBE. II. 15. 

=D. [Consr. 


to the given st. line AB the gm LB has been applied 
equal to AC, and having 4 ABM equal to D. 


NOTE. 


The student should go carefully through the construction here given by 
Euclid practically, making first of all a triangle congruent with C, and 
having one of its sides in a straight line with AB ; [By I. 22. 
next making a parallelogram equivalent to this triangle. [By I. 42. 


Ex. 91 (4).—To make a gm equivalent and equiangr. to a given gm, 
and having one side equal to a given st. line. 


Ex. 91 (i).— Solve I. 44 by making a gm equal to AC, etc., but such 
that BE falls along BA. 
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PROPOSITION 45. PROBLEM. 


To describe a parallelogram equal to a given rectilineal figure, and 
having an angie equal to a given rectilineal angle. 


Let ABCD be the given rectl. figure, and E the given rectl. 
zit is required to describe a gm equal to ABCD, and 
having an L equal to E. 


B C F G L 
PS 
A D KH M 


Join DB, and describe the |gm FH equal to A ADB and 


having 4 FKH equal to E. [I. 42. 
To the st. line GH apply [gm GM equal to ADBC, and 
having 4 GHM equal to cE. [I. 44. 
The figure FKML shall be the gm required. 
. LE=each of cs FKH, GHM, [coNsT. 
.. L FKH= 4 GHM. [ax. 1. 
. 48 FKH, KHG=GHM, KHG. [Ax 2. 
But 2s FKH, KHG together=2 rt. cs. [I. 29. 
.. Ls KHG, GHM together=2 rt. cs. 
+. KH is in the same st. line with HM. [I. 14. 


Also GL is in the same st. line with FG, 
otherwise fwo st. lines FG, GL || to the same st. line KM 


would meet in G, [I. 30. 
which is impossible. II. 14. 
W. KF || to HG, and HG || to ML, [cost. 
*. KF || to ML, [I. 30. 


and KM and FL are ||, 
. KFLM is a |lgm. [DEF. 36. 
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And. A ABD= gm HF (const.), and A BDC= gm 
GM (coxsr.), 
.*. the whole rectl. figure ABCD = whole gm KFLM. 
[Ax. 2. 


*. the gm KFLM has been described equal to the given rectl. 
figure ABCD, and having FKM equal to E. 


CoROLLARY.—From this it is manifest how to a given st. line to 
apply a parallelogram which shall have an angle equal to a given 
rectilineal angle, and shall equal a given rectilineal figure (by apply- 
ing to the given st. line a parallelogram equal to the first a ABD and 
having an angie equal to the given angle, and so on). [I. 44. 


NOTE. 


It is frequently unnecessary to divide a given rectilineal figure into 
triangles in order to obtain an equivalent parallelogram. 

A construction is indicated by the annexed diagram for obtaining a 
parallelogram equivalent to a given regular hexagon or octagon. 


b 
U 
1 
b 
9 
i 
è 
t 
L 


In practice with an irregular figure, it would be found less tedious to 
use the method of Ex. 78, 79 to get a triangle equivalent to the given 
rectilineal figure, and then use I. 42. 


G 
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Der.—A square is a four-sided figure which has 
all its sides equal and all its angles right angles 
(ile. which is equilateral and rectangular). 


PROPOSITION 46. PROBLEM. 
To describe a square on a given straight line. 


Let AB be the given st. line ; it is ns to describe a sq. 
on AB. 


C: 

E 

A B 
From pt. A draw AC perp. to AB, II. 11. 
and make AD equal to AB. II. 3. 
Through D draw DE || to AB, and through B draw BE || to 
AD. [I. 31. 

ADEB shall be a square. 

Now ADEB is a ||gm. [consr. 
. AB=DE, and AD=BE. [L 34. 
But AB=AD. [ooxsr. 


*. the four st. lines BA, AD, DE, EB one another. [Ax. 1. 
Again. DE || to AB, 

.. the two int. s BAD, ADE together = 2 rt. as. 

(I. 29. 

But BAD is a rt. . [ConsrT. 

. ADE is a rt. . [Ax. 3. 
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. each of the opposite 2s ABE and BED is a rt. 4. I. 34. 
*. ADEB is rectangular, 
and it has been proved to be equilateral. 


. it is a square, and it has been described on the given st. 
line AB. 


COROLLARY. —Hence every parallelogram which has one angle a 
fight angle has all its angles right angles. 


Such a parallelogram is called a rectangle. 


Ex. 92.—To describe a rhombus on a given straight line, and having 
an angle equal to a given rectilineal angle. 


Ex. 92 (a).— Describe a rectangle with its adjacent sides equal to two 
given st. lines. 


Ex. 92 (4).—ABML is a rectangle. Through B any st. line HBK is 
drawn cutting LA, LM produced in H, K (See fig. of I. 44). Show that 
ABML=rect. whose adjacent sides are equal to AH, MK. 

Hence give a construction for describing on a given st. line a rectangle 
equal to a given rectangle. 
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Dxr.—A triangle which has a right angle is called 
‘a right-angled triangle.’ 
PROPOSITION 47. THEOREM. 


In any right-angled triangle, the square which is described on 
the side subtending the right angle is equal to the squares 
described on the sides containing the right angle. 


Let ABC be a rt.-angled A, having the rt. 2 BAC: the sq. 
described on the side BC shall be equal to the sqs. 


described on BA, AC. 


On BC, CA, AB describe respectively the sqs. BDEC, CKHA, 


AGFB. II. 46. 
Through A draw AL || to DB or CE. II. 31. 
Join AD, FG. 

. BAC is a rt. L, [HyP. 

and BAG is art. L, [coxsr. 

*. CA and AG are in the same st. line. [I. 14. 

Now the rt. 2 DBC rt. 4 FBA, [ax II. 


. whole DBA = whole 2 FBC. Ax. 2. 
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Cai ee 


Ex ence in As ABD, FBC, AB, BD=FB, BC, each to 


each, [DEF. 30. 

and .DBA=z FBC, 
ABDA FBC. [I. 4. 
N ow |igm BL is double of A ABD, [I 41. 
and sq. GB is double of A FBC, [I 41. 
.. gm BL = sq. GB. [Ax. 6. 


In like manner, by joining AE, BK, it can be proved that 
=m CL = sq. CH. 
-7. whole sq. BDEC = the two sqs. GB and HC. 


[Ace 2) 

1. e. sq. on BC = sqs. on BA, AC. 
re 92 (c).—In the fig. of I. 47, instead of joining AD, FC, produce DB, 
G to meet FG produced in M, N and show that gm BL. m BN =sq. 


HFCence obtain another proof of I. 47. 


oe 92 (d).—In the fig. of I. 47, instead of describing the sq. BDEC 

hen opposite side of BC to A, describe it on the same side, and show 

aB D lies on FG or FG produced. Hence show that gm BL=twice 
AD =sq. GB, and obtain another proof of I. 47. 


In connection with I. 47, the following diagrams may be found useful 
Y those teachers who try to make their pupils realise the truths of the 
orems demonstrated in the ‘Elements’ by Experimental Geometry. 
Ss. 1 and 2 show how a square may be made equal to five times a 
SWen square ; fig. 3 how to make one equal to ten times a given square. 


Fig l. 
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NOTES. 


We have not only proved the Theorem enunciated, but incidentally the 
following highly important one :— 

In a right-angled triangle, if a perpendicular be drawn from the 
right angle to the base, the square on either of the sides con- 
taining the right angle is equal to the rectangle contained by the 
base and its segment adjacent to that side. 

(Rectangle BL = sg. on AB.) | 


Ex. 93.—Construct a square whose area shall be twice, three times, 
four times. . . a given square. 


Make ABL. a right angle. 
Make BC AB, 
BDA, 
BE = Ad, 
BF AE, and so on; 


B Gc DEF L 


then the areas of the squares on AC, AD, AE, AF. . . shall be twice, 
three times, four times. . . the area of the squares on AB. 

If the area of a square be two square inches we may speak of its side as 
being Vz of an inch. Hence the above method shows how to represent 
AVD, J. Ja, F. alô, A7, etc., geometrically. 
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The student has perhaps noticed that 
3+ = 5%, 
5 + 127= 137, 
and assuming that the number of units of area in a square is the square of 
the number of linear units in its side, has deduced that if the sides con- 
taining the right angle are 3 and 4 the hypotenuse will be 5, while if they 
are § and 12 the hypotenuse will be 13, and may have wondered whether 
any general method existed for determining similar sets of numbers. 
The following tables supply two different methods of calculating an 
unlimited number of such. 


TABLE I. 
Write down the natural numbers, 1, 2, 3, 4, 5, 6, 7, 8 


Multiply each by 4, 4, 8, 12, 16, 20, 24, 28, 32 
1 ut ofeach 4 5, 17, 37, 65, 101, 145, 197, 257 
Subtract 2 from each, .. 3, 15, 35, 63, 99, 143, 195, 255 

Each column below the line gives three numbers with the required 
Property. 

The student if acquainted with Algebra may see that this table gives the 
result of substituting 

I, 2, 3. . . for n in the identity (48 1) +4 (4a P = (4% 1). 


TABLE II. 


Write down the natural numbers, š 1, 2, 3 4 5, 6, 7 
Under each write the sum of the series, 1, 3. 6, IO, 15, a1, 28 


Multiply each by 4, ; : ‘ . 4 12, 24, 40, 60, 84, 112 
Add 1 to each, : 5, 13, 25, 41, 61, 85, 113 
Write down the odd niaes beginning 3, 5, % 9, 11, 13, 15 
with 3, i . . 
Each column below the line gives ihe numbers with the required 
property. 
They might be obtained also by substituting 
1, 2,3... ſor n in the identity {20 (1 + 1)}? + (272 + 1)?= (2#? + 274+ 1)%, 
Many proofs of this theorem by dissection and superposition have beer 
given, of which, perhaps, the following are best deserving of notice: 
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Ex. 94.—Describe the squares ABFG and AHKC s0 as to have AB 
and AH in the same straight line. Take M in HB and N in AC produced, 
such that HM and CN each = AB. Then the four triangles KCN, FGN, 
FMB, HMK are congruent. Take away the first two from the whole 


figure, and we get the two squares. Take away the other two, and we get 
the square on a line equal to the hypotenuse (the side opposite the right 
angle). 

The proof is left to the student. 


Ex. 95.—Four congruent right-angled triangles may be arranged around 
the square on the difference of the two sides, so as to make with it the 
square of the hypotenuse; they may also be arranged so as to make with 
it the squares on the two sides. 


Book I. Prop. 47. 


93 


Ex. 96.—Four congruent right-angled triangles may be removed from 
the square on the sum of the two sides containing the right angle, so as to 
leave the square on the hypotenuse; they can also be removed from the 
same square so as to leave the squares on the two sides. 


J4- 


The student should cut out pieces of cardboard of the shapes, and 
arrange them in the several ways, here indicated, 


H. PERIGAL’S DISSECTION. 


This is, we believe, by far 
the simplest and most elegant 
of all. The student is left to 


discover the constructions and 
to prove the geometrical theor- 


ems involved in it. 


Ex. 96 (a).—Show that the 
sets of numbers given by the 
formulz on p. 91 are included 
in the more general formula 


(a2 — e) + (200)? = (a? + er 


V 


D 


1 
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PROPOSITION 48. THEOREM. 


If the square described on one of the sides of a triangle be equal 
to the squares described on the other two sides, the angle 
contained by these two sides is a right angle. 


Let the sq. described on BC, one of the sides of A ABC, be 
equal to the sqs. described on the other two sides BA, 
AC, then BAC shall be a rt. angle. 


B A 
\ 
* 
N 
\ 
\ 
\ 
— A 
C D 
From C draw CD perp. to AC, II. 11. 
making CD equal to AB. I. 3. 
Join DA. 

Sq. on AD=sqs. on CA, CD, II. 47. 
=sqs. on CA, AB, . CD=AB. 
=sq. on CB; [ HYP. 

Again BA=DC, [const. 

and AC is common to the two As BAC and DAC, 
and BC DA. [DEMON. 
. £ BAC=DCA, [I. 8. 


which is a rt. angle. [ConsrT. 
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NOTES. 


We have here a converse proved directly. 
Ex. 97.—Squares on equal straight lines are equal. (Superposition. ) 


Ex. 98.—The square on the greater of two unequal straight lines is 
greater than the square on the less. 


Ex. 99.— Equal squares are on equal straight lines. (Immediate 
reference from 98.) 


Ex. 100.—Two congruent rectangles can be placed, with the square on 
the difference of their sides, so as to make up the squares on the two sides. 


Ex. 101.—Two congruent rectangles, together with the squares on their 
sides, can be placed so as to make the square on the sum of the two sides. 


Ex. 102.—If we read ‘ greater than’ for ‘equal to’ in the Enunciation 
of I. 48, we must read ‘obtuse’ for ‘ right.’ 


Ex. 103.—Make corresponding substitution for ‘less,’ ‘acute.’ 
Ex. 104.—State and prove the converses of 102, 103. 


Ex. 104 (a).— Show that the method of Ex. 93 may be used for solving 
the problem ‘ To make a square equal to any number of given squares.’ 


Ex. 104 (ö). Show how to make a square equal to the difference of twr 
given squares. 

The following Arithmetical and Algebraical results are worthy of 
notice 

If the sides of a triangle are (1, 1, /2), @, T e 


6 a—b f —— i — 
(S| — 90) or (u, #+1, ,/22+4+1), the triangle is right-angled. 


a Vengti 


"g 2 
4 a ‘ 
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DEFINITIONS, POSTULATES, AND 
“AXIOMS. 


For the sake of reference, and for examination purposes, 
a complete set of Definitions, Postulates, and Axioms is 
appended. 


DEFINITIONS. 


1. A Point is that which has no parts, or which has no magnitude. 
a. A Line ts length without breadth. 
3. The Extremities of a Line are points. 
4. A Straight Line ts that which lies evenly between its extreme points. 
5. A Superficies is that which has only length and breadth. 
6. The Extremities of a Superficies are lines. 


7. A Plane Superficies ts that in which any two points being taken, the 
straight line between them lies wholly in that superficies. 


8. A Plane Angle ts the inclination of two lines to one another ia a plane, 
which meet together, but are not in the same direction. 


9. A Plane Rectilincal Angle is the inclination of two straight lines to ome 
another, which meet together, but are not in the same straight ine. 


10. When a straight line standing on another straight line makes the 
adjacent angles equal to one another, each of the angles is called a Right Angle ; 
and the straight line which stands on the other is called a Perpendicular to it. 


11. An Obtuse Angle ts that which is greater than a right angle. 
12. An Acute Angle is that which ts less than a right angle. 

13. A Term or Boundary ts the extremity of anything. 

14. A Figure is that which is inclosed by one or more boundaries. 


15. A Circle is a plane figure contained by one line, which it called the cir- 
cum ſerence, and is such that all straight lines drawn from a certain point 
within the figure to the circumference are equal to one another. 


16. And this point ts called the Centre of the circle. 
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17. A Diameter of a circle is a straight line drawn through the centre, and 
terminated both ways by the circumference. 

18. A Semicircle is the figure contained by a diameter and the part of the 
tircumſerence cut off by the diameter, 

19. A Segment of a circle ts the figure contained by a straight line and the 
circumference tt cuts off. 

20. Rectsiineal Figures are those which are contained by straight lines. 

ar. Trilateral Figures, or Triangles, by three straight lines. 

22. Quadrilateral, by four straight lines. 

23. Multilateral Figures, or Polygons, by more than four straight lines. 

24. Of three-sided figures, an Equilateral Triangle is that which has three 
egual sides. 

25. An Isosceles Triangle is that which has only two sides equal. 

26. A Scalene Triangle is that which kas three unegual sides. 

27. A Right-Angled Triangle is that which has a right angle. 

28. An Obtuse-Angled Triangle is that which has an obtuse angle. 

29. An Acute-Angled Triangle is that which has three acute angles. 

30. Of four-sided figures, a Square ts that which has all its sides egual, and 
all sts angles right angles. 

31. An Oblong is that which has all its angles right angles, but has not all 
sts sides egual. 

32. A Rhombus it that which has all its sides egual, but its angles are not 
right angles. 

33. A Rhomboid is thab which has its opposite sides egual to one another, but 
ali its sides are not egual, nor its angles right angles. 

34. All other four-sided figures besides these are called Trapeziums. 

35. Parallel Straight Lines are such as are in the same plane, and which, 
being produced ever so far both ways, do not meet. 

36. A Parallelogram is a four-sided figure whose opposite sides are parallel, 
and the Diameter (or Diagonal) ts the straight line joining two of its opposite 
angles. 


POSTULATES. ! 


Let it be granted: 

1. Tal a Straight Line may be drawn from any one point to any other point. 

2. Thata Terminated Straight Line may be produced to any length in a 
straight line. 

3. And that a Circle may be described from any centre, at any distance 
from that centre. 


l d.e. Elementary Problems whose construction it is to be taken for granted we 
can effect. 
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AXIOMS.? 


. Things which are equal to the Same are Equal to One Another. 
Uf equals be Added to equals, the Wholes are equal, 
Uf equals be Taken from equals, the Remainders are equal. 
Uf equals be Added to unequals, the Wholes are unequal. 
Uf equals be Taken from unequals, the Remainders are unequal, 
Things whick are Double of the same are Equal to one another. 
7. Things which are Halves of the same are Equal to one another. 
8. Magnitudes which Coincide with one another, that is, which exactly fll 
the same space, are Equal to one another. 
9. The Whole és greater than sts Part. 
10. Two Straight Lines cannot inclose a Space. 
1r. AU Right Angles are equal to one another. 


13. ‘If a straight line meets two straight lines, so as to make the two interior 
angles on the same side of it taken together less than two right angles, these 
straight lines being continually produced, shall at length meet upon that side 
on which are the angles which are less than two right angles.’ 


A 


AnD „ ~P 


1 Le. Elementary Theorems whose truth is taken for granted. 


This distinction of postulate and axiom as problem and theorem which 
it is now usual to make, was not made by Euclid, with whom all geomet- 
vical demands (including axioms 10, 11, 12) were postulates. His axioms 
were thus merely common notions—‘ notions common to all kinds of mag- 
nitude as well as space magnitude.’—DE MORGAN. 
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PROPERTIES OF TRIANGLES. 


Ex. 105.—The three straight lines which bisect at right angles 
the sides of a triangle meet at a point. 

The Lr bisectors of the sides BC, CA ofa & ABC meet ata point O, 
which can be shown to be equidistant from A and B, and is.. on the Lr 
bisector of AB. 

Nore.— This point is equidistant from A, B, and C (so that a circle can 
be described to pass through A, B, and C), and is called the circum-centre 
of the triangle. 

Ex. 106.—The three straight lines which bisect the interior angles 
of a triangle meet in a point. 

The point in which any two of them meet can be shown to lie on the third. 
(See Ex. 36.) 

NOTE.— This point is equidistant from the three sides, and is called the 
in-centre of the triangle. 

Ex. 107.—The three median lines of a triangle meet in a point. 

Prove by two applications of Ex. 65. 

Norg.— This point ts a point of trisection for each median, and is called 
the centroid of the triangle. 

Ex. 108.—The three perpendiculars from the angular points of 
a triangle to the opposite side meet in a point. 

Through each angular point drawa parallel to the opposite side. The 
three perpendiculars can be shown to bisect at right angles the sides of the 
new triangle thus described about the first, and .., as in Ex. 105, to meet in 
a point. This point is called the ortho-centre of the triangle. 


y eaaeuo — = aaa a — — 2 ——ů — eco > 


Ex. 109.—Any straight line drawn across a triangle parallel to 
one side is bisected by the median which bisects that side. 


Prove indirectly that the point atwhich the straight line cuts the median 
it its mid-point. 
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MISCELLANEOUS EXERCISES—I. 


Ex. 110.—ABC, DEF are two triangles on equal bases, BC, EF, and 
between the same parallels, AD, BF. Any straight line parallel to BF 
cuts AB, AC, DE, DF, in G, H, K, I. Show that GH = KL 


Prove directly that a AGC = A DEL, and hence indirectly that GH = 
KL. 


NotTe.—An important special case of this is given as Ex. 109. 


Ex. 111.—AF is a straight line divided into equal parts, AB, BC, 
CD, DE, EF. O is any external point. 


1 OA, OB, OC, OD, OE, OF (or these lines produced) meet a 
straight line parallel to AF in a, b, c, d, ©, f, show that ab, be, cd, 
de, ef, are equal to one another. Hence obtain a practical method o1 
dividing a given straight line into any number of equal parts. 

Prove any two of them equal by the method indicated for Ex. 110. 

Ex. 112,—In the figure of I. 43 prove that EH is parallel to FG. 

Prove by I. 39 that each ts parallel to BD. 

Ex. 113.—If in the same figure GE, CA, FH be produced they all pass 
through one point. 

Use Ex. 63 and 109, and prove indirectly. 
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ON QUADRILATERALS 


(See DEFINITIONS 30-34, and HENRICI, Congruent 
Figures, pp. 113-124). 


The word oblong is not often used. Those properties of the oblong to 
which we want to draw attention in investigating the nature of some 
figure in which it occurs are usually those which belong to it solely in 
virtue of its being rectangular, and therefore those which it shares with the 
square. It is convenient therefore to have a name which will apply at 
once to such a figure and to a square. The word rectangle has been 
chosen to denote a rectangular quadrilateral. (See Cor. L 46.) 


In modern works on Geometry it is usual to employ the word rhombus 
in a wider sense than that assigned to it by Euclid. It is used to denote 
any quadrilateral with four equal sides. Those properties of Euclid’s 
thombus to which we want to draw attention in investigating the nature 
uf some figure in which it occurs are usually those which belong to it 
solely in virtue of its four sides being equal, and therefore those which it 
shares with the square. It is convenient therefore to extend the significa- 
tion of the name so as to make it include all figures which have the pro- 
perties it is chiefly used to draw attention to. 


The word rhomboid is not often used. Those properties of a rhomboid 
to which we want to draw attention in investigating the properties of some 
figure where it occurs are just those which it shares with the square, the 
oblong, andthe rhombus, These figures and the rhomboid are all included 
under the name parallelograms. 

Euclid has classified those quadrilaterals which he has deemed worthy 
of special names thus :— 


A Right-angled. B. Not right-angled. 


—̃ ̃ — 
| | l / 
(1) Equilateral. (2) Not Equilateral. (1) Equilateral. (2) Not Equilateral. 


(Square.) (Oblong.) (Rhombus. ) (Rhomboid.) 
H 
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Any other quadrilateral he treats as unworthy of separate study, and says 
it is called a frugesium. 
Each of the classified figures is seen to be a parallelogram (Class A by 


I. 28; Class B by I. 8 and I. 28), and conversely, a parallelogram must 
belong to one of the four classes of figures. 


We may say that he divides all quadrilaterals into parallelograms and 
trapesia, the former being further classified, the latter not. 


It will, however, be found that some of these trapezia are important 
figures, worthy of special study, and therefore of distinguishing names. 


Consider for instance the figure formed by the sides 
of two isosceles triangles on a common base. This 
figure occurs in the diagrams to Propositions 5 and 9, 
and can be seen to have the following properties :— 

Ist. One diagonal is the perpendicular bisector of 
the other. 

2d. The axis bisects the angles at the vertices which 
it joins. 

3d. The other two angles are equal. 

4th. The axis divides it into two congruent triangles, 
with equal sides adjacent. 

Sth. The median lines meet on the axis, and are 
equally inclined to it. 


— 


Again, consider the quadrilateral formed by drawing from any point in 
the side of an isosceles triangle a straight line parallel to the base. Such 
a figure can be easily shown to be symmetrical about the line bisecting the 
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vertical angle of the isosceles triangle, and further examination will show 
it to possess the following properties :— 

Ist. Two opposite sides have a common perpendicular bisector. 

2d. The other two opposite sides are equal, and equally inclined 


to either of the other sides. 1 
3d. Each angle is equal to one, and supplemen- X 
tary to the other, of its two adjacent angles. X 


4th. The diagonals are equal, and divide each other 7 
equally. / 


Sth. The one median line bisects the angle between N 
the two diagonals, and like wise the angle 
between those two sides produced which it 5 


does not bisect. 
6th. The other median line bisects the two diagonals, and is parallel 
to the two sides which it does not bisect. 


7th. The two median lines are each the perpendicular bisector of the 
other. 


We are led then to attempt a more complete classification of quadri- 
laterals, and we shall base it on the connection of the parallelogram which 
can be formed by joining the mid-point of each side of any quadrilateral 
to that of the next with various other lines in the figure. 


Let ABCD be a quadrilateral; P, Q, R, S the mid-points of its sides; 
let the lines PR, QS (called the medians of the quadrl.) intersect in O, then 
PQRS is always a paralellogram, with each side parallel either to AC or 
BD. (See Ex. 65). 


Let BD cut QR and PS in E and F. 
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I. (a. Let each of the diagonals AC, BD pass through O. 


Since O is the intersection of the diagonals PR and QS of gm 
PQRS, 


. EO=OF. ü [Ex. 63. 


„P and Q are the mid-points of DA, AB, 
and PF and QE are parallel to AC, 


BE EO, : 
and OF=FD. ) [Ex. 66. 
. BO=OD. 
Similarly AO=0C. 
. ABCD is a |igm. l [Ex. 64. 


If PQRS is a rkombus ABCD will be a rectangle. 
If PQRS isa rectangle ABCD will be a rhombus. 


(5.)—Conversely, if a quadrilateral ABCD be a parallelogram, each of its 
diagonals will pass through O, the intersection of its medians PR, QS. 


If ABCD be a rectangle PQRS will bea rhombus. 
If ABCD be a rhombus PRS will be a rectangle. 


IT. (a.)—Let one diagl. AC pass through O and cut the other BD at 
some other point H. 


Then (I. ö) the figure is not a lgm. Let AC cut PQ and RS in L and K. 
BH =twice EH, 
=twice QL, 
HD=twice HF, 
=twice PL, 

„ AC bisects BD; 
d.. AC bisects all st. lines drawn across the figure parallel to BD. 
[Ex. 109. 
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If PQRS be a rectangle AB=AD, 
and CB=CD, 
and ABCD will have the properties enumerated on p. 102. 
(3. —Conversely, if one diagonal AC of a trapezium bisect the other 
BD at H, it passes through the intersection O of its medians PR, QS. 
| For as before BHS twice EH, 
and HD=twice HF, 
„. EH=HF; 
. AC passes through O. 
If AB=AD, 
and CB=CD, 
PQRS will be a rectangle. 


III. (a.)—Let neither of the diagls. AC, BD pass through O, but let 
their point of intersection at H be on the median QS. 


Then ABCD cannot belong either to Class I. (by I. 6) or to Class II. 
(by II. 5). 
But as before E and L are mid- points of BH, AH, 
and.. EL I AB, 
and similarly FK Į CD. 
But since H is on the diagl. QS of the lgm PRS, 


EL || FK, (Ex. 112, 
.. AB |] CD. 
„all lines drawn across the figure parallel to PR are bisected by QS. 


[Ex. 109. 
If PQRS is a rhombus, ABCD will have axial symmetry about QS, 
and.. will have all the properties enumerated on page 103. 
(8. —Conversely, if a trapezium ABCD have AB parallel to CD, then 
the intersection H of the diagonals AC, BD will lie on the median QS. 
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For as before EL IAB, 
and FK CD, 
.. ELI FK; 
„H lies on QS; [Ex. 91. 
and if ABCD has axial symmetry about QS, 
PQRS will be a rhombus. 

IV.—Let neither of the diagls. AC, BD pass through O, and let H not 
lie on either of the medians. 

Then ABCD cannot belong to Class I. (by I. 5), to Class II. (by II. 5), 
or to Class III. (by III. 5). 

It cannot have all lines drawn parallel to a diagonal or a median bisected. 

It may still, however, have some important properties connected with 
the circle, the discussion of which requires a knowledge of the properties 
of that figure. 

Our classification of quadrilaterals in general is therefore as exhaustive 
as Euclid’s of parallelograms. But as we have seen the inconvenience of 
his set of names for his mutually exclusive classes of figures (see p. 101), 
it will be well to avoid a similar one in giving names to our own. 

The properties of the particular trapezium discussed on p. 102 are those 
which belong to it solely in virtue of its being symmetrical about a 
diagonal. These it shares with equilateral quadrilaterals. Let all such 
figures as are symmetrical about a diagonal be called kites. 

Again the properties of the particular trapezium discussed on p. 103 are 
those which belong to it solely on account of its being symmetrical 
about a median. These it shares with the rectangular quadrilaterals. A 
name is wanted to include all such figures. Prof. Henrici uses symme- 
trical trapezium. 

We doubt whether common usage justifies us in extending the significa- 
tion of trapezium to any sort of parallelograms, and though, as is the 
case of the rhombus, the extension might after a time be allowed, the 
length of its designation is against its general adoption. 

Following the analogy of the word kite, we venture to suggest axe or 
axe-head for all such figures as are symmetrical about a median. 


Dy. -A quadrilateral ABCD having one pair of parallel sides is often 
called a trapezoid. 
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ON LOCI. (SvILABus.) 


Der.—If any and every point on a line, part of a line, or group of 
lines (straight or curved), satisfies an assigned condition, and no 
other point does so, then that line, part of a line, or group of lines 
is called the locus of the point satisfying that condition. 


In order that a line or group of lines X may be properly termed the locus 
of a point satisfying an assigned condition A, it ts necessary and sufficient 
to demonstrate the two following associated Theorems :— 

(1.) Fa point satisfies A, it is upon X ; or, if a point is not upon X, 
it does not satisfy A. 

(2.) a point is upon X, it satisfies A; or, if a point does not satisfy 
A, it is not upon X. 

1. The locus of a point at a given distance from a given point 
is the circumference of a circle having a radius equal to 
the given distance and its centre at the given point. 


2. The locus of a point at a given distance from a given 
straight line is the pair of straight lines parallel to 
the given line, at the given distance from it and on 
opposite sides of it. 

3 The locus of a point equidistant from two given points is 
the straight line that bisects, at right angles, the line 
joining the given points. 

4. The locus of a point equidistant from two intersecting 
straight lines is the pair of lines, at right angles to one 
another, which bisect the angles made by the given 
lines. 

INTERSECTION OF LOCI. 


If X is the locus of a point satisfying the condition A, and Y 
the locus of a point satisfying the condition B; then the inter- 
sections of X and Y, and these points only, satisfy both the con- 
ditions A and B. 

1. There is one and only one point in a plane which is equi- 
distant from three given points not in the same straight 
line. 

2. There are four and only four points in a plane each of 
which is equidistant from three given straight lines 
that intersect one another but not in the same point. 
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ON SOLVING GEOMETRICAL PROBLEMS. 


IL—METHOD OF INTERSECTION OF LOCI. 


Many problems propose, directly or indirectly, the determination of a 
point which satisfies two given conditions. 

Such a problem is best attacked by the Method of Intersection of Loci. 
The student should proceed as follows :— 


Consider one of the given conditions only, and find, sf possible, the locus 
of a point satisfying it. 

Next consider the other given condition by itself, and find, tf possible, the 
locus of a point satisfying it. 

Any point is which the two loci may happen to intersect satisfies each of 
the given conditions. 


1. Uf the two loci do not intersect there ts no such * and the solution 
of the proposed problem is impossible. 


2. If the two loci intersect in more than one point there is more than 
one solution of the proposed problem. 


3. Ca line forming the whole or part of one locus coincides with a line 
forming the whole or part of the other, every point on such a line satisfes 
both conditions, and the problem is an indeterminate one. 


The complete solution of a problem includes an investigation—(1) Of the 
number of possible solutions, and (2) Of the particular conditions under 
which the problem may become impossible or indeterminate. 

As an instance of the application of the method, take the following 
problem :— 

To find a point which shall be at given distances from two given straight 
lines. 
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Let AB, CD be the two given straight lines, and let the point be re- 


quired to be at a distance from AB equal to the given straight line X, and 
at a distance from CD equal to the given straight line Y. 

Consider first the condition that its distance from AB = X. 

The locus of a point at a distance X from AB consists of a pair of 
straight lines parallel to AB. 

Next consider the condition that the distance from CD=Y. 

The locus of a point at a distance Y from CD consists of a pair of 
straight lines parallel to CD. 

If AB is not parallel to CD the two loci will intersect in four points 
P, Q, R, S, and any one of these satisfies both the given conditions. 

If AB is parallel to CD— 

(t) There may be no point common to both loci, in which case the 
tolution of the problem is impossible. 

(2) One of the two lines forming one locus may coincide with one of the 


B A 


A 


two lines forming the other, in which case every point on that line satisfies 
both conditions, and the solution of the problem is indeterminate. 
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This will be the case when the sum of X and Y (as in the diagram) or 
their difference is equal to the distance of AB from CD. 

As a second example of the method take the problem 

AB and AC are two given straight lines. It is required to describe an 
equilateral triangle DEF, having its vertex D on AC, and its base EF of 
given length on AB. 

When will E and F be on opposite side of A? 

This last question implies that the lines may be produced through A. 
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Consider only the condition that the equilateral triangle has a base of 


given length on AB. 
The locus of its vertex would evidently be a pair of lines parallel to 
AB. II. 40. 


But the vertex is also to lie on AC. 
Therefore it must be at one of the intersections of AC with the pair of 


parallels. 


Hence the solution. 
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Take QR anywhere on AB of the given length, and on it describe an 
equilateral triangle PQR. Through P draw PD parallel to AB, cutting 
AC in D. Through D draw DE, DF parallel to PQ, PR respectively. 


OF E- int. and opp. 2 PRQ, 
= 2 PQR, [I. 5. 
=int. and opp. 2 DEF. 
Lsof ADEF=2s of APQR; 
.. DEF is equilateral. 
and DE = PQ, 
=QR. 

The first equilateral triangle can be described on either side of QR, and 
there will be two solutions, as indicated in the diagram. 

If E and F fall on the same side of A, one of the two angles made by 
the given straight lines is less than the interior angle of an equilateral 
triangle. 

If E and F fall on opposite sides of A, each of these two angles is 
greater than the interior angle of an equilateral triangle. 

Problems to be solved by the above method. 

Ex. 114.—Construct a circle of given radius to pass through two given 
points. : 

Ex. 115.—Find a point which shall be at given distances from two 
given points. 

To which of Euclid’s Problems is this proposition equivalent ? 

Ex. 116.—Find a point at equal distances from two given points, and 
at a given distance from another given point. 

Ex. 117.—Find a point at equal distances from two given straight lines, 
and at a given distance from another given straight line. 

Ex. 118.—Find a point at equal distances from two given points, and 
at a given distance from a given straight line. 

Ex. 119.—Find a point at equal distances from two given straight lines, 
and at a given distance from a given point. 

Ex. 120.—Show how to draw a triangle ABC, having given the perpen- 
dicular AD, from A to BC, and the lengths of the two sides AB, AC. 
What condition limits the length of the given perpendicular? How 
many triangles can generally be drawn to fulfil the given conditions ? 

Ex. 121.—One vertex of an equilateral triangle is fixed, another is 
taken anywhere on a given straight line. Show that the locus of the third 
vertex is a pair of straight lines. 

Hence describe an equilateral triangle with one vertex at a fixed point, 
and the other two one on each of two given straight lines. 

Hence also, show that any number of equilateral triangles can be 
described with their vartices one on each of three given straight lines. 
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Ex. 122—O is a fixed point, and P any point on a given straight line; 
PO is produced to Q, so that Od is equal to OP. Show that the locus 
of Q is a straight line parallel to the given one. 
Hence find two points one on each of two given intersecting straight 
lines, such that the straight line joining them shall be bisected at a given 
int. 
MEX. 123.—Find two points, one on each of two given circles, such 
that the straight line joining them shall pass through a given point and be 
bisected there. 


1].—METHOD OF INTERSECTION OF SETS. 


A second class of problems proposes, either directly or indirectly, the 
determination of a straight line satisfying two conditions. The method of 
solution is similar to the last. 

Consider one of the given conditions only, and find if possible the set of 
lines satisfying tt. 

Next consider the other given condition by itself, and find, if possible, the 
set of lines satisfying tt. - 

Any line which may happen to be common to both sets (and in which 
therefore the two sets, following the analogy of loci, may be said to in- 
tersect) satisfies each of the given conditions. 

1. I no line is common to the two sets (in other words, if the two sets 
do not intersect) there it no such line, and the solution of the proposed pro- 
blem ts impossible. l 

2. If more than one line is common to the two sets (in other words, if the 
two sets intersect in more than one line), Mere is more than one solution 
of the proposed problem. 

3. If a pencil of lines is common to both sets, the solution is indeter- 
minate. 

The complete solution of a problem includes an investigation (1) Of the 
number of possible solutions, and (2) Of the particular conditions under 
which the problem may become impossible or indeterminate. 

As an instance of an application of the method, take the following 
problem :— 

To draw a straight line which shall make equal angles with two given 
intersecting straight lines AOB, COD, and be equidistant from two given 
points X, Y. 

Consider first the condition that the angles made with AOB, COD are 
to be equal. 

The set of straight lines making equal angles with AOB, COD consists 
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of two pencils of lines parallel respectively to the bisectors of the angles 
between them. 
The set of lines equidistant from X and Y consists of straight lines of 
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two pencils, one parallel to XY, the other of straight lines passing 
through the mid-point of XY. 

Now lines drawn through the mid-point of XY parallel to the bisector 
of the angles AOC, AOD evidently belong to both sets, and satisfy both 
conditions: therefore the solution is always possible, and there are always 
two straight lines satisfying the given conditions. 

Also if any one of the pencil of lines parallel to XY happens to be 
parallel to a bisector of either of the angles AOC, AOD, there will be a 
pencil (of parallel straight lines) common to both sets, and the problem 
will become indeterminate. 

As a second example, take the problem :— 

On a given base to construct a trapezoid equivalent to a given rectilineal 
figure, having an angle equal to a rectilineal angle, and having the differ- 
ence of the two parallel sides equal to a given straight line. 


Let AB be the given base, and X the given straight 
line, to which the difference of the parallel side is to be 


equal. 

From its extremities draw two parallel straight lines 
AC, BD, one of them making with AB an angle equal 
to the given rectilineal angle. 


The problem is reduoed to drawing a straight line 
PQ from AC to BD, that shall make the figure 
APQB equivalent to a given rectilineal figure, and z 
make the difference between AP and BQ equal 
to X. A 
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First consider only the condition that the figure APQB is to be = 
lent to a given rectilineal figure. 


It is easy to show that if two straight lines PQ, RS cut off equal areas 
APQB, ARSB, they bisect each other, and conversely. Consequently 
all lines which satisfy the condition as to the area of the figure form a 
pencil passing through a certain fixed point E, which can be found by 
bisecting the side opposite to AB of a known parallelogram (I. 45, Cor.). 


Next consider only the condition that the difference between AP, BQ is 
to equal X. From AC, BD cut off AF, BG, each equal to X. 


It is easy to show that if the difference between AP and BQ is equal to 
X, PQ must be parallel to either AG or BF, and conversely. Consequently 
the set of lines satisfying the condition as to AP, BQ consists of two 
pencils of straight lines parallel respectively to AG, BF. 

Now the two lines drawn through E parallel to AG and BF belong to 
both sets. 


Therefore the solution is always possible, and there are always two 
trapezoids satisfying the required condition. 

They will not be . unless the given rectilineal angle be a right 
angle. 


III.-METHOD OF ANALYSIS AND SYNTHESIS. 


This method consists chiefly in examining the properties of a figure in 
which the solution of the proposed problem is supposed to have been 
effected. 


It may happen that the properties of the figure turn out on examination 
to be such that the student is able to effect its construction by Elemen- 


tary Geometry. See page 4. 


When we examine the properties of the figure, we are said to be per- 
forming Geometrical Analysis. 


When we use the results of our investigation to construct the figure by 
Elementary Geometry, we are said to perform Synthesis. 


As an example, take the following problem :— 


To divide a square into three equivalent parts by two straight lines drawn 
through one angular point. 
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Let ABCD be the given square. 
B M H C 


Analysis.—If we draw the diagonal AC, and thus divide the square 
into two equal parts, we see that one of the required lines AH must 
fall between AB and AC, and the other AK between AD and AC. 

Also since a ACB = A ACD. 
and A AHB = A AKD. 


. AAHC= A ACK. 
Now A AHB Squadl. AH CK. 
= twice A AHC. 


AAHC=44 ABC. 
Synthesis.—Divide BC into three equal parts, BM, MH, HC. [Ex. 111. 
Divide CD into three equal parts, CK, KL, LD. Then AH, AK shall 
be the required straight lines. 
For since BM=MH=HC. 
. AABM= aA AMH= a AHC. 
.. each; of A ABC. 
=% of sq. BD. 
Similarly each of As ACK, AKL, ALD 
= g of sq. BD. 
Now each of figures ABH, AHCK, AKD is made up of two of these 
equal As. ; 
each of sq. BD. 
As a second example of this method, take the problem :— 
Having given one side of a rectangle equivalent to a given square, find 
the other side. 
Let ABCD be the given square and AH one side of a rectangle equiva- 
lent to it. 
Analysis.—Suppose AK taken along AD were equal to the other side 
of the rect., and the rect. AL with AH, AK for adjacent sides completed. 
. rect. AL = sq. AC. 
, rect. DL = rect. HC. [AX. 3. 
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This perhaps suggests to the student the figure of I. 43, and the idea that 
DL and HC are complements of parallelograms about the diameter of a 
parallelogram. — 

The diameter of this parallelogram would be along AM, which is 
known, and AB would be one of its sides. Hence the parallelogram can 
be constructed. 

Synthesis.—Through H draw HM parallel to AD or BC, meeting 
CD in M. 

Join AM, and let AM, BC (produced if necessary) meet in E. 

Through E draw EK parallel to AB, meeting AD or AD produced in K. 
AK shall be the required side of the rectangle equivalent to AC. 

For compt. DL = compt. HC. [I. 43. 
.. whole AL = whole AC. [AX. 2. 
.. AK is required side. 

Ex. 124.—To divide a triangle into three equal parts by straight lines 
drawn through a given point in one of its sides. 

Ex. 125.—Draw a straight line DE parallel to the base BC of a triangle 
ABC, cutting AB in D and AC in E, so that DE shall be equal to the 
sum of BD and CE. i 

Ex. 126.—Find that straight line that would, if produced, bisect the 
angle between two given straight lines without producing the given 
straight lines to meet. 

Ex. 127.—To divide a given straight line into two parts such that th 
square on one part shall be double of the square on the other part. 

Remembering how to obtain a square double a given square (see note 
on Prop. 47) it is easy to draw a line divided in the way in which the 
given line is to be. Examine the whole figure and determine how one 
like it is to be drawn, starting with the given straight line in the place of 
the one found. The problem can be reduced to the construction of a 
triangle, having given the base and the adjacent angles. The student can 
deal in a similar way with the problem :— 

Ex. 128.—To produce a given straight line so that the square on the 
whole line thus produced shall be double of the square on the produced 
part. 

And also remembering that the square on the altitude of an equi- 
lateral triangle is three times the square of half the base with the 
problems :— 

Ex. 129.—To divide a straight line into two parts such that the square 
on one is equal to three times the square on the other. 

Ex. 130.—To produce a straight line so that the square on the whole line 
produced shall be equal to three times the square on the produced part. 
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MISCELLANEOUS EXERCISES.—II. 


Ex. 131.—ABCD is a lgm. To CD is applied another gm CDEF. 
To EF is applied another lgm EFGH. Show that any Igm on base AB, 
and between the Is AB, HG, is equivalent to the figure ABCFGHED. 
Hence obtain another solution of I. 45. 

Ex. 132.—Any A can be divided into two isosceles As and a kite. 

Ex. 133.—From any point D in the base BC of an isosceles A ABC 
straight lines are drawn || to the sides, and meeting them in E and F. 
Show that the sum of the two lines is the same for all positions of D. 

Extend the theorem, DE and DF being any straight lines making the 
same given angle with the base (¢.g. being perpr. to the equal sides). 

Ex. 134.—Through any point P within an equilateral a ABC a straight 
line pq is drawn | to BC and meeting AB, AC in p, q; rs, tv are 
similarly drawn I to CA, AB. Show that pq, rs, tv are together equal 
to two of the sides of ABC. Show also that if PD, PE, PF be drawn 
from P to the sides of ABC, and each having the same given inclination 
to those sides, their sum is independent of the position of P. 

Ex. 135.—ABC is a triangle having AB equal to AC. D is any point 
on AB, and E a point on C such that AE = BD. Find the locus of the 
mid-point of DE. 

Ex. 136.—Prove I. 8 by supposing the two triangles placed on opposite 
sides of a common base and having their vertices joined. 

Ex. 137.—OX, OY are two fixed straight lines; along OX, OY are 
taken any two points A and B respectively, such that the sum of OA and 
OB is constant. Parallels to OY, OX through A and B meet in P. 
Show that P lies on a straight line equally inclined to OX, OY. 

Ex. 138.—Construct a rhombus, having given one of its angles and 
the distance of its centre from each of its sides. 

Ex. 139.—Construct a rectangle, having given one of its sides and 
the distance of its centre from each of its angles. 

Ex. 140.—AB Cd is a quadrilateral, having AB and DC || to each other, 
and together equal to BC. Show that the st. lines bisecting the angles B 
and C intersect on AD. 

Ex. 141.—The sides of a 4 subtend obtuse angles at the point within 
it equidistant from its sides. 

Ex. 142.—Two Iigms have two diagonally opposite vertices in common 
Show that the remaining four vertices are vertices of a gm. 

Ex. 143.—Make a square equivalent to three-fourths of a given square. 

Ex. 144.—Two congruent as can be placed in an infinite number of 

I . 
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ways, so that the figure common to both is a hexagon whose opposite 
sides are equal and parallel. 

If each median of one of the two As falls along that one of the other 
with which it coincides when one A is applied to the other as in I. 4., 
show that the hexagon is equivalent to two-thirds of one of the As. 

Ex. 145.—Any A can be divided into a kite and a triangle in three 
different ways. 

Ex. 146.—A [lgm can always be found equivalent to a given A, and 
having one side and one angle in common with it. 

Hence any two equivalent As on equal bases can be divided into con- 
gruent parts. 

Ex. 147.—Find a point which is equidistant from the four sides of a kite. 

Ex. 148.— Find a point which is equidistant from the four vertices of an 
axe-head. 

Ex. 149.—Show how to find any number of points equidistant from a 
given point and a given straight line. 

Ex. 150.—A number of right-angled As have acommon right angle and 
equal hypotenuses. Show that the mid-points of the hypotenuses all lie 
on the same circle. 

Ex. 151.—To divide a given rectilineal angle into two parts of which 
one = one-seventh of the other. 

Ex. 152.—If two regular figures are such that an exterior angle of one is 
equal to an interior angle of the other they must either be two squares or 
a triangle and a hexagon. 

Ex. 153.— The sides AB, AC ofa a ABC are produced and the two 
exterior angles bisected. Show that one of the angles contained by the 
bisecting lines is equal to half the sum of the 2s ABC, BCA. 

Ex. 1§4.—From a point P, perprs. PD, PE, PF are drawn to the 
sides BC, CA, AB of a a ABC; show that the squares on AF, 
BD, CE are together equal to the squares on AE, CD, BF. Prove 
also conversely that— 


If points D, E, F be taken in the sides BC, CA, AB of a a ABC, 
such that the sqs. on AF, BD, CE are together equal to the sqs. on 
AE, CD, BF, the perprs. to those sides at D, E, F are concurrent. 

And show that two of the ‘Properties of Triangles,’ p. 99, may be 
demonstrated by the help of the second theorem. 

Ex. 155.—In the figure I. 47 let perprs. MP, MQ be drawn from the 
point M, where AL cuts BC, to AB, AC, and produced to meet FG, HK 
in R, S. Show that the rectangles AR, AS are equivalent, and hence 
that FG, MA, KH, if produced, will all pass through one point. 

Also prove the second theorem independently of the first. 

Ex. 156.—On the sides AB, BC of a a ABC any Igms ABFE, BCDL 
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are constructed, and EF, DL are produced to meet in O. On AC a gm 
ACHG is constructed, having AG, CH equal and {| to OB. Prove that it 
is equivalent to the other two gms. (Legendre’s Eluments de Géométrie.) 

Ex. 157.—One vertex of an equilateral A is at a given point, another is 
on a given circle; show that the locus of the third consists of two circles. 

Hence show that any number of equilateral As can be described, each 
with one vertex on each of three given circles. 7 

Ex. 158.—0 is a given point, P any point on a given circle; PO is pro- 
duced to Q, so that OQ=OP. Show that the locus of Q is a circle. 

Hence through a fixed point O to draw a straight line PQ which shall 
be bisected at O, and have one extremity on each of two given circles. 

Ex. 159.—To describe an equilateral triangle having given the distances 
of a point from each of its vertices. 

Ex. 160.—To construct a triangle having given its three medians. 

Ex. 161.—To trisect a rectangle by lines drawn through the mid-point of 
one of its sides. 

Ex. 162.—To trisect a [lgm by lines drawn through any given point in 
one of its sides. 

Ex. 163.—OX, OY are two given straight lines, and P any point within 
the angle XOY. Find a straight line through P which shall make with 
the given straight lines the triangle of least possible area. 

Ex. 164.—Of all equivalent As on the same base the isosceles 
will have the least perimeter. 

Ex. 165.—Construct a A having given two sides and the angle 
opposite one of them. When do the data afford two solutions? 
When is the solution impossible ? 

Ex. 166.—If two triangles have two sides of the one equal to 
two sides of the other, each to each, and the angles opposite to 
two equal sides equal, the angles opposite the other equal sides 
are either equal or supplementary, and in the former case the 
triangles are congruent. 

Cor.—Hence the two triangles are congruent. 

(I.) If the two angles given equal are right angles or obtuse 
angles. 

(2.) If the angles opposite the other two equal sides are both 
acute, or both obtuse, or if one of them is a right angle. 

(3.) If the side opposite the given angle in each triangle is not 
less than the other given side. | 

Ex. 167.—Construct a triangle having given the base, the vertical angle, 
and either the sum or difference of the other two sides. 
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Ex. 168.—Two quadrilaterals are equivalent when their diagonals are 
equal and intersect at the same angle. (Legendre’s Eiéments de Géométrie. 

Ex. 169.—On the sides of a 4 ABC are constructed the squares 
ABDE, ACGF, BCHI, and EF, GH, ID are joined; it is required to 
construct the 4 ABC having given the lengths of these three st. lines. 
Reduce to Ex. by showing that each line is twice the length of a median 
of the a ABC. (Vuibert’s Questions des Mathématiques Elémentaires.) 

Ex. 170.—Find a point in the interior of a given quadrilateral such that 
by joining it to the angular points, the quadrilateral is divided into four 
triangles, which are equivalent, two and two. 

Through the mid-point of each diagonal draw a parallel to the other. 
The pt. required is the intersection of these parallels. (Vuibert's Questions 
des Mathématiques Elémentaires.) 

Ex. 171.—On the diagonals of a |igm, rectangles are constructed such that 
the sides opposite the diagonals intersect on a side of the gm. Show that 
the two rectangles are together equivalent to the |lgm. (Vuibert's Questions 
des Mathénatiques Elémentaires.) | 

Ex. 172.—An eguilaterul hexagon has all its sides equidistant from a 
given point. Show that its alternate angles are equal, and that it has three 
equal diameters which are axes of symmetry. 

Show how to construct such a figure, and that it need not be egui- 
angular. 

Ex. 173.—An eguiangular hexagon has all its vertices equidistant from 
a given point. Show that its alternate sides are equal, and that it has 
three equal ssedians which are axes of symmetry. 

Show how to construct such a figure, and that it need not be eguz/ateral. 

Ex. 174.— Through the vertex A of a A ABC a line is drawn || to the 
base BC. Show how to draw through B a line cutting AC in P and the 
above mentioned § in Q, so that BP shall be one-third of PQ. 


Ex. 175.—If the opposite angles of a quadrilateral are supplemen- 
tary, a point can be found which is equidistant from the four vertices. 

Hence a circle can be described about such a quadrilateral. 

Ex. 176.—If the sum of one pair of opposite sides of a convex 
quadrilateral is equal to that of the other two, a point can be 
found which is equidistant from the four sides. 

A figure is called convex when the join of any two points on tts 
boundaries does not lie without the figure. 

The Corollaries to I. 32 are only true as enunciated for convex polygons. 

For a discussion on polygons in general the student is referred to 
Henrici, Congruent Figures, Chap. vi. (Angles in Polygons). 


THE HARPUR EUCLID.. 


BOOK II 
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DEFINITION. 
If a parallelogram has one angle a right angle 
it has all its angles right angles. [I. 46. 


Such a parallelogram is called a rectangle. 

It is said to be contained by any two of the straight lines 
which contain one of the right angles. 

Thus a right angled [gm ABCD ts spoken of as the 
rectangle contained by AB and AD.’ 

The phrase ‘rectangle contained by AB and AD’ zs a 
ated into rect. AB, AD,’ or into ‘rect. AB. AD.’ 

By the ‘rectangle contained by two straight lines x and y’ 
is meant the rectangle two of whose adjacent sides are equal 
to x and y respectively. 

This way of describing a figure by means of two of its sides 
only is like that used by carpenters in speaking of a board 
‘5 inches by 3. 

Tf two adjacent sides of a rectangle are equal to 5 and 3 times 
the unit of length respectively it is easy to 
show that the rectangle is equal to 15 
times the square on the unit of length. 
We have only to divide the two sides 
into 5 and 3 equal parts respectively, and 
draw through the points of section of each 
side lines parallel to the other. 

The whole rectangle is thus divided into 3 rectangles, each 
of which is divided into 5 squares, and therefore contains 
3 times 5 squares. 

A simtlar division of the rectangle could obviously be made if 
the sides containing it were each a whole number of times the 
unit of length. 
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It would not be very difficult to extend the principle to cases 
where the lengths of the sides of the rectangle, in terms of the unit 
of length, were expressed one by a whole and one by a mixed 
number, or each by a mixed number. 


Ex. 177.—Draw a diagram showing that tf the sides of a rectangle are 
2} inches and 3 inches long the rectangle is equal to (24 x 3) square inches. 


Ex. 178.—Draw a diagram showing that if the sides of a rectangle ave 
24 inches and 34 inches the rectangle ts equal to (2k x 34) square inches. 


We arrive, therefore, at the result that tf a and b are any 
whole or mixed numbers, a rectangle whose sides ave a inches 
and b inches respectively ts equal to‘ab’ square inches. 
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PROPOSITION 1. THEOREM. 


If there be two straight lines, one of which is divided into any 
number of parts, the rectangle contained by the two straight 
lines is equal to the rectangles contained by the undivided 

line and the several parts of the divided line. 


Let A and BC be two straight lines, of which BC is divided 
at D, E; then rect. A. BO=A. BD, A. DE, A. EC. 


E C 


8 
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Draw BF tr to BC, and cut off BG equal to A. 
Through G draw a line || to BC. 
Through D, E, C draw DK, EL, CH || to BG, meeting the 
|| through G in K, L, H. 
Then all the figures are rectangles :— II. 46, Cor. 
Fig. BH = figs. BK, DL, EH. 
But BH = rect. A, BC for BG = A. 
BK = rect. A, BD for BG = A. 
DL = rect. A, DE for DK = BG = A. 
EH = rect. A, EC for CH = BG =A. 
Hence rect. A. BC = rects. A. BD, A. DE, A. EC. 
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NOTES. 


The Syllabus enunciates the corresponding Proposition thus :— 

The rectangle contained by two given lines is equal to the sum 
of the rectangles contained by one of these and the several parts 
into which the other is divided. 


Numerical Illustration. — If A, BD, DE, EC were 5 inches, 6 inches, 
2 inches, and 3 inches long respectively, BC would be 11 inches. 
Rect. A, BC would contain 55 sq. in. 


Rect. A, BD „, 30” p 
Rect. A, DE 55 10 „, 
Rect. A, EC i 15 „ 
Now 55 = 30+ 10 15. 


Algebraical Illustration. — If A, BD, DE, EC, were p inches, q inches, 
r inches, S inches long respectively, BC would be q+rt+s inches long. 
Rect. A, BC would contain p(q+r+s) sg. in. 
Ret. A, BD 9 Pq sg. in. 
Rect. A, DE 99 pr 99 
Rect. A, EC 5 ps „ 
Now by Algebra pIq TTT S) = p pr ps. 
Ex. 179.— Show (by two applications of II. 1) that the square on a 
st. line is equal to four times the square on half of it. 
(Take the undivided line equal to half the divided one.) 
Give numerical and algebraical illustrations of the above theorem. 
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PROPOSITION 2. 


If a straight line be divided into any two parts, the rectangles 
contained by the whole and each of the parts are topete 
equal to the square on the whole line. 


Let AB be divided at ©. 
The rect. AB, AG with rect. AB, BC = sq. on AB. 
On AB describe the sq. ADEB. 
Through C draw CF || to AD. 


A O B 


Figs. AF, CE=fig. AE. 
But AF=rect. AB, AC for AD=AB, 
CE=rect. AB, BC for BE=AB, 
and AE is the sq. on AB. 
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NOTE. 


This is a mere Corollary to II. 1, the undivided line being equal to the 
divided line, and the latter being divided into swo parts. 


Numerical [ilustration.—A st. line AB, 5 inches long, might be divided 
into two parts, AC 3 inches long, CB 2 inches long. 
Sq. on AB would contain 25 sq. in. 
Rect. AB, AC j 15 
Ret. AB, BC 5 10 
Now 25 2 15 + 10, 


Algebraical Illustration. — Let the whole line AB be p, and the parts, 
AC, CB, q and r inches long respectively. 
Then p qr. 
Now area of sq. on AB (in sq. tnches)=p?, 
=p(q +r), 
= pq + pr area of rect. AB, AC + area of rect. AB, BC. 


128 Euclid’s Elements. 


PROPOSITION 3, 


If a straight line be divided into any two parts, the rectangle 
contained by the whole and one of the parts is equal to the 
rectangle contained by the two parts, together with the 
square on the aforesaid part. 


Let AB be divided at C. y 
Then rect. AB, BC=rect. AC, CB, with sq. on BC. 


i 
| 


ee 


F D 
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On BC describe the square CD EB. 
Through A draw AF || to CD, 
meeting ED produced in F. 
Fig. AE=figs. AD, CE. 
But AE=rect. AB, BC for BE=BC, 
AD=rect. AC, CB for CD=BC, 
and CE is the sq. on BC. 


.. rect, AB, BC=rect. AC, CB with sq. on BC. 
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NOTE. 


This is a mere Corollary to II. 1, the ssdtvided line being equal to one 
of the two parts into which the other is divided. 
Numerical Illustration.—A line AB, 7 inches long, might be divided 
into two parts—AC, three inches long, and CB, 4 inches long. 
Rect. AB, BC would contain 28 sq. in. 


Rect. AC, CB 99 12 „, 
Sg. Os BC 99 16 99 
Now 28 = 12+ 16, 


Algebraical Illustration. Let the whole line AB be p, and the parts 
AC, CB be q and r inches long respectively. 


Then p=q +r. 
Now areaofrect. AB, BC (in sg. in.) = pr, 
=(q +r)r, 
=qr+ r’, 


= areaofrect.AC, CB + area ofsg.onCB. 
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PROPOSITION 4. THEOREM. 


If a straight line be divided into any two parts, the square on the 
whole line is equal to the squares on the two patts, together 
with twice the rectangle contained by the two parts. 


Let AB be divided in C; then sq. on AB=sgs. on AC, CB, 
with twice rect. AC, CB. 


A © B On AB describe a sq. ADEB. 
join BD. Through C draw CGF || to 


1 Gi- K AD or BE, cutting BD in G; through 

i aaa. daa G draw HGK || to AB or DE. 

| | . CF is || to AD, 

23 .. ext. LCGB = int. and opp. 
ore an ees ADB, II. 29. 
= ABD (. AD AB), II. 5. 
.. CG = CB. [I. 6. 
But CB=GK, and CG=BK, [I. 34. 


*. CB KG is equilateral. 


And . it is a gm, and has one 4 CBK a rt. 4, 
all its Ls are rt. cs. [I. 46, cor. 
it is a square. 
Similarly HF is a square, and sq. on AC (. HG=AC). [I. 34. 
Now compt. AG = compt. GE. 
.*. AG, GE together twice AG. 
twice rect. AC, CB (. CG SCB). 
Add CK, HF which = sqs. on AC, CB. 
*. AG, GE, CK, HF sqs. on AC, CB, with twice rect. AC, CB. 
1. e. AE sqs. on AC, CB, with twice rect. AC, CB. 
1. e. sq. on AB sqs. on AC, CB, with twice rect. AC, CB. 


CorOLLARY.— Each of the parallelograms about the diameter of 
a square is a square. 
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NOTES. 


We might have divided the Corollary into two distinct propositions, 
which have been separately demonstrated 

(i.) Each of the parallelograms about the diameter of a rhombus is a 
rhombus. 

(ii.) Zac of the parallelograms about the diameter of a rectangle is a 
rectangle. | 

Numerical Illustration.—A st. line AB, 11 inches long, might be 
divided into two parts—AC, 5 inches long, and CB, 6 inches long. 

Sg. on AB would contain 121 sg. in. 


Sg. on AC 5 25 „ 
Sq. on CB 99 36 99 
Rect, AC, CB 99 30 99 


Now 121=25 + 36 + 60. 


Algebraical Illustrution. Let the whole st. line AB be 2, and let the 
parts AC, CB be x and y inches long respectively, 
Then area of square on AB in g. inches=2', 
=(x+y)}, 
Sry 2xy, 
= Area of sqs. on AC, CB, 
+ twice area of rect. AC, CB. 


Ex. 180.—If a |igm is not . the gms about its diameter are 
not equilateral. 

Ex. 181.—If a |igm is not rectangular, the |jgms about its diameters are 
not rectangular. 

Ex. 182.—Prove by II. 4 that the square on a straight line is equal to 
four times the square on half of it. 

Ex. 183.—A, B, C, D are points in a st. line such that AB=BC=CD. 
Show that sq. on AD = sum of sqs. on AC, BD, and BC. 

Ex. 184.—In the figure R and M. are taken on DE, EB, so that OR and 


EM each= BC. Show that HRMC is a square equivalent to sqs. on 
AC, CB. 
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PROPOSITION 5. 


If a straight line be divided into two equal parts, and also into two 
unequal parts, the rectangle contained by the unequal parts, 
together with the square on the line between the points of 
section, is equal to the square on half the line. 


Let AB be bisected at C and divided unequally at D; then 
rect. AD, DB with sq. on CD sq. on CB. 


On CB describe the square CEFB. 

Join BE; through D draw DHG || to BF, cutting BE in H ; 
through H draw MHLK || to AB; through A draw AK 
to CE. 

Compt. CH =compt. HF, 
„. CM=DF; 
but AL=CM (. AC=CB), [I. 36. 
„ AL=DF, i 
. AH=DF, CH. 
But AH rect. AD, DB (. DH=DB), 
. rect. AD, OB=DF, CH. 

But sq. on CD=LG; 

. rect. AD, OB with sq. on CD=DF, CH, LG, 
=CF, 
=sq. on CB. 
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CoROLLARY.—The difference of the squares on two unequal 
straight lines (AC, CD) is equal to the rectangle contained by 
their sum and difference (AD and DB). 


Numerical Illustration.—A straight line AB 8 inches long might be 
divided into unequal parts AD, DB 5 and 3 inches long, as well as into two 
equal parts AC, CB each 4 inches long. 

Then rect. AD, DB would contain 15 sg. in., 


sg. on CD ‘5 1 „, 
and sq. On CB 99 16 99 
Now 15 1 1 16. 


Algebraical Illustration. Let AC, CB each be x inches and CD y inches 

long. Then AD will be x+y and DB x- y inches long. 
Now (x+y) (x-y) +y?=x?—y?+ y’, 
=X, 

. No. of sq. in. in rect. AD, DB and sg. on CD = Mo. of sq. in. in sq. 
on CB. 

Ex. 185.—To find a point in a given straight line such that the 
rectangle contained by the two parts into which it divides the line 
shall be the greatest possible. 

Ex. 186.—Of all rectangles of the same perimeter the square has 
the greatest area. 

Ex. 187.— The difference of the squares on AD, DB is equal to 
twice the rectangle contained by CD, AB. (Prove by II. 5, Cor.) 


Note.—The following is also a Corollary to II. 5 :— 


Let AB be bisected in C and produced to D; then rect. 
AD, DB with sq. on CB=sq. on CD. 


Produce CA to E, making AE equal to BD. 


E 4 C B O 
Then CE=CD, 
and EB=AD. 
Rect. EB, BD sq. on CB =sq. on CD. [II. 5. 


rect. AD, DB+sq. on CB=sq. on CD (. EB=AD). 
This may be taken as alternative proof of II. 6. 
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PROPOSITION 6, 


If a straight line be bisected and produced to any point, the rect- 
angle contained by the whole line thus produced and the part 
produced, together with the square on half the line bisected, 
is equal to the square on the straight line which is made up 
of the half and the part produced. 


Let AB be bisected at C and produced to D; 


A O 8 D 
* 
K A 
, 

| i Te 

E G F 


then rect. AD, DB with sq. on CB=sq. on CD. 
On CD describe the square CEFD. Join DE. 
Through B draw BHG || to DF cutting DE in H. Through 
H draw KLHM || to AD. Through A draw AK || to CE. 
AL=CH (. AC=CB) 
=compt. HF. 
To each add CM, 
*. AM=CM, HF; 
But AM=rect. AD, DB (. ODM S DB), 
. rect. AD, DB=CM, HF; 
to each add LG, which sd. on CB. 
rect. AD, DB with sq. on CB=CM, HF, LG. 
SCF. 
= £q. on CD. 
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Ex. 188.—Give a numerical illustration of the truth of II. 6. 

Ex. 189.—Give an algebraical illustration of the truth of II. 6. 
(CD=x; AC=CB=y.) 

Ex. 190.—Show that assuming IT. 6, a proof might be given of II. 5, 
like the alternative proof given for II. 6. 

Ex. 191.—Deduce Corollary to II. 5 from II. 6. 

Ex. 192.—The difference of the squares on AD, DB=twice the 
rectangle contained by CD, AB. (See 

Ex. 187.) 
Ex. 193.—AB is a straight line bisected in 
C. From any point D a perpendicular DE 
is drawn to AB. Show that the difference 
of the squares on AD, DB is equal to twice FN 0 8 
the rectangle contained by CE and AB. 
Sq. on AD sqs. on AE, ED, 
and sq. on BD sqs. on BE, ED. 
.. diff. of sqs. on AD, BD diff. of sqs. on AE, BE, 
= twice rectangle CE, AB. 

Ex. 194.—Hence—The locus of a point such that the difference of 
the squares of its distances from two given points is constant is a 
straight line perpendicular to their join. 

What particular case of this general proposition has been demonstrated 
previously ? 

Ex. 195.—C is any point equidistant from two fixed points A and 
B; D any pointin AB or AB produced ; then the rectangle AD, DB 
is equal to the difference of the sqs. on CB, CD. 

(Generalisation of II. 5 and 6.) 


Draw CE perpendicular to AB, and prove 
that AE = EB. 


Sq. on CB=sqs. on CE, EB. r 
Sq. on CDS sqs. on CE, ED. F E 6 D 


. diff, of sqs. on CB, CD=diff of sqs. on ED, EB. 
=rect. AD, DB. II. 5 and 6. 


Hence—If D is a fixed point within or without a given circle, and 
any straight line passing through D cut the circle in A and B, the 
rectangle AD, DB, is of the same magnitude however the line be 
drawn. (See pp. 227, 228.) 
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PROPOSITION 7. | 
If a straight line is divided into two parts, the squares on the 
whole line and on one of the parts are equal to twice the rect- 
angle contained by the whole and that part together with the 
square on the other part. , 


Let AB be divided at C. Then the sqs. on AB, BC twice 
rect. AB, BC with sq. on AC. 

On AB describe the square ADEB; on AC, on the same 
side, the square AHKC, and on BC on the opposite 
side the square B FGO, and produce HK to meet EB 
in L. 


OQO- 
n 


FF °° CAH and CAD are rt. Ls, 
| Al falls along AD. : 
ACK is a rt. , 
«BCK is a rt. ; 
but BCG is also a rt. , 
G is in the same straight line 
with CK. 
ABF and ABE are rt. Ls, 
B50 is in the same straight line 


2 


> 
| 
5 


3—u—ä—— 


H H ® 
a ee with BE. 
á * . AD=AB, 
: and AH=AC, 
or eT ee ae ae „ HD=BC 
but DE=AB, 


. HE rect. AB, BC. 
Again, CK = AC, 
and CG=CB, 
. GK SAB; 
but GF. BGC, 
.. GL=rect. AB, BC. | 
Now the figure ADEFGC is made up of the two squares 
AE, BG; W 
it is also made up of the figures HE, GL, AK. 
.. AE, BG=HE, GL, AK. 
.. Sqs. on AB, BC=twice rect. AB, BC, together with 
the square on AC. 
This demonstration ts taken from 7 position 
iu Vie ‘Elements of Geometry, by D — 
Geometrical Teaching. A similar one is given in Leslie's * Elements.’ 
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Alternative Proof.—Let AB be divided in C; then sqs. on 
AB, BC=z2 rect. AB, BC with sq. on AC. 
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On AB describe the square ADEB. 
Join BD: through C draw CGF || to AD, cutting BD in G; 
through G draw HGK || to AB. 
Compt. AG=compt. GE. 
s AK=CE, 
oe AK, CE=2 AK, 
=2 rect. AB, BC (. BCS BK). 

But HF sq. on AC. 

*. AK, CE, HF =2 rect. AB, BC with sq. on AC. 
te. AK, GE, HF, CK=z2 rect. AB, BC with sq. on AC. 
i.e. AE, CK=2 rect. AB, BC with sq. on AC. 
f.e. sqs. on AB, BC=2 rect. AB, BC with sq. on AC. 


Ex. 196.—The student should also learn the enunciation in the sub- 
joined form :— 

The square on the difference of two lines is less than the sum of 
the squares of those lines by twice the rectangle contained by 
them. (Syllabus.) 

Ex. 197.—Show that the Algebraical formula 

(x-y) =x" + y- 2xy 
is an illustration of II. 7. 
Ex. 198.—Show that a demonstration can be given of IT. 4 identical in 


method with that of the first of II. 7. 
L 
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PROPOSITION 8. THEOREM. 


If a straight line be divided into any two parts, four times the 
rectangle contained by the whole line and one of the parts, 
together with the square on the other part, is equal to the 
square on the straight line which is made up of the whole 
and that part. 

Let the st. line AB be divided into any two parts at the point 
C; four times the rectangle AB, BC, together with the 
square on AC, shall be equal to the square on the line 
made up of AB and BC. 


A C 8 D 


Produce AB to D, so that BD = BG. 
Then AD is made up of AB and BC. 
Now sq. on AD sqs. on AB, BD+twice rect. AB, BD, 


III. 4. 
=sqs. on AB, BC -+twice rect. AB, BC 
(. BDS BOC), 
S twice rect. AB, BC sq. on AC twice 
rect. AB, BC, III. 7. 


=four times rect. AB, BC-++sq. on AC. 


NOTE. 


In examinations in which the use of the symbol + is not admitted, it 
may be avoided by a judicious use of the word with, as in the preceding 
Propositions, 
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NOTES. 


I. The truth of II. 8 may also be easily demonstrated by drawing the 
sq. on AD, and dividing in the way indicated in the annexed diagram. 


— — P —— 


The demonstration is leſt as an exercise to the student. 

2. This proposition might be enunciated thus :— 

The square on the sum of two straight lines exceeds the square 
on their difference by four times the rectangle contained by them. 

Ex. 199.—Give an arithmetical illustration of the truth of II. 8. 

Ex. 200.—Show that the Algebraical Identity 


(x+yP=(x—y)?+ 4xy. 
illustrates the truth of II. 8. 


Ex. 201.—Prove II. 8 by Cor. to II. 5. 
Ex. 202.—If a rectangle is equivalent to a given square its peri- 
meter is least when it is congruent with the square. 


Ex. 202 (a).—If a st. line be divided into 5 equal parts, show by II. 8 
that the square on the whole line is equal to the sum of the squares on the 
lines made up respectively of 3 and of 4 of the equal parts (Cresswell’s 
Supplement to Euclid.) 
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PROPOSITION 9. THEOREM. 


If a straight line be divided into two equal and into two unequal 
parts, the squares on the two unequal parts are together 
double of the square on half the line, and of the square on 

the line between the points of section. 


Let the straight line AB be divided into two equal parts at C, 
and into unequal parts at D, then the squares on AD, DB 
shall be together double of the squares on AC, CD. 


Sq. on AD sqs. on AC, CD twice rect. AC, CD, III. 4. 
=sqs. on AC, CD twice rect. CB, CD 
(. AC SCB). 
*. Sqs. on AD, DB=sqs. on AC, CD twice rect. CB, CD 
+sq. on DB. 
=sqs. on AC, CD sqs. on CB, CD, 
III. 7. 
=twice sq. on AC twice sq. on CD 
(C. AC SCB). 
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PROPOSITION 10. THEOREM. 


If a straight line be bisected and produced to any point, the squares 
on the whole line thus produced and the part produced are 
together double of the square on half the line and of the 
square on the line made up of the half and the part produced. 


A C B D 


238 —̃̃ —————— 


Let the straight line AB be bisected in C and produced to 
D; the squares on AD, DB shall be together double of 
the squares on AC, CD. 


Sq. on AD sqs. on AC, CD twice rect. AC, CD, III. 4. 
=sqs. on AC, CD twice rect. CB, CD 


(. AC SCB); 
.. sqs. on AD, DB=sgqs. on AC, CD twice rect. CB, CD 
＋ sq. on DB. 
= 8s. on AC, CD +sqs. on CB, CO, 
[II. 7. 
= twice sq. on AC twice sq. on CD 
Ce AC=CB). 
NOTES. 


1. Observe the identity of the demonstration of II. 9 and II. 10, and 
the close agreement of their particular enunciations. 
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a. II. 9 and II. Io could be enunciated thus :— 


The squares on the sum and difference of two given straight 
lines are together double of the squares on the two given straight 
lines. 

Generalisation of II. 9 and II. ro :— 


Ex. 203.—C is the mid-point of AB, and D any other point; the 
squares on AD, DB are together double of the squares on AC, CD. 


Draw DE Tr to AB, or AB produced. 


Sqs. on AD, DB =sqs. on AE, ED +sqs. on BE, ED, [I. 47. 
=sqs. on AE, EB +twice sq. on ED, 
twice sq. on AC A twice sq. on CE twice sq. on ED, 
: III. 9 and 10. 
= twice sq. on AC +twice sqs. on CE, ED, 
= twice sq. on AC + twice sq. on CD. (I. 47. 


The figure only illustrates the case in which E ts in AB produced. The 
student should draw the other possible figures, and satisfy himself that the 
theorem ts true universally, | 


Ex. 204.— The sum of the sqs. of the distances of a point (D) from 
two given fixed pts. (A and B) is constant. Show that the locus 
of D is a circle whose centre is the mid-pt. (C) of their join (AB). 
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Ex. 205.—Three times the sum of the squares on the sides of a triangle 
is equal to four times the sum of the squares on its medians. 


_ Ex. 206.—The sq. on the distance of a point (D) from a given point (A) 
is double the sq. of its distance from a given point (C). Show that the 
locus of D is a circle. 


Produce AC to B so that CBAC, and use Ex. 20} 


Ex. 206 (a).—ABCD is a rectangle, P any point. Show that sqs. on 
PA, PC=sqs. on PB, PD. Show also that, if PE, PF, PG, PH are 
drawn 1 to AB, BC, CD, DA the sqs. on PA, PB, PC, PD are 
together double of the sqs. on PE, PF, PG, PH. 


Ex. 206 (b). The sum of the squares on the sides of a parallel- 
ogram is equal to the sum of the squares on its diagonals. Gregory 
St. Vincent’s de Quadratura Circuli. Use Exx. 63, 182, 203. 

This is a particular case of a more general theorem published by Euler 
in the St. Petersburg Memoirs and given as Ex. 509. 

Ex. 206 (c).— The diagls. AC, BD of a igm. ABCD cross at E: P is 
any other pt. Show that the sum of the sqs. on PA, PB, PC, PD is 
equal to four times the sq. on EP together with the sqs. on AB, BC. 
Use Ex. 203. 

Ex. 206 (d).—In any quadl. the sqs. on the diagis. are together equal 
to twice the sum of the sqs. on the st. lines joining the mid. pts. of opposite 
sides. 

Use Exx. 63, 69 (a), 206 (b). 

Ex. 206 (e).—In a quadl. ABCD, AC=CD, AD=B0O, and the 
angles ACB, ADC are supplementary; shew that sq. on AB=sum of 
sqs. on BC, CD, DA. 

Produce AD to E so that AD=DE: prove that CE AB, and use 
Ex. 203. 
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PROPOSITION 11. PROBLEM. 


To divide a given straight line into two parts, so that the rectangle 
contained by the whole and one part shall be egga to the 
square on the toen 


Let AB be * given st. line; it is — to divide AB 
into two parts such that the rectangle contained by AB 
and one of its parts shall be equal to the square on the 


other. 
6161 ———— ri 
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Ls — 


O 


On AB describe the square ABDC. 
Bisect AC in E. 
Join BE and produce CA to F, making EF equal to EB. 


On AF describe the square AFGH. Then AB shall be 
divided at H, so that rect. AB, BH sq. on AH. 


Produce GH to meet CD in K. 
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III. 6. 
=sq. on. EB (.. EF=EB), 


=sqs.on EA, AB; II. 47. 
*. rect. CF, FA=sq. on AB, 


Now rect. CF, FA with sq. on EA=sq. on EF, 


=AD. 
But FK=rect. CF, FA (. FG=FA), 
.. FK=AD. 
„ FH=HD. 


i.e. sq. on AH =rect. BD, BH. 
=rect. AB, BH (. BD=AB). 


NoTE.— The above construction might be obtained by the solu- 


tion of a quadratic equation. For let a=length of AB, and 
x=regd. length of AH; 


then x*=a (a—x), 
Sa- Ax, 
.*. X2＋ AN Z. 


Lax () = >a, 


Selecting the positive root it is easy to see that the line EB is 


a - ; 
> V5 (see p. 90). AH must be equal to the diference of EB 
and EA, and.. to AF. 
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NOTES. 


A straight line AB divided at H so that the rectangle AB, BH is equal 
to the square on AH is said to be divided ‘in medial section’ or to be 
‘medially divided.’ 

Note that CF is medially divided at A, 


The proposition is not used by Euclid until IV. 10. The inscription 
of a regular pentagon in a given © will be found to depend on it. It 
may be useful for the student of Practical Geometry to note that— 


CF =diagonal of regular pentagon on base AB. 
AH =side of regular pentagon with diagonal AB. 
AH =side of regular decagon in © with radius AB. 
CH =BF =side of regular pentagon in © with radius AB. 
A recollection of the construction of II. 11 will then enable him— 
(1) To describe a regular pentagon on a given straight line. 
(2) Zo describe a regular pentagon with a given diagonal, 
(3) Zo inscribe a regular decagon in a given O. 


(4) Zo inscribe a regular pentagon in a given O. 
For the proof of these assertions he is referred to IV. 10, 11. 


Ex. 207.—To produce a given st. line (CA) to a point (F) such 
that the rectangle contained by the whole st. line thus produced 
(CF), and the part produced (AF), may be equal to the square on 
the given st. line (CA). 


Ex. 208.—To produce a given st. line (BA) to a point (H) such 
that the rectangle contained by the whole st. line thus produced 
(BH), and the given st. line (AB), may be equal to the square on 
the part produced (AH). (Syllabus.) 


Obtain EB as in II. 11, and produce EC to F, making EF=EB; then 
Jollow the construction and demonstration of II. 11 as closely as possible. 
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Ex. 209. —Investigate the solution of Ex. 207 by means of an algebraical 
equation. 


Ex. 210,—Investigate the solution of Ex. 208 by means of an algebraical 
equation. 


Ex. 211.—Prove that if, in the figure of II. 11, CH be produced to cut 
FB it will cut it at right angles. Enunciate and prove a similar theorem 
as regards the figure of Ex. 208. Show also that FH, CB will cut at 
right angles if produced. 


Ex. 211 (a).—In the fig. of II. II, if FG, CH, DB be produced they 
will meet in a point. Use Ex. 91. 


Ex. 211 (b).—In the fig. of II. 11, the sqs. on CF, FB=4 times SQ. 
on AB. Use I. 47 and II. 10. 


Since the segments CA, AF of the st. line CF medially divided at A 
are equal respectively to the given st. line AB and its greater segment AH, 
it is clear that this peculiar division of any st. line being once obtained, a 
series of other st. lines all possessing the same property may readily be 
found by repeated additions. Thus let AB be so cut that sq. on BC = 
rect. AB, AC. Take D, E, F, G, etc., successively, along AB produced, 
such that BD BA, DE=DC, EF EB, FG=FD, and so on. 


AÇ B D E F G 


Then CD, BE, DF, EG, etc., are medially divided at B, D, E, F, etc. 
Even if the section of AB were at first assumed inexact, the series of com- 
binations would always approach to greater accuracy. Assuming the 
segments AC, CB of AB as at first equal and each denoted by 1, the 
following successive numbers will result from a continued summation— 

I, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, etc. 
a kind of approximation first noticed in this actual case by Girard. 

Note that 144 * 55 892-1; 89 x 34=557+1. 

(Condensed from Leslie's Elements ; see also English Mechanic, vol. lii. 
p. 186). 
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PROPOSITION 12. 


In obtuse-angled triangles, if a perpendicular be drawn from either 
of the acute angles to the opposite side produced, the square 
on the side subtending the obtuse angle is greater than the 
squares on the sides containing the obtuse angle by twice 
the rectangle contained by the side on which, when pro- 
duced, the perpendicular falls and the straight line intercepted 
without the triangle between the perpendicular and the obtuse 
angle. 


Let ABC be a A having the 2 ACB obtuse. 
From A draw AD Lr to BC produced. 


A 


Then sq. on AB > sqs. on AC, CB by twice rect. BC, — 

BD is divided at C 

. sq. on BD=sqs. on BC, CD, with twice rect. BC, 
CD. [IL 4. 

To each add sq. on DA. 

. sqs. on BD, DA sqs. on BC, CD, DA, with twice 
rect. BC, CD. 

i. e. sq. on BA sqs. on BC, CA, with twice rect. BC, CD 
( 2 D is right). 

i.e. sq. on BA > sqs. on BC, CA by twice rect. BC, CD. 
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NOTES. 
N. B. — The demonstration might be abbreviated thus 
sq. on BA sqs. on BD, DA, II. 47. 
=sqs. on BC, CD, DA, with twice rect. BC, CD, III 4. 
=sqs. on BC, CA, with twice rect. BC, CD, [I. 47. 


1. e. sq. on BA > sqs. on BC, CA by twice rect. BC, CD. 

The point where the perpendicular through a given point to a 
given straight line meets that line is called the ‘ Projection’ of 
the given point on the given straight line. 

Thus, in the figure of I. 12, point H is the projection of the given point 
C on the given straight line AB. 

Uf the given point is on the given straight line it coincides with its pro- 
jection upon tt. 

The join of the projections of two given points upon a given 
straight line is called the projection of the join of the two given 
points. 

Thus, in the figure of I. 47, 

DL is the projection of AB on DE. 


DL 5 AD on DE. 
LE * AC on DE. 
FG i BC on FG. 
AB si CF on HB. 


With the use of the word projection in the above sense the enunciation 
of II. 12 can be expressed in a more easily remembered form. 

In obtuse-angled triangles the square on the side subtending 
the obtuse angle is greater than the sum of the squares on the 
sides containing it by twice the rectangle contained by either of 
these sides and the projection of the other upon it. 

Ex. 212.—Any straight line is equal to its projection upon a parallel 
straight line. 

Ex. 213.—Equal straight lines have equal projections upon any 
straight line which is equally inclined to them. 

Ex. 214.—Equal straight lines which have equal projections upon 
the same straight line must be equally inclined to it. 

Ex. 215.— The rectangle BC, CD is equal to the rectangle contained 
by AC and the projection of BC on AC, in the fig. of II. 12. 

Ex. 216.—Straight lines which have equal projections upon a straight 
line to which they are equally inclined are equal. 
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PROPOSITION 13. 


In every triangle the square on the side subtending an acute angle 
is less than the squares on the sides containing that angle 
by twice the rectangle contained by either of these sides 
and the straight line intercepted between the perpendicular 
let fall on it from the opposite angle and the acute angle. 


Let ABC be any A having 4 ABC acute. 


A A 


B D O BC D 


(i.) If AC is not Lr to BC, from A drop a tr AD on BO, or 
BC produced. 


Then sq. on AC < sqs. on CB, BA by twice rect. CB, BD. 
Now either BC is divided at D, or BD at C. 
in both cases sqs. on CB, BD=twice rect. CB, BD 


with sq. on DC, III. 7. 
to each add sq. on DA. 
. sqs. on CB, BD, DA twice rect. CB, BD with sqs. 
on DC, DA. 
. sqs. on CB, BA=twice rect. CB, BD, with sq. on 
CA (. 28 at D are right); 
i. e. sq. on AC < sqs. on CB, BA by twice rect. CB, BD. 
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(ii.) Next let AC be tr to BC. 
Then sq. on AC < sqs. on CB, BA by twice sq. on BC. 


A 


B C 


Sq. on AB =sqs. on BC, CA (. 4 ACB is right). 

To each add sq. on BC. 

Then sqs. on AB, BC =twice sq. on BC, with sq. on AC. 
*. sq. on AC < sqs. on CB, BA by twice sq. on BC. 


NOTES. 
N.B.—The above demonstrations might be abbreviated thus— 
li.) Sqs. on CB, BA=sqs. on CB, BD, DA, [I. 47. 
S twice rect. CB, BD with sqs. on CD, DA, III. 7. 
=twice rect. CB, BD with sq. on CA, [I. 47. 
i. e. Sq. on CA < sqs. on CB, BA by twice rect. CB, BD. 
(ii.) Sq. on BA sqs. on CB, CA, II. 47. 


.. Sqs. on CB, BA twice sq. on CB with sq. on CA. 
i.e. Sq. on CA < sqs. on CB, BA by twice sq. on BC. 
The enunciation should also be learned in the subjoined form. 


In every triangle the square on the side subtending an acute 
angle is less than the squares on the sides containing that angle 
by twice the rectangle contained by either of these sides and the 
projection of the other upon it. 
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PROPOSITION 14. 


To describe a square that shall be equal to a given rectilineal 
figure. 
Let A be the given rectl. fig. It is required to make a sq. =A. 
Make the rectangle BCDE =A. [L 45. 


Then if BE=ED the problem is solved; but, if not, produce 
BE to F so that EF=ED. | 


— a eea — — — —— — 2 


Bisect BF in &; with centre G, radius GF, describe a semi- 
circle BHF. | | 

From E draw EH Tr to BF. 

Join GH. The sq. on EH shall be equal to A 


BF is bisected at G and divided unequally at E. 
*. rect. BE, EF with sq. on EG=sq. on GF, 
=sq. on GH (. GHS GF), 
=sqs. on EG, EH 
(. 2 GEH is right). 
Take away the sq. on EG. 
. rect. BE, EF sq. on EH. 
i.e. BDO sq. on EH. 
. fig. A=sq. on EH. 
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NOTES. 


1. The greater part of the Proposition is devoted to showing how to 
construct a square equivalent to a given rectangle. 


Note that, in order to construct a square equivalent to the rectangle 
contained by two given straight lines, it is by no means necessary to 
construct the rectangle itself. We have only to produce one of the given 
lines (BE) to F, making the produced part (EF) equal to the other, 
and proceed as in the Proposition. , 


2. In many cases it is easy to find the length and breadth of a rectangle 
equivalent to a given rectilineal figure by a special method. See p. 85. 

Lf no special method is available, the easiest practical way of obtaining 
the required length and breadth of a rectangle equivalent to a given recti- 
lineal figure is to obtain a triangle equivalent to it by the method of Ex. 78, 
79. From the demonstration of I. 42 it easily follows that a rectangle 
with one side equal to half one of those of the triangle, and the 
other equal to the perpendicular let fall on it from the opposite angle, 
is equivalent to the triangle, and therefore to the given rectilineal 
figure. 


3. It is easy to see that the Proposition affords a simple solution to the 
problem (given as Ex. 93): — Tb construct a square whose area shall be 
twice, three times, four times... a given square. We have only to 
make BE equal to the side of the given square, to produce BE to 
F, making EF equal to twice, three times, four times. . that 
side, and to proceed as in the Proposition. 


Ex. 217.— To make a square equal toa given A by the simplest con- 
struction possible. 


Ex. 218.—To make a square equal to a given regular hexagon or octagon 
(see p. 85) by the simplest construction possible. 


Ex. 218 (a).—To a given st. line (BE) to apply a rectangle (BEDC) 
equal to a given square. 
Draw EH perpr. to BE egual to a side of the given square. 
Let the perpr. bisector of BH meet BE in G, and construct the figure of 
JI. 14. Contrast the solution on pp. 115, 116. 
M 
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ON ABBREVIATIONS. 


If a student about to enter for an examination in Geometry has any 
doubt as to the extent to which the use of symbols in Geometrical reasoning 
is allowed, application should be made to the examining authorities. 


He may, we think, take it as a general rule that rather more freedom 
would be allowed in the solution of an exercise than in the reproduction 
of book work. 


He should certainly, however, be acquainted with a few common 
abbreviations. 


(1) The symbols + and — are used in the usual Arithmetical sense ; 
av b is used for the difference between a and b.’ 
(2) AB? is used as equivalent to ‘sq. on AB.’ 
AB, BC „, 12 ‘rect. AB, BC.’ 
2 AB 30 ‘twice AB.’ 
n AB 5 ‘n times AB.’ 
We subjoin a few 5 of the use of symbols. 


Particular enunciations of II. 4 and II. 7— 

Let a st. line AB be divided at C; then 
AB*?*= AC?+CB?+2 AC, CB, III. 4. 
AC*= AB? BC 2 AB, BG. III. 7. 


Particular enunciation of II. 5 and II. 6— 
If C is the mid-pt. of the st. line AB, and D any point in AB, or AB 
produced, 
SGB CD*=AD, DB. 


Ex. 219.—If the straight line PQ is divided in R, so that PQ, QR = 
PR?, and PR is divided in S, so that PR, RS=PS?, prove that 
PS=RQ. (Sandhurst: given thus, Dec. 1886.) 

The student should practise himself in the use of the above symbols. 

If he accustoms himself to quote a proved Geometrical theorem in 
justification of each step that he takes in demonstration, he will not be 
likely to impair the rigour of his investigations ; while his knowledge of 
Algebra and its applications will be improved and strengthened. He will 
also find the results of Book II. more easy to remember when expressed 
symbolically. 

Ex. 220.—Enunciate symbolically the remaining propositions of 
Book IT. 


On Abbreviations. | 15 


Gi 


Norz. —In the Cambridge Locals :— 

The only abbreviation admitted for the square on AB’ is ‘sq. on AB,’ 
and for ‘the rectangle contained by AB and CD,’ ‘rect. AB, CD.’ All 
generally understood abbreviations or symbols for words may be used, but 
not symbols of operations, such as —, +, x. 


In the London University Matric. :— 


The only abbreviations which can be permitted are sq. for ‘square,’ 
rect. for ‘rectangle,’ gram for ‘ parailelogram,’ 4 for angle, and the 
symbols .., °°, =, and + in their usual senses. 


156 | Euclid’s Elements. 


MISCELLANEOUS EXERCISES.—III. 
(Book II.) 


Ex. 221.—If O, A, B, C are four points in a straight line, in the order 
O, B, C, A, or O, A, C, B, 
OA, BC+OB, CA=OC, AB. 
Show that the Algebraical identity, 
a(b—c)+b(c— a)+c(a—b)=0, 
illustrates the truth of this theorem. 
Ex. 222.—Find the locus of a point whose projection on a given fixed 
line is a given point. 
Ex. 223.—To produce a given straight line so that the rectangle con- 
tained by the whole line thus produced, and the part produced, shall be 
equal to the square on half the given straight line. 


Ex. 224.—The square on the perpendicular to the hypotenuse of a right- 
angled triangle from the right angle is equal to the rectangle contained by 
the segments into which it divides the hypotenuse. 


Ex. 225.—A point O is taken in AB, such that AO=3 OB. If P be 

any other point whatever, show that 
AP?+3 BP?=A0O*+3 BO?+4 OP*. 

Apply II. 12 and 13 to As AOP, BOP, and remember that rectangle 
contained by AO and pron. of OP will be three times that contained by BO 
and the same projn. by II. 1. 

Hence show that if AP?=4 OP, A and O being fixed points, the locus 
of P is a circle whose centre is in AO produced. 


Ex. 226.—A point O is taken in AB such that Ao n- I OB. If P 

be any other point whatever, show that 
AP?4+n—1 BP?=AO*+n-—1 BO*+nOP*. 

Hence show that if AP?=nOP* the locus of P is a circle whose centre 
is in AO produced, n being any integer greater than unity. 

Ex. 227.—The rectangle contained by two given straight lines is equal 
toa given square. Show that if either the sum or the difference of the two 
Straight lines is given, the lengths of the straight lines can be found. 
(Rouché and de Comberousse, Traité de Géomdtrie Elémentaire.) Use II. 8. 

Ex. 228.—ABCD is a square whose diagonals intersect in O; AC is 
produced to E, so that CE is equal to AB; prove that the square on AE 
is double the square on OE. 
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Ex. 229.— Divide a line internally or externally into two parts such that 
the difference between their squares shall be equal to a given square. 


Ex. 230.—If AB is divided at C so that the square on AC is double the 
square on CB, the sum of AB and CB will be equal to the diameter of 
the square on AB. 


Ex. 231.—ABCDE is a straight line so divided that AB=BC=CD= 
DE, and O is an external point; show that the difference of the squares 
on OA and OE is twice the difference of the squares on OB, OD. 


Ex. 232.—Describe a right-angled triangle such that the rectangle con- 
tained by the hypotenuse and one of the sides containing the right angle is 
equal to the square on the other side. 


Ex. 233.—The sides AB, BC, CA ofa 4 ABC are 6, 10, and 14 units 
of length respectively; AB, CB are produced to meet the perprs. let fall 
on them from the opposite angles in D and E. Find the lengths of AD 
and CE. 

Ex. 233 (a).—If a st. line be divided into any no. of parts the sq. on 
the whole line is equal to the sqs. on each of the parts with twice the 
sum of the rectangles contained by each pair of the parts, 


Ex. 233 (b).—A, B, C, D are any four pts. in a st. line ABCD, 
Show that the sqs. on AC, BD with twice rect. AB, CD=sqs. on AD, BC 
(Leslie’s Elements). 


Ex. 233 (c.)—To divide a given st. line AB into two parts AH, HB, 
such that the sq. on AH may be equal to the rectangle contained by HB 
and a given finite st. line X (T. Simpson’s Elements). 

This is a generalisation of II. II, and may be solved in much the same 
way. Draw AC perpr. to AB and equal to X. Complete the rectangle 
ABDC, and along AB take AL such that sg. on AL rect. rect. ABDC. 
Bisect AC in E. Join EL. Produce EA to F so that EF=EL, and 
describe a sg. AFGH on AF. 


Ex. 233 (d).—In the figure of II. 11 bisect AH in L, and shew that 
LG=LB. 

Ex. 233 (e).—To produce a given st. line FA to a pt. C such that rect. 
AF, FC=sq. on AC. 

Describe a sq. AFGH on FA. Bisect AH in L, and construct the fig. of 
Il, 11 from the property given in the last exercise. 

Ex. 233 (f).—Investigate the solution of Ex. 233 (e) by means of an 
algebraical equation. 

Ex. 233 (g).—Enunciate the propositions represented by the equations 

(2a+b)?+ b? =2 {a?+(a+b)?} 
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MISCELLANEOUS EXERCISES.—IV. 
(Books I. and II.) 


Ex. 234.—Given straight lines containing a, b, c, d units of length, 
construct lines containing 


-, be 

(i.) a’ 

(ii.) Vab, 
(iii.) Yabed, 


units of length respectively. 
Ex. 235.— Two triangles which have parallel sides are equiangular. 


Ex. 236.—On the sides AB, BC, CA of a AABC squares ABHL, 
BCGF, CAKI are described, and perpendiculars CO, AD, BM let fall on 
these sides (produced if necessary) from the opposite angle are produced to 
cut the parallel sides of the squares in P, E, N respectively. Show that 
rects. AOPL, BDEF, CMNI are respectively equal to rects. AMNK, 
BOPH, CDEG. 

Hence obtain demonstrations of II. r2and II. 13. 


Ex. 237.—O is the orthocentre of the A ABC; show that sqs. on AO, 
BC S sqs. on BO, CA sqs. on CO, AB. 

Ex. 238.—The distance of the circumcentre from any side=half dist. 
of the orthocentre from the angle opposite to that side. 

Ex. 239.—Show that if the straight line divided in II. 11 is twice the 
unit of length the two parts of the line are 4/5 —1 and 3 J respectively. 

Ex. 240.—If in the fig. of I. 47 GH, KE, DF be joined, the three 
triangles GAH, KCE, DBF are equivalent. Is this the case when the 
triangle is not right-angled ? 

Ex. 241.—‘ The perprs. from the vertices of a A to the opposite sides 
are concurrent.’ (See Ex. 108.) Use this theorem for obtaining through 
a given point P a straight line which would pass through the intersection 
of two given straight lines AB, CD if all three were produced far enough, 
the point of intersection being inaccessible. (Rouché et de Comberousse, 
Traité de Géométrie Elémentaire.) 

Ex. 242.—The median of a triangle is greater than, equal to, or less 
than half the side it bisects, according as the angle from which it is drawn 
is acute, right, or obtuse, and conversely. 
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Ex. 243.—One of the two sides containing the right angle of a right- 
angled triangle is double the other. Show that one of the segments into 
which the perpendicular from the right angle to the hypotenuse divides 
the base is four times the other. (R. & de C., Traiti de Géométrie Elémen- 
laire.) 

Ex. 244.—The shortest median of a triangle bisects the longest side. 
(R. et de C.) 

Ex. 245.—A triangle ABC is turned about the point A into the position 
AB'C'; if AC bisect BB’ prove that AB’, produced if necessary, will 
bisect CC’. 

Ex. 246.—A parallelogram is inscribed in a second parallelogram, ¢he 
sides of the first being parallel to the diameters of the second. Show that 
the diameters of the two parallelograms pass through the same point. 

Examine the effect of omitting the words italicised. 

Ex. 247.—A, B, C are taken on a straight line OABC, such that 
AB=BC. Show that 2 OB OAT OG. 

Ex. 248.—A, B, C are points in st. line OAB C. D, E, F are the 
mid-points of BC, CA, AB. Show that 

OD+0E+OF=O0A+0B+0C. 

Ex. 249.—A, B, C are points on a straight line OAB C; D, E, F are 

the mid-pts. of AB, BC, and DE respectively. Show that 
4 OF =OA+2 OB+OC. 

Ex. 250.—A, B, C, D are points in a straight line OAB CD; E, F, G, 
H, K, Lare the mid-pts. of AB, BC, CD, EF, FG, HK respectively. 
Show that 

8 OL=0A+3 0B+3 OC+OD. 


Ex. 251.—If three or more parallel straight lines intercept equal 
segments on one straight line that cuts them, they do so on all 
straight lines that cut them (Syllabus). Hence show that a straight 
line may be divided into any given number of equal parts. 

Ex. 252.—ABC are three points in a straight line such that AB= BC. 
Perprs. AD, BE, CF are drawn to any other straight line. If A, B, C 
are all on the same side of this line show that 2 BE=AD+CF. 

If, instead of AB=BC, we had 2 AB = BC, show that, under similar 
conditions, | 

3 BE=2 AD+CF. 

Enunciate and prove a corresponding theorem with 3 AB=BC. 

Ex. 253.—A, B, C are any three points on the same side of a straight 
line XY. AB is divided in D, so that AD=4 AB. OC is divided in E. 
so that DE=§ DC. Show that three times the distance of E from XY = 
the sum of the distance of A, B, C from the same line. 
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Ex. 254.—A, B, C, D are any four points on the same side of a st. 
line XY. AB is divided in E, so that AE=4 AB; EC is divided in F, 
so that EF = EC; FD is divided in G, so that FG FD. Show that 
four times the distance of G from XY=the sum of the distances of 
A, B, C, D from XY. Also enunciate and prove a similar theorem with 
respect to five given points on the same side of a given straight line. 

The final point of section is called the centroid or centre of mean 
position of the given points. 

Ex. 255.—Show that the centroid of three, four, or five given points 
is independent of the order in which we take them. For a generalisation 
of the theorems given in the last four exercises, and some remarkable 
properties of the centroid, see Casey’s Seguel to Euclid, 

Ex. 256.—Find the locus of a point the sum of the squares of whose 
distances from three given points is constant. 


Der.—If points P and Q be taken on the sides AB, AC respec- 
tively of a ABC, making 2 APQ= , C, and.. AP LB, the 
st. line PQ is said to be ‘ Anti-parallel’ to BC with respect to A. 

Ex. 257. Show that the locus of the mid-points of anti-parallels 
to BC with respect to A is a straight line through A. (See Ex. 109.) 
This straight line is called a ‘ Symmedian Line,’ or a ‘Symmedian’ 
of the 4 ABC. 

There will clearly be three such lines, one through each angular point 
bisecting the anti-parallels to the opposite side. 

Ex. 258.—The three symmedian lines of a triangle are concur- 
rent. 

Let the symmedians of the A ABC through A and B intersect in K; 
draw the anti-parallels PQ (to BC with respect to ), RS (to CA with 
respect to B), TV (to AB with respect to C), through K. 

Then 4 KQT= <B (. PQ is anti-parallel to BC). 


KTC. TV 7 AB). 
es KT = KQ. 
Similarly KS = KP, 
and KV= KR. 
But KP=KQ Co Pi is on the symmedian through = Ex. 257. 
and KR KS (. 8 m m 
.. KT=KV. 


K lies on the symmedian through C. 
This point is called the Symmedian Point’ of the triangle. 
Cor.—A circle can be described with centre K to pass through 
the six points P, Q, R, S, T, V. 
This circle is called the Cosine Circle of the triangle. 
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Ex. 259.— To inscribe three rectangles in a triangle whose diagonals 
shall all intersect in the same point. The previous exercise affords a 
solution of this problem, the point of intersection being the symmedian 
point of the triangle. 

Ex. 260.— Each of the straight lines which join the mid - point of the 
side of a triangle to the mid-point of the perpr. let fall on it from the 
opposite augle passes through the symmedian point of the triangle. 

Ex. 261.— AD, BE, CF are perprs. from A, B, C to the sides BC. 
CA, AB of a 4 ABC. Perprs. are also drawn to BC, CA, AB through 
points d, e, f respectively, such that the mid-pts. of the sides are also 
the mid-pts. respectively of Dd, Ee, Ff; show that these perprs. are con- 
current. (R. Tucker in the Educational Times.) 

Prove (i.) by EX. 154, (ii.) by Ex. 108, using a diagram like the one 
gen; the pt. of concurrence will be the orthocentre of the dotted A. 

Ex. 262.—Perprs. PD, PE, PF are drawn from a point P to the sides 
BC, CA, AB of a A ABC, and d, e, f are taken as in the last Exercise. 
Show that the perpendiculars to BC, CA, AB, through d, e, f respectively 
are concurrent. 

Ex. 263.—With the construction of Ex. 261 show that Ad, Be, Cf are 
concurrent. (R. Tucker in the Educational Times.) 


Use Ex. 108, and a diagram like the one given. 

The pt. of concurrence is the symmedian point of the dotted A. See 
Ex. 261. 

Ex. 264.—Given a point within a triangle, inscribe three parallelograms 
in the triangle having their diagonals all passing through the point. 

Ose Ex. 122. 

Ex. 264 (a).—If in Ex. 254 A, B, C, D are the corners of a gm. 
show that the diagls. AC, BD of the igm. cross at G. 


Ex. 264 (b).—ABCD being any quadl. and P, Q, R, S the mid. pts. 
of DA, AB, BC, CD show that PR, QS bisect each other at the pt. G 
found as in Ex. 254. 


Ex. 264 (c).— The square on any finite straight line is equal to the 
sum of the squares of its projections on any two straight lines at 
right angles to each other. 


Ex. 264 (d).—In the fig. of I. 47, shew that sq. on FC is greater than 
sqs. on AB, BC by four times 4 ABC. 
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PROPOSITION 1. 
To find the centre of a given circle. 


Let ABC be the given © ; it is required to find its centre. 

Take any two pts. A and B on the O; join AB and bisect 
it at D; through D draw CE ir to AB, meeting the © at 
C and E; bisect CE at F; F shall be the centre. 
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Take any pt. G within the O, but not in CE, and join GA, 
GD GB. 
In the two As ADG, BD G 
AD=BD, 
GD is common, 
and ¿ ADG is unequal to 4 BDG; 
*. GA is unequal to GB, I. 24. 
*. G is not the centre. 
In the same way it may be shown that any other pt. within 
the © outside CE is not the centre ; 
.*. F, the mid-pt. of CE, must be the centre. 


COROLLARY.—From this it is clear that 


If in a circle a straight line bisect another at right angles, the 
centre of the circle is in the line which bisects the other. 
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In other words— 

If a circle pass through two given points, its centre lies on the 
perpendicular bisector of their join. 

Hence 

If any number of circles pass through two given points their 


centres all lie on the perpendicular bisector of the join of the two 
given points. 


NOTES. 


When a straight line is spoken of as ‘ drawn within a circle,’ it is im- 
plied that its extremities are on the circumference. 

Any straight line, such as AB, drawn within a circle, is called a chord 
of the circle. Hence the Corollary might be enunciated thus :— 


The perpendicular bisector of any chord of a circle passes 
through the centre of the circle. 


Ex. 265.—A circle cannot have two centres. 

Ex. 266.—Circles whose centres are A and B intersect in C. Through 
C draw a line PCQ parallel to AB, terminated by the circles. . 

Show that PQ=2 AB. 

The perpendicular bisectors of CP, CQ pass through A and B respectively. 

Ex. 267.—-ABCD is a quadrilateral inscribed in a circle. Show that 
the perpendicular bisectors of its sides and its diagonals are concurrent. 

Extend the theorem to other rectilineal figures. 

Ex. 268.— A, B, C, Dare four points. Show that if the perpr. bisectors 
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of AB, AC, AD are concurrent, so also are the perpendicular bisectors 
of BC, BD, CD. 


Extend the theorem to a system of five points. 


It will be noticed that the word circle is used in two different senses. 
Sometimes it denotes the figure bounded by the circumference, as when we 
speak of the segment of a circle (see III. 21); sometimes the circumference 
itself, as when we speak of a circle passing through two given points. 

According to Euclid’s definition it should be used in the first sense only, 
but we are not aware of any writer whose use of the word is thus strictly 
limited. Euclid himself, for instance, speaks (I. 1) of a point where two 
circles cut each other, when he means a point where their circumferences 
cut. Noconfusion, however, can well happen from this double use of the 
word, and it is certainly convenient in many cases to avail ourselves of it. 
There are several other instances in Mathematics of this double use of a 
word in cases where no mistake is likely to follow from it. 


The symbol for circumference is ‘ Oce.’ 
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PROPOSITION 2. 


If any two points be taken in the circumference of a circle, the 
straight line which joins them shall fall within the circle. 


Let A and B be two pts. on the Oce of a©. 
Their join, AB, shall be within the ©. 


Let C be the centre of the ©, and P any point in AB. Join 
CA, CP, CB. 
Rad. CA=rad. CB, 
..4CAB= CBA. 
But ext. 2 CPA> int. and opp. 4 CBA, 
..£CPA> CAB, 
*. CA>CP; 
1e. CP <radius of the ©. 
.. P lies within the ©. 
Similarly it may be shown that any other pt. in AB, except 
its extremities, lies within the ©, 
.*. AB lies within the ©. 


Ex. 269.—The extremities of the base of an isosceles triangle are 
farther from the vertex than any other point in the base. 
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PROPOSITION 3. 


(1) If a straight line drawn through the centre of a circle bisect a 
straight line in it which does not pass through the centre it 
shall cut it at right angles. 

(2) If a straight line drawn through the centre of a circle cut a 
straight line in it which does not pass through the centre at 
right angles it shall bisect it. 


(1) Let ABC be a ©, and let a st. line CD, passing through 
the centre E, bisect a st. line AB which does not pass 
through the centre, at F, then CD is Lr to AB. 


NO 
D 
Join EA, EB. 
In the As AFE, BFE 
AF=BF, 
EF is common, 
and rad. EA=rad. EB, 
 APe=< BFE, 
1. e. CD is ir to AB. 


(2) Next let CD, passing through the centre E, cut AB at 
rt. Ls at F, then AF FB. 

With the same construction, 
rad. EA rad. EB, 
„. LEAB S L EBA. 
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In the two As EAF, EBF, 

LEAF= EBF, 

rt. L EFA=rt. 2 EFB, 
and side EF, opposite equal 2 s in each, is common, 


*. AF=FB. 


NOTES. 


I. Since the triangle EAB must be ¢sosce/es, we have only to demon- 
strate that 


(i.) The straight line joining the vertex of an isosceles triangle to the 
mid-point of its base is perpendicular to the base. 

(ü.) The perpendicular from the vertex of an isosceles triangle to the 
base bisects the base. 


2. The words ‘ which does not pass through the centre’ might obviously 
be omitted from the second part of the enunciation without affecting its 
truth. Hence 

Every diameter of a circle is an axis of symmetry (see p. 23). 

Ex. 270.—The mid-points of a set of parallel chords of a circle 
lie in a straight line. 

Ex. 271.—If a trapezoid be inscribed in a circle it must be symmetrical 
about one of its medians. 

In other words it must be an axe. (See pp. 103 and 106.) 


Ex. 272.— An axe can always have a circle described about it. 
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PROPOSITION 4. 


If in a circle two straight lines cut each other which do not both 
pass through the centre they do not bisect each other. 


Let ABCD be a O, and let AC, BD, two st. lines in it, cut 
each other in a pt. E which is not the centre; then 
AC, BD do not bisect each other. 


For, Possible, let AE EC and BE=ED. 
Find the centre F of the ©. 


Neither AC nor BD can pass through F, or it would be 
bisected at F instead of at E. Join FE. 


. AE=EC, 
.. FE is Ir to AC; [III. 3. 
„ BE= ED, 
. FE is Ir to BD; [III. 3. 


ste PEA=Tt.4 FEB, 


which is absurd. 


Alternative Proof.—Let the st. lines AC, BD in the © 
ABCD bisect each other at E; then E shall be the 
centre. 


The st. lines through E 1r to AC, BD must each pass through 
the centre ; 
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*. the centre must be at E, the only pt. common to these 
lrs. 


. if two st. lines in a © bisect each other, they both pass 
through the centre. 

„. if two st. lines in a © do not both pass through the 
centre, they do not bisect each other. 


NOTE. 


The student will perhaps have already noticed in Book I. pairs of Pro- 
positions connected with each other in the same way as the one enunciated 
as III. 4, and the one directly demonstrated in the Alternative Proof. 
The general relationship between such a pair of Propositions may be thus 
stated :— 

The two Propositions, 

If A is B then C is D, 
If C is not D then A is not B, 


are each a necessary consequence of the other, z.e. if either is true the 
other must also be true. 

Each of the above theorems is called the contrapositive of the other. 
(Syllabus. ) 

In many cases we can show the truth of a Proposition which Euclid 
proved indirectly by demonstrating the contrapositive theorem directly. 
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PROPOSITION 5. 


If two circles cut one another they shall not have the same centre. 


Let the two Os ABC, DCG cut each other at C, they shall 
not have the same centre. 


Find the centre E of the © ABC; join EC, and draw any 
st. line EFG, cutting the Os in F and G. 
.. Rad. EF=rad. EC, 
.*. EG is not equal to EC, 
.*. E is not the centre of the © DCG. 


Ex. 273.— Write down the contraposttive of III. 5. 
Der.—Circles are said to touch one another which meet, but do 
not cut another. 


If each of two circles which touch each other is outside the other, they 
are said to touch each other externally; if one is wholly within the 
other, they are said to touch each other internally. 
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PROPOSITION 6. 


If two circles touch one another internally they shall not have the 
same centre. 


Let the Os ABC, CDE touch one another internally at C, 
they shall not have the same centre. 


Find F, the centre of the inner © CDE; join FC, draw FE 
any other radius of CDE, and produce it to cut ABC 
in B. 
Rad. FE=rad. FC, 
*. FB is not equal to FC, 
.*. F is not the centre of ABC. 
Ex. 274.— Write down the contrapositive of III. 6. 


Der.—If two circles have the same centre, they are said to be 
concentric. 


From III. § and III 6 we see that 

If two circles have a common point, they cannot be concentric. 
Hence, contrapositively, 

If two circles are concentric, they cannot have a common point. 


Ex. 275.— A chord AD of the larger of two concentric circles cuts the 
smalicr in Band C. Show that AB=CD. Show also that AB and CD 
subtend equal angles at the centre. 
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PROPOSITION 7. 


(1) If a point be taken on the diameter of a circle which is not the 
centre, of all straight lines that can be drawn from it to the 
circumference the greatest is that in which the centre is, and 
the remaining part of the diameter is the least, and of the 
others that which is nearer to the one through the centre is 
greater than one more remote. 

(2) From the same point there can be drawn two straight lines, 
and only two, that are equal to each other, one on each side of 
the diameter. 


Let O be a pt. on the diameter AD of a © ABC which is 
not the centre. 


ce 


(1) Of all st. lines which can be drawn from O to the Oce 
the greatest 1s OA, which passes through the centre E, 
and OD is the least; of two others OB, OC, that one, 
OB, which is nearer to OA shall be the greater. 

Join EB, EC. 

Rad. EA=rad. EB, 
*. OA=OE, EB (by adding OE). 
But OE, EB>third side OB, 
*. OA>OB. 
Again, rad. ED=rad. EB, 
.*. ED<EO, OB, 
.. remr. OD <remr. OB. 
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Similarly, it may be shown that OA is greater and OD less 
than any other st. line drawn from O to the Oce. 

.. OA is the greatest and OD the least of all st. lines 

from O to the Oce. 

Again, in As OEB, OEC, 
OE, EB=OE, EC, 
and 2 OEB> ¿ OEC, 
*. OB>OC. 


(2) One st. line, and only one, can he drawn from O to the 
Oce equal to any st. line OC already drawn. 
Draw a radius EH, such that OEH=2OEC. Join OH. 
In As OEH, OEC 
OE, EHS OE, EC, 
and cOEH=z OEC, 
*. OH SOC. 
Let any other st. line OK be drawn from O to the Oce on 
the same side of AD as OH. 
Then OK either or KOH by (1), 
*. OK either or OG; 
.*. no other st. line can be drawn from O to the Oce 
which O. 
NMB. — By the construction L OEH = 2 OEC, 
not . EOH= 2 EOC 
as students often put by mistake. 
Ex. 276.—If two equal straight lines be drawn from any point 


which is not the centre to the circumference, they will be equally 
inclined to the diameter through the point. 

Ex. 277.—Show by III. 7 that a circle is symmetrical with respect to 
any diameter. 


The student would perhaps find it as well to omit III. 8 on his first 
reading. 
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PROPOSITION 8. 


(t) If any point be taken without a circle, and straight lines be 
drawn from it to the circumference, one of which passes 
through the centre; of those which fall on the concave 
circumference the greatest is the one through the centre, and 
of the rest that which is nearer to the one through the centre 
is always greater than one more remote. 

(2) Of those which fall on the convex circumference, the least is 
that between the point without the circle and the diameter; 
and of the rest, that which is nearer to the least is always 
less than one more remote. 

(3) From the same point there can be drawn to the circumference 
two straight lines, and only two, which are equal to one 
another, one on each side of the shortest line. 


Let O be a pt. without the © ABC. 


(1) Of all st. lines which can be drawn from O to the concave 
Oce the greatest is OA, which passes through the centre 
E, and of two others, OB, OC, that one OB which is 
nearer to OA shall be the greater. 
Rad. EA=rad. EB, 
.. OAS OE, EB. 
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But OE, EB>3rd side OB, 
. OA>OB. 


Similarly it may be shown that OA is greater than any other 
st. line drawn from O to the concave Oce, 


OA is the greatest of all such lines. 


OE, EB=OE, EC, 
In As OEB, OEC and LOEB> +- OEC, 


. OB>OC. 


(2) Of all st. lines which can be drawn from O to the convex 
part of the Oce, the least is OD, the part of OA with- 
out the ©, and of two others, OF, OG, that one OF 
which is nearer to OA shall be the less. 

EO<EF, FO, 
and rad. ED=rad. EF, 
. OD<OF. 


Similarly it may be shown that OD <any other st. line drawn 
from O to the convex Oce. 
. OD is the least of all such lines. 
OE, EF=OE, EG, 
In As OEF, OES and 2 OEF < 4L OEG, 
OF SOG. 


(3) One st. line, and only one, can be drawn from O to the 
Oce equal to any st. line OC already drawn. 
Draw a radius EH such that: OEH= 2 OEC. Join OH. 
OE, EH=OE, EC, 
In As OEH, OEC{ na 4 OEH= 2L OEC, 
.. OH=OC. 
Let any othcr st. line OK be drawn from O to the Oce on the 
same side of AD as OH. 


* OK either > or < OH by (1 jang (2), 
OK either > u < OC. 


178 Euclid’s Elements. 


N.B.—By the construction ¿ OEH= ¿OEC 
not . EOH=z EOC. 
Compare III. 7 


Ex. 278.— A, B are points without a circle. Find a point C on the 
circumference such that the sum of the squares on AC, CB is the least 


possible. 

Let E be the centre and O the mid-point of AB; the pt. regd. will lie on 
EO by Ex. 203. 

Find C also so that the sum of the squares shall be a maximum. 

Ex. 279.—Find the greatest and least lines which can be drawn from 


any point on the circumference of a circle to any point on the circum- 
ference of another which does not meet it. 


Any three sides of a quadrilateral are together greater than the fourth. 
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PROPOSITION 9. 


If a point be taken within a circle from which there fall more than 
two equal straight lines to the circumference, that point is the 
centre of the circle. 


Let there be a pt. D within the 
© ABC such that three equal 


st. lines DA, DB, DC can be 
drawn from it to the Oce; then C 
D shall be the centre. 

A B 


Join AB, BC; bisect AB, BC in E, F, and join DE, DF. 
In As DEA, DEB 
DE, EA=DE, EB, 


DA=DB, G 
. L DEA= 4 DEB; 
i. e. DE is Tr to AB; 8 
the centre lies in ED. 
IIII. I. cor. 


Similarly it can be shown that the 
centre lies in FD, 
it must be at D, the only pt. common to ED, FD. 


A 


Alternative Proof.—[Draw a diameter through D.] 
Then if D were not the centre there could not be more than 
two equal st. lines drawn from D to the Oce, III. %. 
*. D is the centre. 


NOTE. 


The first proof is one of Euclid's own, but is not given by Simson. 
r 
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PROPOSITION 10. 


One circumference of a circle cannot cut another at more 
than two points. 


If it be possible let one Oce cut another at the three pts. 
ABC. 


A 


C 


Find the centre K of one of the two Os and join KA, KB, 
KC. 
Then rad. KA=rad. KB=rad. KC, 
. K is the centre of the other O, (III. 9. 
which is impossible. IIII. 5. 
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PROPOSITION 11. 


If two circles touch each other internally the straight line which 
joins their centres, being produced, shall pass through the 
point of contact. 

Let the two Os ABC, ADE touch each other internally at 
the pt. A; the st. line through their centres shall pass 
through A. 


Find F, the centre of the outer © ABC. 

Join F to any pt. G within © ADE which is not on FA. 

Produce FG to cut the Oces in D, B. 

Join GA. 

Then GA>GB, Bie Bere 

. GAS GD; 
.. G is not the centre of © ADE. 

Similarly it can be shown that, if FG cut the Os at any other 
pt. than A, G is not the centre of © ADE. 

. the st. line joining F to centre of © ADE passes through A 
when produced. 


NOTE. 


It follows from the above demonstration that there cannot be a 
second point of internal contact. For if there were a second one, K, 
the centre of ADE, would also lie on the line FK, which is impossible, as 
the two circles have not the same centre. 

Ex. 280.—Two circles touch each other internally. Show that ifa 
st. line be drawn perpr. to the diameter through the point of contact the 
two parts of it lying between the two circumferences are equal. 

Ex. 281.— Enunciate and prove a converse of the preceding exetcise. 
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PROPOSITION 12. 


If two circles touch one another externally the straight line which 
joins their centres shall pass through the point of contact. 


Let the two ©s ABC, ADE touch each other externally at the 
pt. A; the join of their centres shall pass through A. 


Find the centre F of © ABC. 
Join F toany pt. Gwithin © ADE which is not on FA produced. 


Let FG cut the Oces in B, D. Join GA. 
Then GA? GB; (III. 8. 
.. GA>GD. | 
.. G is not the centre of © ADE. 
Similarly it can be shown that 1f FG cut the Oces at any 
other pt. than A, G is not the centre, 
. the st. line joining F to the centre of © ADE passes 
through A. 
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NOTE. 


It follows from the above demonstration that there cannot be a 
second point of external contact. For if there were a second one, K, 
the centre of © ADE, would also lie on FK produced, which is impossible. 


Observe the close resemblance between the above demonstration and 
that of III. 11. 


Alternative Proof.— Let two Os, whose centres are A and 
B, meet at a pt. C which is not on AB; they shall not 
touch each other externally. 

Draw CP ir to AB and produce it to D, so that PDS PC. 

Join AC, AD, BC, BD. 
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In As APC, APD 
AP, PC=AP, PD, 
and 4 APC= APD; 
.. AC=AD; 
.O lies on the © whose centre is A. 
Similarly D can be shown to lie on the circle whose centre 
is B, 
.. CD lies in both Os; 
.. they do not touch externally ; 
if two Os do touch externally they cannot meet ata pt 
not on the line joining the centres. 
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PROPOSITION 13. 


One circle cannot touch another in more points than one, either 
internally or externally. 


If possible let one © touch another © ABC in the pts. A, B, 
either internally or externally. 
Join AB. Bisect AB in E, and draw 


A CEH Lr to AB. 
Then AB lies in each O, IIII. 2. 
the centres of both Os lie on CEH 
C H or CEH produced, (III. x. 


i. e. the line joining the centres of two Os 

which touch does not pass through 

B either of the pts. of contact, A, B, 
which is absurd. 


Alternative Proof.— . the line joining the centres must 
pass through each pt. of contact, 
.. AB must be that line, 


Ag has two mid-pts. (viz. the centres of the two Os); 
which is absurd. 


NOTES. 


It will be convenient at this stage to summarise the results obtained as 
regards the different relative positions possible to two circles. It follows 
from III. 11 that 

(x) If two circies touch internally the difference of their radii is 
equal to the join of their centres, 
and from III. 12 that 
(2) If two circles touch externally the sum of the radii is equal 
to the join of their centres, 
and the student should have little difficulty in showing that 
(3) If one circle lies within another without meeting it the 
difference, and therefore also the sum of their radii, is 
greater than the join of the centres. 
(4) If each of two circles lies outside the other without meeting 
it the sum, and therefore also the difference of their radii, is 
less than the join of their centres. 
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(5) If two circles cut each other the difference of their radii is 
less but the sum greater than the join of their centres. 

We may exhibit these results conveniently by means of the following 
table, which we take with slight alteration from Henrici’s Congruent 
Figures. 

Let R, r be the radii of the two circles, and suppose R>r; and let 
D be the distance between the centres. 


HYPOTHESIS, CONCLUSION. 

(2) If one © lies inside the other not 

meeting it R-—r>D. 
(4) If the two ©s touch internally R-r=D. 
(c) If the two Os cut R-r<D; Rr. 
(d) If the two Os touch externally R+r=D. 
(e) If each © lies outside the other not 

meeting it R+r<D. 


The converse of each of the above theorems ts true. 

As an example let us take the converse of (e). 

If the sum of the radii of two unequal circles is less than the join 
of their centres each must lie outside the other without meeting it. 

For if not they must either touch or cut each other, or one must lie 
entirely within the other, and in each of these cases the sum of their radii 
is not less than the join of their centres, by (1), (2), (3), and (4). 

The above is an example of the application of the Rule of Conversion. 


If of the hypotheses of a group of demonstrated theorems it can 
be said that one must be true, and of the conclusions that no two 
can be true at the same time, then the converse of every theorem of 
the group will necessarily be true. (Syllabus.) 

Euclid’s treatment of the contact and intersection of circles is rather 
unsystematic. The demonstration of III. ro which we have followed 
appears defective, for it is not shown that K lies within the second circle. 
It may be noticed, however, that K cannot be without that circle by III. 8., 
and that the demonstration of III. 7, so far as regards the possibility of 
drawing three equal straight lines from a point to the circumference, really 
applies to a point on the circumference as well as to a point within the 
circle. All these difficulties might be avoided thus :— 

Let a circle pass through the three points A, B, C: then its centre 
must lie at the intersection K of the perpendicular bisectors of AB, BC; 
there can therefore be only one such circle; for two circles which cut 
cannot have the same centre. The alternative demonstration of III. 9 
shows clearly that the restriction within the circle in the enunciation is 
unnecessary. 
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Der.—Straight lines are said to be equally distant 
from the centre of a circle when the perpendiculars 
drawn to them from the centre are equal. 


PROPOSITION 14. THEOREM. 


(1) Equal straight lines in a circle are equally distant from the 
centre. 

(2) Straight lines in a circle which are equally distant from the 
centre are equal. 


Let AB, CD be chords of a © whose centre is E, and 
let EF, EG be drawn at rt. cs to AB, CD and 


.. bisecting them in F, G. Join AE, EC. [III. z. 
C 
B D 
(1) If AB=CD, 
then EF=EG, 

AB Od, 
*. AF CG. [AB, CD are bisccted. 
Now sqs. on EF, FA=sq. on EA, [I. 47. 
=sq. on EC, [IEC SEA. 
=sqs. on EG, GC. [I. 47. 
But sq. on FA=sq. on CG. [ AF=CG. 


.. sq. on EF =sq. on EG, 
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(2) If EF=EG, 
then AB=CD, 
For sqs. on EF, FA=sqs. on EG, GC. [As in (1). 
But sq. on EF sq. on EG, F 
.. sq. on FA sd. on GC, 
. FAS GC, 


Ex. 282.— The mid - points of a set of equal chords of a circle lie 
on a concentric circle. 


Ex. 283.—Prove III. 14 by showing the congruence of the 
triangles EAB, ECD. 


Note that superposition could be effected by rotating the triangle ECD 
until EC fell along EB. 


Ex. 284.—In the figure of III. 14 join AC, BD and show that AC is 
parallel to BD. 


Ex. 285.—Those chords of a circle which are bisected by a circle con- 
centric with it are equal. 


Ex. 286.—On two equal chords AB, CD of a © whose centre is E, 
points H and K are taken such that AH=CK. Show that EH=EK. 


Ex. 287.—A © intercepts parts PQ, RS of two equal chords AB, CD 
ofa concentric ©. Show that PQ=RS. 


Ex. 288.—Enunciate and prove a converse of Ex. 287. 


Ex. 289.—Through a given point within a circle to draw a chord equal 
to a given chord. 


(A hint may be obtained from Ex. 287.) 


Ex. 289 (a). Equal chords of a © which cross divide each other into 
equal segments, the greater to the greater and the less to the less. 
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Dzr.— When the perpendiculars from the centre 
on two straight lines in a circle are not equal, that 
on which the greater perpendicular falls is said to 
be further from the centre than the other. 


PROPOSITION 15. THEOREM. 


(1) The diameter is the greatest straight line in a circle. 

(2) Of all others, that which is nearer to the centre is greater than 
one more remote. 

(3) The greater is nearer to the centre than the less. 


Let ABCD be a © of which AD is a diameter and E the 
centre; and of the two chords BC, FG let BC be the 
nearer to E. 


(1) AD>than any chord BC which is not a diameter. 
(2) BC Y FG. 
Draw EH, EK at rt. Cs to BC, FG and . bisecting them 
at H, K. 
Join EB, EC, EF. 
-° Radii AE, ED=radii BE, EC, 
*. AD=BE, EC. 
But BE, EC>BC, 
. AD>BC. 
Similarly it might be shown that AD is greater than any 
other chord which is not a diameter. 
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Again, sqs. on EH, HB=sq. on EB, [I. 47. 
=sq. on EF, . EB=EF. 
=sqs. on EK, KF. [I. 47. 
But sq. on EH <sq. on EK, [ EH<EK. 
. sq. on HB >sq. on KF, 
.*. HB>KF, 
B80 FG. 


(3) Next let chord BOC chord FG, 
then with the same construction EH< EK. 
. BCS FG, 
. HBS KF, 
sq. on HB>sq. on KF. 
But as in (2) sqs. on EH, HB =sqs. on EK, KF, 


. sq. on EH <sq. on EK, 
. EH<EK. 


Ex. 290..—Prove III. 15 by supposing 4 EBC to rotate about E 
until EH fell along EK, and using I. 24. 


Ex. 291.—In the figure of III. 15 join EG and show that 2 BEC > 
C PEG. 


Ex. 292.—One chord of a circle is greater than, equal to, or less 
than another, according as the angle subtended at the centre by 
the first is greater than, equal to, or less than the angle subtended 
at the centre by the second. 


Ex. 293.— Through the mid - points of two equal chords of a © a third 
chord is drawn; show that the portions of this chord intercepted between 
the equal chords and the Oce are equal. 


Ex. 294.—Through a given point within a circle draw the 
shortest possible chord. 


Der.—A straight line is said to touch a circle when it meets the 
circle and being produced does not cut it. 


Such a straight line is called a tangent to the circle. 


A straight line which cuts a circle is called a secant. 
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PROPOSITION 16. THEOREM. 


The straight line drawn at right angles to the diameter of a circle 
from the extremity of it falls without the circle, and no 
straight line can be drawn from the extremity between that 
straight line and the circumference so as not to cut the circle. 


(1) Let D be the centre of a ©, A a pt. on its oce, and 
through A let the st. line HAK be drawn Lr to DA, then 
HAK shall fall without the ©. 

H 

Take any pt. P on HK and join DP. 
. DAP is a rt. L, 
5. L DPA ga rt. , 
A ..4 DAP> z DPA, 
„„ DP > ODA, 
*. P lies without the O. 

K i 

Similarly it might be shown that any other pt. except A on 
HK lies without the ©. 

(2) Next let the st. line HAK drawn through the end A of 
a radius DA of a © whose centre is D be not Lr to 
DA. 


H Draw DE ir to HK, and along HK on the 
side remote from A cut off EB equal to 
EA, and join DB. 

In As DEB, DEA 
DE, EB=DE, EA, 

and rt. L DEB rt. 4 DEA 
*. B lies on the Oce, 

.. AB falls within the O, 
and.. HK cuts the ©. 
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COROLLARY 1.—The straight line drawn at right angles to the 
diameter of circle, through the end of it, touches the circle. 


COROLLARY 2.—A straight line cannot touch a circle in more than 
one point. 

(For ifa st. line met the Oce in two pts., thal part of the tine between those 
two pts. would lie within the circle.) 


COROLLARY 3.—There can be but one straight line which touches 
the circle at the same point. 


NOTES. 


If all lines in a set are tangents to a curve it is said that the lines 
envelop that curve, and the curve is said to be the envelope of the set. 


Thus we have shown in III. 16 (1) that 

The straight lines equidistant from a fixed point envelop a circle 
which has the fixed point for its centre, and the constant distance 
for its radius. Henrici, Congruent Figures, pp. 169, 170. 

Ex. 295.—All equal chords of a circle are touched by the concen- 
tric circle which passes through their mid-points. 

Enunciate this as a proposition on ‘ envelopes.’ 

Ex. 296.—The tangents to a circle through the ends of one of its 
diameters are parallel. ` 


Ex. 297.—Enunciate and prove the converse ofthe last Ex. 

Ex. 298.—The locus of the centre of a circle which touches a 
given straight line at a given point is the perpendicular to it through 
the given point. 

Ex. 299.—To draw a circle which shall touch a given straight line at a 
given point, and pass through another given point. 

Ex. 300.—Any number of circles can be drawn to touch two given 
parallel straight lines. 


Ex. 301.—The circles whose centres are on a given straight line, and 
whose radii are all of the same given length, envelop a pair of lines 
parallel to the given straight line. 


Ex. 302.—Any number of circles can be drawn to touch two given 
concentric circles. 


Ex. 303.—The circles whose centres are on a given ©, and whose 
radii are all of the same given length, envelop in general two circles con- 
centric with the given one. 

When does one of these tiwo circles become a point ? 
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PROPOSITION 17. PROBLEM. 


To draw a straight line from a given point either without or on 
the circumference which shall touch a given circle. 


(1) Let O be a pt. without the given © PQR;; it is required 
to draw a tangent to PQR from O. 

Find the centre C of © PQR. Join OC, and bisect OC in E; 
with centre E and distance EC or EO describe a © cut- 
ting PQR in P. Join OP. OP shall be a tangent to 
PQR. 

Produce OP to F Join EP, PC. 


Uh ` 


F EP=EO 
„„ 2 BPO=<. EOP. 
Similarly L EPC= L ECP. 
.. whole ¿ CPO= zs EOP, EOP. 
=ext. 2 CPF. 
*. each is a rt. . 
*. OP touches the © at P. (III. 16. 
(2) If the given pt. be on the Oce as P, then the tangent 
required is the line PO drawn at rt. Cs to the radius 
CP. 
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NOTES. 


1. If the two circles cut again at Q, OQ would also be a tangent to 
© PQR. We have therefore demonstrated that 

From an external point O two tangents can be drawn to a given 
circle. 

2. The two tangents OP, OQ which can be drawn from an ex- 
ternal point O to a given circle are equal. 

In the figure of III. 17. Join CQ, PQ. 

.. CPS C, 
. CPS LC p. 
But rt. 2 CPO=rt. 2 CQO, 
.. remg. L OPQ=remg. 2 OQP, 
.. OP=OQ. 

3. The join CO of an external pt. O, and the centre C, bisects the 
angle between the two tangents OP, OQ which can be drawn from O, 
and also the angle between the radii CP, CQ. 

For the three sides CO, OP, PC of a COP=the three sides CO, OQ, 
QC of a COQ. 


Euclid does not demonstrate the equality of the two tangents to a circle 
from an external point until he reaches IV. 12. This is a serious omission. 
Students will often require the property when attempting exercises, and 
should demonstrate it if they are not supposed to have read IV. 12. 

We give alternate demonstration which does not require joining PQ. 

Sqs. on CP, PO sq. on CO, [I. 47. 
=sqs. on CQ, QO. 
But sq. on CP=sq. on CQ (° CP=CQ), 
.. sq. on PO S sq. on QO, 
.. PO SO. 

Ex. 304.—A is a pt. external to a given © BCD whose centre is 
E; from D, the point where AE cuts the O, is drawn DF Ir to ED, 
and meeting the © AFG described with centre E and radius EA 
in F; if A be joined to the B where EF cuts the given © BCD, 
show that AB is the tangent at B. (Euclid's own construction.) 

Ex. 305.—Show that Euclid’s own construction enables us to draw two 
tangents to a given circle from an external point. 

Ex. 306.—If any number of circles touch two given straight lines 
the centres all lie on the bisectors of the angles made by the two 
given lines. (See diagram on p. 51.) 

Conversely :—With any point on a bisector of an angle as centre a 
circle can be described to touch the straight lines which make the 
angle. 
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Hence :—The locus of the centre of a circle which touches two 
intersecting straight lines is the pair of straight lines bisecting 
the angles between them. | 

Ex. 307.— CP and CQ (diag. on p. 192) are tangents to the © described 
with centre O, and radius OP or OQ. 

When two intersecting circles, as in this exercise, are such that the tan- 
gents at either point of intersection are at right angles to each other they are 
said to cut each other orthogonally. 

Ex. 308.— With the same construction, CO bisects PQ at right angles. 

Ex. 309.—If two circles cut each other orthogonally the sum of 
the squares of their radii is equal to the square of the line joining 
their centres. 

Ex. 310.—Enunciate and prove the converse of Ex. 309. 

Ex. 311.—Through a given point to draw a chord of a circle 
equal to a given straight line. 

Chords of a given length envelop a certain circle (see Ex. 295). Conse- 
quently a tangent to this ised ota the given point will give a chord as 
required. 

Ex. 312.— To draw a common dogan to two given circles. 


Q 


-vw a 


Let C and O be the centres of the two Os AQF, BRG, A and B the 
points where CO cuts the Oces, and suppose CA > OB. 
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From AC or AO cut off AD equal to OB. With centre C and rad. 
CD describe a © ; draw a tangent OP to it from O. 


Let CP, or CP produced, cut © AQF in Q. Through O, on the same 
side of OP as Q is, draw OR || CP, and join QR. 
QR shall be a common tangent. 
Radii CQ, CP=radu CA, CO; 
. PQ=AD 


=OR. 
But OR || PQ. 
.. OPQR is a igm; 
and °° OPQ is a rt. , 
.. Ls at Q and R are also rt. Zs. 
.. QR touches the Os at Q and R. 

The figures aré drawn for the cases in which the two given circles do not 
meet one another. The student should draw figures for all other possible 
cases (see list on p. 184), and should satisfy himself that the number of 
common tangents possible to two given circles is (1) o, (2) 1, (3) 2, (4) 3, 
(5) 4. 

(Zhe numbers (1), (2), (3), (4), (5), refer to the list on p. 184.) 

A common tangent is called exterior, or interior, according as it has 
the two circles on the same side as in (i.), or on opposite sides of it, as 
in (ii.). 

Ex. 313.—If two exterior, or two interior, common tangents intersect, 
the point of intersection must be on the line through the centres. 

For each centre must lie on the line bisecting the angle between the two 
tangents in which the two circles lie. (See Ex. 306.) 

The straight line PQ joining the points of contact of the tangents from 
O toa circle is often called the chord of contact of the tangents from O. 

Ex. 314.—Any two tangents to a circle are equally inclined to 
their chord of contact. 

Ex. 315.—If two circles touch each other a common tangent can 
be drawn at the point of contact. 


Ex. 316.—Enunciate and prove the converse of Ex. 315. 


Ex. 317.— Through the point of contact of two circles which 
touch each other either internally or externally a straight line is 
drawn meeting the circumferences again in Pand Q; show that 
the tangents at P and Q are parallel. 


Ex. 318.—State and prove the converse of Ex. 317. 


Q 
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PROPOSITION 18. THEOREM. 


If a straight line touch a circle, the straight line drawn from the 
centre to the point of contact shall be perpendicular to the 
line touching the circle. 


Let the st. line DE touch © ABC at the pt. C, and let the 
rad. FC be drawn; then FC shall be Ir to DE. 


A 


D C H E 


If not, draw FH tr to DE, cutting the Oce at B. 
Then / FHC is a rt. .; 
. FCH Saga rt. L, 
„. FHC S + FCH, 
*. FC SF H, 
*. FBS FH, 
which is impossible. 
Similarly it may be shown that no other st. line through F 
except FC is ir to DE. 


Alternative Proof. For through C one tangent, and one 
only, can be drawn to © ABC, [III. 16, Cor. 
viz. the Lr to FC. 
*. the tangent DE must be this Lr. 
*. FC is Lr to DE. 
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NOTE. 
The Alternative Proof of III. 18 just given ſorms an excellent example 
of the Rule of Identity :— 


If there is but one A and but one B, then from the fact that A is 
B it necessarily follows that B is A. (Syllabus.) 

Ex. 319.— Show that III. 3 follows from the Corollary to III. 1 by the 
Rule of Identity. 


Ex. 320.— To draw a tangent to a given circle (1) parallel, (2) perpen- 
licular, to a straight line. 


Ex. 321.—Draw a chord of a circle of given length (1) parallel, (2) per- 
pendicular, to a given straight line. 


Ex. 322.—The locus of a point such that the sum of the squares of the 
tangents from it to two given Os is constant isa ©. (See Ex. 203). 
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PROPOSITION 19. THEOREM. 


If a straight line touch a circle, and from the point of contact a 
straight line be drawn at right angles to the touching line, 
the centre of the circle shall be in that line. 


Let DE be a tangent to the © ABC at C, and let CA be 
drawn Lr to DE, then the centre of the © shall be in CA. 


If not, let O outside CA be the centre. Join OC. 
Then OCE is a rt. L, 
but 2 ACE is a rt. ; 
OCE S LACE, which is absurd; 
.*. O cannot lie outside CA, 
i. e. CA must pass through the centre. 
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Alternative Proof.—It has been shown that if the centre 
F be joined with C, 
FC is Ir to DE, 
*. it must fall along CA, 
.. CA must pass through the centre. 


Ex. 323.—Demonstrate III. 19 by the Rule of Identity. 
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Der.—An angle is said to ‘stand’ (or ‘insist’) upon 
the circumference intercepted between the — 
lines which contain the angle. 


PROPOSITION 20. THEOREM. 


The angle at the centre of a circle is double of the angle at the 
circumference upon the same base, i.e. upon the same part 
of the circumference. 


Let ABC be a ©, BEC an L at its 
centre E, and BAC an / at the 
Oce, standing on the same arc BC; 
then 2 BEC is double of 2 BAC. 


(1) Let one of the sides BA containing the 


B C- 4L BAC be a diameter. 
Rad. EA=rad. EC, 
. 4 EAC= L ECA, 


. Ls EAC, ECA are double of 2 EAC, 
. ext. 2 BEC is also double of . EAC. 
(2) Let neither of the sides BA, AC be a diameter. 
Join AE, and produce it to cut the Ocein F. 


Then by (1) 2 FEC is double of 4 FAC, 
and (FEZ is double of 2 FAB, 
whole or remg. 2 BEC is double of whole or remg. 4 BAC. 


Book III. Prop. 20. 201 


NOTES. 


It will be convenient at this stage to draw the attention of the student 
to an extension of the idea which he has hitherto attached to the word 
‘angle.’ We shall adopt the treatment of the Syllabus.’ 

When two straight lines are drawn from the same point, they 
are said to contain or to make with each other, a ‘plane angle.’ 

The point is called the ‘vertex,’ and the straight lines are called 
the ‘arms’ of the angle. 

A line drawn from the vertex, and turning about the vertex in the 
plane of the angle, from the position of coincidence with one arm 
to the position of coincidence with the other, is said to ‘turn 
through the angle,’ and the angle is greater as the quantity of turn- 
ing is greater. 

Since the line may turn from the one position to the other in 
either of two ways, two angles are formed by two straight lines 
drawn from a point. 


These angles (which have a common vertex and common arms) 
are said to be ‘conjugate.’ 

When the arms are in the same straight line the conjugate 
angles are equal, and each is then called a straight angle. 


When the arms are not in the same straight line, the conjugate 
angles are not equal. The greater is called the ‘major conjugate,’ 
and the smaller the ‘minor conjugate’ angle. When ‘the angle 
contained by two straight lines’ is spoken of, if the conjugate 
angles are unequal, the ‘minor conjugate’ angle is to be understood. 

N.B.—III. 20 is obviously true for major con- A 
jugate angles at the centre as well as for minor 
conjugates. 

The major conjugate angle BEC at the centre B C 
is double of the angle BAC at the circumference, 
standing on the same arc BFC. 

Ex. 324.—Two chords AEB, CED ofa circle 
ADBC intersect in E. Prove that the angles 
subtended at the centre by the arcs AC, BD are 
together double of the angle AEC. 

If the chords CA, BD be produced to mect in F, what is the relation 


between the angles subtended at the centre by the arcs AD, BC and the 
angle BFC? 
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Der.—A segment of a circle is the figure con- 
tained by a straight line and the circumference it 
cuts off. 


PROPOSITION 21. THEOREM. 


The angles in the same segment of a circle are equal to one 
another. 


Let ABCD be a O, and BAD, BED ss in the same 
segment BAED ; then 4 BAD= 4 BED. 
Take F the centre of the ©. 


A E (1) Let F fall within the segment BAED 
\ / and join BF, FD. 
Each of the Zs BAD, BED at the Oce is 


A equal to half of the 2 BFD at the 
centre on the same arc, BCD, 

8 A IIII. 20. 

NY Sa BAD= BED. 


A (2) Let F not fall within the segment 
E BAED. 
RN Join AF, and produce it to cut the 
XN Oce in C. Join EC. 
B DO Then F falls within the segment 
BADC, 
„ by (1) BAC = z BEC. 


Similarly CAD = 2 CED, 
C „ whole . BAD =whole z BED. 


N.B.—Ilf the use of major conjugate angles is admitted, it 
is plain that the demonstration of III. 21 (1) applies univer- 
sally, and that (2) is superfluous. 
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If the student avails himself of this admission, he must be 
careful to supply the annexed diagrams. 


EX LN, 


: Conversely :-—If a given straight line subtend equal angles at any 
number of points on the same side of it, an arc can be described 
with the given straight line as chord which shall pass through all 
those points. 

For let A and E be two of the pts. at which a given st. line BD sub- 
tends equal Zs. 
It could be easily shown that one O, and one only, could be drawn through 

B, A, D. 

If this © does not pass through E, let it cut BE, or BE produced, in 


E); then 2 BE’D= z BAD in the same segment, IIII. 21. 
= 4 BED, IIIvr. 
which is absurd; II. 16. 


.. E lies on the © through B, A, D. 

Similarly, all the other points could be shown to lie on the same O. 

Hence: — The locus of a point on one side of a given straight line 
at which that line subtends a constant angle, is an arc of which 
that line is the chord (Syllabus). 

Ex. 325.—The angle subtended by the chord of a segment at a point 
within it is greater than, and the angle subtended at a point outside the 
segment and on the same side of the chord is less than, the angle in the 
segment (Syllabus). 

Ex. 326.—AB and CD are two parallel chords of a circle ABCD, whose 
centre is O; AC, BD intersect in E within the circle. Show that a circle 
can be described to pass through A, E, O, D. 

Show angle AED = twice angle ABD = angle AOD. 

Show also that B, E, O, C are concyclic. 
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PROPOSITION 22. THEOREM. 


The opposite angles of any quadrilateral figure inscribed in a 
circle are together equal to two right angles. 


Jet ABCD be a quadrilateral inscribed in the © ABCD; 
any two of its opp. Cs shall together equal two rt. 4 s. 


Join AC, BD. 
0 
A 


4 ADB = + ACB in thesame segment ADC B, II 
and 2 BDC= z BAC in thesame segment BAD C, f L I. 21. 
„, whole 4 ADC = 4s ACB, BAC, 
„ the two 4s ADC, ABG S the three ¿s ACB, BAC, ABC, 
=two rt. Ls. [I. 32. 
Similarly, the two 4s BAD, BCD S two tt. cs. 


Alternative Proof.—Find the centre O of © ABCD and 
join AO, OC. 
4 ADC at Oce=$z AOC at centre on same arc ABC, 
and 4 ABC at Oce=$2AOC at centre on same eur 20. 
ADC, 
. 48 ADC, ABC = sumof the two conjugate Cs at the centre, 
= two right angles. 


Conversely :—If a quadrilateral have two of its opposite angles 
together equal to two right angles, a circle can be described about 
it. 


Book III. Prop. 22. 205 


For let the opposite Zs BAD, BCD of a quadrilateral ABCD be 
together equal to two rt. 4s. 

It could easily be shown that one ©, and one only, can be described 
through B, A, D. If this does not pass through C, let it cut BC or BC 
produced in C’, and join CO: then 2 BAD + 2 BC’D=two rt. zs, 

[ITI. 21. 
= L BAD + 2 BCD {Hyp. 
.. BC ODS L BCO, 
which is absurd. 
Such a quadrilateral is called a cyclic quadrilateral. 
Ex. 327.— If the side BC of a cyclic quadrilateral ABCD be pro- 


duced to E, then the exterior angle ECD is equal to the interior and 
opposite angle BAD. (For each is the supplement of angle BCD.) 


Conversely :—If the exterior angle ECD of a quadrilateral ABCD, 
made by producing BC, be equal to the interior and opposite angle 
BAD, the quadrilateral is cyclic. 

Prove indirectly. See converses of III. 21 and III. 22. 

Ex. 328.—Through the two points of section of two intersecting circles 
are drawn parallel straight lines which are terminated by the circum- 
ferences : show that these lines are equal. 

Ex. 329. ABCD is a cyclic quadrilateral. AD and BC being pro- 
duced meet in E; prove that triangles ECD, EAB are equiangular. 

Note that CD is ‘ anti-parallel’ to AB with respect to E. (See p. 160.) 

Ex. 330.—Through a given point to draw a straight line which shall 
cut off a cyclic quadrilateral from a given triangle. 

How many solutions will there be of this problem ? 

Ex. 331.—ABC is a triangle: any circle is described to pass through 
A and B and cut CA, CB in D, E. Show that DE belongs to a set of 
parallel lines. 
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Ex. 332-—ABCD is a cyclic quadrilateral: AD, BC are produced to 
meet in E : a circle described through C and D meets DE, CE produced in 
F and G. Show that FG is parallel to AB. 

Ex. 333-—ABCD is a parallelogram: a circle through AB cuts 
AD, BC in E and F. Show that a circle can be described through 
C, D, E, F. 

EX. 334.— The sides AB, CD of the cyclic quadrilateral AB, CD are 
parallel: E is the mid-point of the arc CD. Show that EC bisects the 
angle between AC and BC produced. (See Ex. 327.) 

Ex. 335.—AB, CD are parallel chords of a circle ABCD, whose centre 
is O: AC, BD are produced to meet in E. Show that A, E, O, D are 
concyclic. (Compare Ex. 326.) 

Ex. 336.—If a cyclic quadrilateral have two sides parallel, it must have 
the other two sides equally inclined to the parallels. 

State and prove the converse theorem. 

Ex. 337.—If a cyclic quadrilateral is a parallelogram, it must be a 


rectangle. 
Conversely :—A rectangle is a cyclic — 


Ex. 338.—If a hexagon ABCDEF be inscribed in a circle, then 
angles A, C, E together angles B, D, F. 
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Der.—Similar segments of circles are those in 
which the angles are equal, or which contain equal 
angles. 


PROPOSITION 23. THEOREM. 


Upon the same straight line, and on the same side of it, there can 
not be two similar segments of circles not coinciding with 
each other. 


Let ADB, ACB be two segments of Os upon the same 
st. line AB, and not coinciding with each other, then 
they shall not be similar. 


(EN 


A B 


. ©s ADB, ACB cut at A and B, 
.. they do not cut at any other point. III 10. 
.. one segment, ACB, must fall within the other, ADB. 


Draw the st. line BCD and join AC, AD. 


The ext. 2 ACB > int. and opp. 2 ADB, 
. segment ACB is not similar to segment ADB. 


See Notes and Exercises on III. 21. 


208 Euclid’s Elements. 


PROPOSITION 24. THEOREM. 


Similar segments of circles upon equal straight lines are equal to 
one another. 


Let AEB, CFD be similar segments of ©s upon the equal st. 
lines AB, CD; then segment AEB = segment CFD. 


For if the segment AEB be applied to the segment CFD so 
that the pt. A falls on the pt. G, and the st. line AB along 
the st. line CD, the pt. B will coincide with the pt. D 
( AB=CD). 
segment AEB must coincide with segment CFD. 


ä (III. 23. 
segment AEB = segment CFD. 
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PROPOSITION 25. PROBLEM. 


A segment of a circle being given, to describe the circle of which 
it is a segment. 


Let ABC be the given segment; it is reqd. to describe the 
O of which ABC is a segment. 


Take any pt. B on the arc ABC, 
and join AB, BC, and bisect AB, BC in D and E. 

Through D and E draw irs to AB, BC. 

These Lrs must both pass through the centre, [III. 1, Cor. 

they must, if produced, intersect. 

Let them be produced to intersect in O. 

Then O 1s the centre. 

. the © described with centre O and rad. OA, OB, or 
OC is the © required. 


Note that we have solved the problems— 
(1) An arc of a circle being given, to complete the circle. 


(2) To find the centre of a circle of which only a part of the cir- 
cumference is given. 


Ex. 339-—ABC is a segment of a circle; from the mid-point D of 
the chord AC is drawn DB perpendicular to AC: at A is made the 
angle BAE, equal to angle ABD by the straight line AE meeting 
DB at E. Show that EC EB EA. (Luclia’s own method of findin= 
the centre.) 
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Dr.- Equal circles are those of which the 
radii are equal. ‘This is not a definition but a 
theorem, the truth of which is evident; for if the 
circles be applied to one another so that their 
centres coincide, the circles must likewise coincide, 
since the straight lines from the centres are equal.’ 
(Simson.) 

Ex. 340.—Circles in which equal or supplementary angles are 
subtended by equal chords are equal. 


PROPOSITION 26. THEOREM. 


In equal circles equal angles stand upon equal arcs, whether they 
be at the centres or circumferences. 


Let G and H be the centres of the two equal Os ABC, DEF. 
(1) Let 4 BGC= L EHF, 
then arc BKC=arc ELF. 


A 
D 
K L 


Apply © ABC to © DEF, 
so that G falls on H 
and GB along HE. 
Then arc BKC falls along arc ELF (~ © ABC=@DEF), 
and GC falls along HF (. 4 BGC = 2 EHF), 
O coincides with F (. © ABC=@DEF). 
*. arc BKC coincides with arc ELF, 
. arc BKC=arc ELF. 
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(2) Let 2 BAC = z EDF, 
then 2 BGC = C EHF; [III. 20. 
*. arc BKC = arc ELF. 


CoOROLLARY.—In the same circle equal angles stand upon equal 
arcs, whether they be at the centres or the circumferences. 

For in the © ABC let another 2 BGC = 2 BGC. 
Then 2 BGC! = z EHF. 

.. arc B/C’ on which it stands = arc ELF, IIII. 26. 
= arc BKC. 

This Corollary ts very important. 

Ex. 341.—If © ABC = © DEF, but 2 BGC > z EHF, prove that 
arc BKC > arc ELF. 

Also if 2 BGC < z EHF, 

then arc BKC < z ELF. 

Note the results of III. 26. Its Corollary, and the above Exercises on 
it, may be thus summarised :— 

In the same circle, or in equal circles, equal angles at the 
centre stand on equal arcs, and of two unequal angles at the 
centre the greater angle stands on the greater arc. (Syllabus.) 


Ex. 342.—If, in a circle ABCD, chord AD is parallel to chord BC, 
show that arc AB = arc CD. Use the Corollary. 


Ex. 343.—O is the in-centre of the triangle ABC; AO is produced to 
cut the circum-circle ofa 4 ABC in F. Show that FBS FOS FC. 

Ex. 344.—(i.) The internal bisector of any angle at the circum- 
ference of a circle bisects the arc on which it stands. 

(ii.) The external bisector of any angle at the circumference of 
a circle bisects the arc of the segment in which the angle is. 

Hence: The bisectors of the angles in a segment of a circle 
form two pencils of concurrent lines. 

Note that the centres of the pencils (i. e. their points of concurrence) 
are at the ends of the diameter which bisects the segment. 

EX. 345.—Two adjacent sides of a square pass through two fixed 
points. Show that one of its diagonals passes through another fixed 
point. | 

Use Ex. 344 (i.) and the converse of III. 21. 
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PROPOSITION 27. THEOREM. 


In equal circles the angles which stand upon equal arcs are equal 
to one another, whether they be at the céntres or at the cir- 
cumferences. 

Let G and H be the centres of the equal Os ABC, DEF, let 
the arc BKC = arc ELF; then „ BGC = «2 EHF, 
and 4 BAC = 4 EDF. 

Apply © ABC to © EDF 
so that G falls on H, 


D 


and GB along HE; 

then B falls on E, 

and arc BKC along arc ELF ( © ABC = © DEF). 
C coincides with F (. arc BKC=arc ELF), 


*. GC coincides with HF, [Ax. ro. 
.. 4 BGC coincides with Z EHF, 
. „ BGC S LEH, 
. also 4 BAC z EDF. (III. 20. 


CoroLLaRY.—In the same circle the angles which stand upon 
equal arcs are equal, whether they be at the centres or at the 
circumferences. 

This Corollary is very important. 

N.B.—III. 27 can be proved indirectly by means of III. 26. 

Ex. 346.— If, in a circle ABCD arc AB=are CD, show that chord 
AD is parallel to chord BC. Use the Corollary. 

Ex. 347.— The chord joining the vertex of an angles at the cir- 


cumference of a circle to the mid-point of the arc on which it 
stands bisects the angle. 
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PROPOSITION 28. THEOREM. 


In equal circles equal chords cut off equal arcs, the greater equal 
to the greater and the less to the less. 


Let © ABC = © DEF, 
and chd. BC = chd. EF; 
then major arc BAC = major arc EDF, 
and minor arc BGC = minor arc EHF. 
Find K and L, the centres of Os ABC, DEF; 
Join BK, KC, EL, LF. 


A 


B O 
G 


Apply © ABC to © DEF 
so that B falls on E, 
and BC along EF; | 
then C coincides with F (. BCG EF), 
and K coincides with L. 13 
. arc BGC coincides with arc EHF, (O ABC 
and arc BAC coincides with arc EDF ; OD EF). 
*. arc BGC = arc EHF, 
and arc BAC = arc EDF. 
Alternative Proof.—In As BKC, ELF, 
BK, KC = EL, LF (. © ABC = © DEF), 
and BC = EF. , 
. L BKC = <2 ELF, 
. arc BGC = arc EHF, [III. 26. 
.. remg. arc BAC=remg. arc EDF (. O ABG SOD EF). 


Coro__aRy.—In the same circle equal chords cut off equal arcs. 
This Corollary ts very important, 
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PROPOSITION 29. THEOREM. 
In equal circles equal arcs are subtended by equal chords. 


Let © ABC = © DEF, 
and let arc BGC = arc EHF; 
then chd. BC = chd. EF. 

Find K and L, the centres of Os ABC, DEF, and join BK, 
KC, EL, LF. 


A 


G 


Apply © ABC to © EDF, 
so that K falls on L, 
and KB along L E; 
then B falls on E, 
and arc BGC along arc EHF (. © ABC = © DEF), 
and C coincides with F (., arc BGC =arc EHF). 
.*. BC coincides with EF, [Ax. 10. 
.. BC SEF. 


CokoLLARV.— In the same circle equal arcs are subtended by 
equal chords. 


This Corollary is very important. 

Ex. 348.—In the same or in equal circles, equal chords subtend 
equal angles whether they be at the centres or the circumferences. 

Ex. 349.—In a circle ABCD, chord AB chord CD; show that AD is 
parallel to BC. 

Ex. 350.—Demonstrate III. 29 without using superposition. 

Ex. 351.—Demonstrate the Corollaries of III. 26, 27, 28, 29 by rota- 
tion of one of the two given magnitudes about the centre of the circle. 


Ex. 352.—ABCD is a circle having chord AD parallel to chord BC. 
Show that chord AB=chord CD. 
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PROPOSITION 30. PROBLEM. 


To bisect a given arc. 


Let ADB be the given arc; it is reqd. to bisect it. 

Join AB and bisect it in C; from C draw CD ır to AB to 
cut the arc in D: then arc ADB is bisected at D. 
Join AD, BD. 

In As ACD, BCD, 
AC, CD=BC, CD, 


and rt.2 ACD = rt. BCD; 

*. AD = DB, 

and each of the arcs AD, BD <a semi- O 

Cd or CD produced passes through the centre), 


. arc AD = arc DB. (III. 28. 
Alternative Construction.— Draw the remg. arc of the © 
[III. 25. 


and take any pt. E on it. Join AE, EB, and bisect the 
L AEB by the st. line ED. 


Then the given arc is bisected in D, 
AED =< BED in the same O; 
*. arc AD S arc BD. III. 26. 
Ex. 353.—Bisect an arc by bisecting the angle it subtends at the 
centre. 


Suggest a reason for Fuclid’s having chosen the construction given in 
III. 30 in preference to this. 


Ex. 354.—Solve III. 30 by joining any pt. B on the arc ABC to A 
and C, and drawing the extcrnal bisector of the angle ABC. (See Ex. 
347.) 
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PROPOSITION 31. THEOREM. 


In a circle the angle in a semi-circle is a right angle; but the angle 
in a segment greater than a semi-circle is less than a right 
angle; and the angle in a segment less than a semicircle is 


greater than a right angle. 


Let ABCD be a © of which BC is a diamr. and E the centre, 
and let CA be drawn dividing the © into segts. ABC, 


ADC. 
A/F 


Then (1) 2 BAC in semi-O BADC is a rt. . 


(2) ABC in major segt. ABC S a rt. . 
(3) © ADC in minor segt. ADC a rt. . 


Join EA, and produce BA to F. 
(1) Rad. EA = Rad. EB, 
. EAB =z EBA. 
Similarly 2 EAC = 2 ECA, 
whole BAC = Ls EBA, ECA, 
= ext. 4 CAF, 
* Ls BAC, CAF are rt. Cs. 
(2) Int. L ABC < ext. opp. 4 CAF, 
.. L ABC <a right . 
(3) The two 2s ADC, ABC = two rt. Cs, 
but ABC S art. L, 
.. ADC Dart. . 


II. 32. 


[I. 17. 


III. 22. 
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Alternative Proof. 


(1) BAC at Oce = 4 + BEC at the centre, 
.*. L BAC S a rt. . 

(2) ABC at Oce = minor conj. 2 AEC at the centre, 
.*. L ABC <artcz. 

(3) 2 ADC at Oce = major conj. C AEC at the centre, 
.*. L ADC >art . 


CorOLLARY.—From this it is manifest that if one angle of a 
triangle be equal to the other two it is a right angle. 


Note that III. 31 (1) and the above Corollary might have been inserted 
immediately aſter I. 32. 

Note that by the Rule of Conversion (see page 185) it follows that :— 
A segment of a circle is less than, equal to, or greater than a 
semi-circle according as the angle in it is greater than, equal to, or 
less than a right angle. 


Ex. 355.— Circles are described on the sides of a triangle as diameters; 
show that their pts. of intersection all lie on the sides of the triangle. 


Ex. 356.— Through one of the points of intersection of two circles 
diameters are drawn ; show that the other ends of the diameters and the 
other point of intersection are collinear (i. e. lie in the same straight line). 


Ex. 357.—In a right-angled A, if a semi-circle be described on one of 
the sides containing the right angle, the tangent at the points where it cuts 
the hypotenuse bisects the other side. 


Ex. 358.— ABCD is a straight line: circles are described on AB, CD 
as diameters, and a common tangent is drawn to the circles, the points of 
contact being E and F. Prove that triangles AEB, CFD are equi-angular. 
(Join E and F to the respective centres.) 


Ex. 359.—T he mid-points of a set of chords of a circle which all 
pass through the same point all lie on another circle. (Join any 
mid-point with the centre of the given circle and use III. 3. 


Ex. 360.—Prove III. 31 by Ex. 65. 
(Produce BA to F, so that AF AB, and join CF.) 


EX. 361.—To draw through a given point a chord of a given circle 
Which shall be bisected by a given straight fine. 
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PROPOSITION 32. THEOREM. 


If a straight line touch a circle, and from the point of contact a 
straight line be drawn cutting the circle, the angles made by 
this line with the line touching the circle shall be equal to 
the angles in the alternate segments. 


Let ABCD be a O; EBF the tangent at B, and BD any 
chord through B; 
then (1) 4 FBD= cin alt. segt. BAD; 
and (2) EBD = żin alt. segt. BOD. 


From B draw BA at rt. Ls to EF, and. passing through the 
centre. Join AD, DC, CB. Produce AD to F. 
ADB is a semi-© 

(. £ ADB is a rt. ), 
ve BDF is a rt. L, 
L BDF = 4 ABF. 


But L  BFDi is common to As BDF, ABF, 


Ird 4 FBD = 3rd + BAD. [I. 32 
~_ Again cs FBD, EBD=two rt. zs, 
= 4s BAD, BCD, (III. 22. 


and 4 FBD=z BAD, 
EBD S BCD. 
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Conversely :—If through an end of a chord of a circle a straight 
line be drawn making angles with the chord equal to the angles 
in the alternate segments, this straight line shall be a tangent to 
the circle. 


Let BD be a chord of the circle ABCD, and Ict EBF be drawn through 
B, making 2 FBD = z in segment BAD 


à (and.. EBD = z in segment BCD), 
then EBF shall be the tangent at B. 


Draw the diamr. BA through B. 
Join AD and produce it to F. 
Then 2 BAD = 2 FBD. 
But 4 BFD is common to As ABF, BDF, 
.. 3rd 4 ABF =3rd 4 BDF, 
=art. Z: 
.. EBF is the tangent at B. 
This converse can also be demonstrated indirectly. It is important for 
subsequent work. 


Ex. 362.—The tangent at A to the circum-circle of the triangle 
ABC is parallel to any anti-parallel to BC with respect to A. (See 
Ex. 105 and 257.) 

Ex. 363.—ABC is a triangle; D and E are taken on AB, AC such 
that DE is parallel to BC: show that the circum-circles of triangles 
ABC, ADE have a common tangent at A. 


Ex. 364.—ABCD is a cyclic quadrilateral; AD, BC produced meet in 
E: prove that the tangent at E to the circum-circle of CDE is parallel 
to AB. 


Ex. 365.—Use III. 32 to show that the tangents to a circle from an 
external point are equal. 


Ex. 366.— Two circles touch each other (externally or internally); 
show that :— 

(i.) If through the point of contact any straight line be drawn it 
will cut off similar segments. (raw the common tangent at the point of 
contact.) 

(ii.) If through the point of contact any straight line be drawn to 
cut the circles again, the tangents at the other points of section 
will be parallel. 

(iii.) If through the point of contact any two straight lines be 
drawn to cut the circles again, the chords joining the other points 
of section will be parallel. 
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PROPOSITION 33. PROBLEM. 


Upon a given straight line to describe a segment of a circle con- 
taining an angle equal to a given rectilineal angle. 


Let AB be the given st. line, and C the given rect. 4 : ft is 
fe H 


A F B 


reqd. to describe on AB a segt. of a © containing an . 
equal to C. Bisect AB at F. 
(1) If Cisart.c, 
with centre F and rad. FA or FB, describe the semi-O 
AHB. 
Then 4 AHB is a rt. ., 
.. £2 AHB S C. 
(2) If 4 O be not a rt. , 
at A make 4 BAD equal to C, and draw AG Tr to AD; 


through F draw FG ır to AB, and join GB. 


In the As AFG, BFG, 
AF, FG=BF, FG, 
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and rt. 2 AFG=rt. BFG, 

. AGS BG, 

<. © AHB described with centre & and rad. GA shall 
pass through B. 


Also. GAD is a rt. L, 
.*. AD is the tangent at A; 
L BAD = L in alt. segt. AHB, 
.. Lin segt. AHB = given L ©. 


Note that we are shown how to describe a circle which shall touch a 
given straight line, at a given point, and pass through another given 
point. 

Ex. 367.— To find a point O within a triangle ABC such that 
angle OAB = angle OBC = angle OCA. 


A 


Describe a © passing through C, and touching AB at A. 
Draw the chord AP parallel to BC. 
Join BP, cutting the Oce in O. 


p 


Then 4 OAB=2OCA in alt. segt. (HIT. 32. 
= 4 OPA in same segt. (III. 21. 
Salt. 2 OBC. 


Ex. 368.—Find a point O“ within a triangle ABC, such that angle 
O’BA=angle O'CB = angle O’AC. 


These two points O and O are called the Brocard points of the 
triangle ABC. 


The construction given above we owe to Mr. R. F. Davis, M.A. 
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Ex. 369.—{i.) Two circles touch internally; prove that the segments of 
a chord of the outer circle which touches the inner subtend equal circles 
at the point of contact. 

(ii.) Enunciate and prove a similar theorem for two circles touching 
externally. 

Ex. 369 (a).— On a given straight line to describe a segment similar to 
a given segment. 


Ex. 369 (4).—In the Fig. of III. 32 show that rect. AF, AD sq. on 
AB for all positions of D. (Compare Exx. 479, 480, 481, 592 (a)). 
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PROPOSITION 34. PROBLEM. 


To cut off a segment from a given circle which shall contain an 
angle equal to a given rectilineal angle. 


Let ABC be the given ©, and D the given rect. C; it is 
reqd. to cut off from © ABC a segt. that shall contain 
an L equal to D. 


Draw the tangent EBF, and at B make FBC =D. 
Then < in segt. BAC = ,L FBC, (ITI. 32. 
= 4 D. 


Ex. 370.—Solve the above problem without drawing a tangent. 


Ex. 371.—The chord of a given circle is produced : on the whole line 
so produced describe, with the simplest possible construction, a segment 
of circle similar to the given one. 

Ex. 371 (a).—In the Fig. of III. 34 if BA bisects 2 EBC, show that 


A is the mid-point of arc BAC. (Compare Ex. 344). 
If also BC bisects CAB F, a ABC is equilateral. 
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PROPOSITION 35. THEOREM. 


If two straight lines within a circle cut one another, the rectangle 
contained by the segments of one of them is equal to the 
rectangle contained by the segments of the other. 


Let the two chds. AC, BD of the © ABCD intersect at E, 
then rect. AE, EC=rect. BE, ED. . 


D 
C 


(1) If each passes through the centre, E is the centre, 
rect. AE, EC = rect. BE, ED ( AE = EC = ED 
= EB). 
(2) If one of them, BD, pass through the centre F, and cut 
the other, AC, which does not pass through the centre, 
at rt. LS, 
A 


then AE = EC, [III. 3. 
and rect. BE, ED=sq. on AE, [Demonstration of II. 14. 
=rect. AE, EC (. AE = EC). 
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(3) If BD pass through the centre F, and cut AC, which 
does not pass through the centre, but not at rt. cs, 
draw FG Lr to AC and join FC. 


Then AG=GC, 
and rect. BE, ED with sq. on EF= sq. on FB, (II. 5. 
= sq. on FC (. FB SFC). 
= sqs. on FG, GC, [I. 47. 
= sqs. on FG, GE with rect. AE, EC, III. 5. 
But sq. on EF = sqs. on FG, GE, [I. 47. 
.*. rect. BE, ED = rect. AE, EC. 


(4) If neither pass through the centre F, join EF and produce 
it to cut the Oce in H and G. 


A 


Lt 
D 
Og g 


Then rect. BE, ED = rect. GE, EH, ) 
=o Ac, a, eo 
Ex. 372.—Prove the converse of III. 35. (Use the indirect method.) 


Ex. 373.— ABC is a triangle; AD, BE Lr to BC, AC respectively. 
Cut in O. Show that rectangle AO, OD=rectangle BO, OE. 
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PROPOSITION 36. THEOREM. 


If from a point without a circle two straight lines be drawn, one of 
which cuts the circle and the other touches it; the rectangle 
contained by the whole line which cuts the circle and the part 
of it without the circle shall be equal to the square of the line 
which touches it. 


From any pt. D without the © ABC, let a tangent DB 
and a secant DCA be drawn; then rect. AD, DC=sq. 
on DB. 


(1) If DCA passes through the centre E, join EB 
D 


Le 


Rect. AD, DC with sq. on EG sq. on ED, III. 6. 
=sqs. on EB, BD. II. 47. 
But sq. on ECG sq. on EB (. EC=EB), 
*. rect. AD, DOG sq. on BD. 


(2) If DCA does not pass through the centre E, join EB, EC, 
ED, and draw EF Lr to AC. 
Then AF = FC, IIII. z. 
rect. AD, DC with sq. on FC sq. on FD. III. 6. 
.. rect. AD, DC with sqs. on FC, FE sqs. on FD, FE, 
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.. rect. AD, DC with sq. on EC=sq. on ED, [I. 47. 
=sqs.onEB, BD. II. 47. 


AN 


But sq. on EC sq. on EB (. EC EB), 
rect. AD, DG sq. on BD. 


CorOLLARY.—(i.) If from any point without a circle there be drawn 
two straight lines cutting it, the rectangles contained by the whole 
lines and the parts of them withont the circle are equal to one 
another. 

For each is equal to the square of the tangent to the circle from the same 
point. (See also Ex. 195.) 

Cor.—{ii.) If two tangents to a circle be drawn from the same 
point, they are equal. 

Ex. 374.—(i.) If the common chord of two intersecting circles is 
produced to any point, the tangents to the two circles from this 
point are equal. 

(ii.) If the tangents to two intersecting circles from any point 
be equal, that point must be on the common chord produced. 

Hence :—The locus of a point from which equal tangents can 
be drawn to two given intersecting circles consists of the parts 
external to the circles of the line passing through the points of 
section. 

For an important extension to this theorem, see page 240 (Radical Axis). 

Ex. 375.— If the common chord of two intersecting circles be pro- 
duced to cut a common tangent, it will bisect it. 

Ex. 376.—The three common chords of three circles which intersect 
each other are concurrent. 
8 
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Ex. 377.—Deduce III. 36 from III. 35. 

Produce BD, CD to B’, C’, so that DB’= DB and DC’=CD, and show 
that A, B, C', B’ are concyclic. 

Ex. 378.—Deduce III. 36, Cor. (i.), from III. 35. 

Ex. 379.—In equiangular triangles, the rectangles contained by 
the non-corresponding sides about equal angles are equal. 

Let ABC, ABC“ be eguiangular triangles, and let them be placed so that 
AB’ falls along AC, and therefore AC’ along AB. Show that B, C, B C’ 
are concyclic, and then use III. 36, Cor. (i.). 

Prove the same theorem also by III. 35. 


Ex. 380.—Demonstrate the converse of III. 36, Cor. i.—{i.) indirectly ; 
(ii.) by the converse of III. 35. 
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PROPOSITION 37. THEOREM. 


If from a point without a circle there be drawn two straight lines, 
one of which cuts the circle and the other meets it; if the 
rectangle contained by the whole straight line which cuts the 
circle and the part of it without the circle be equal to the square 
of the line which meets the circle, the line which meets the 
circle shall touch it. 


From a pt. D without the © ABC, let there be two st. lines, 
DB, DCA, drawn to the circle, and let rect. AD, DC= 
sq. on DB, then DB shall touch the circle 


Draw the tangent DE. 
Find the centre F and join FE, FB, FD. 


Then sq. on DB=rect. AD, DC, [Hypr. 
=sq. on DE. [III. 36. 
Ja. DB=DE. 


In As DBF, DEF 
DB, BF, FD=DE, EF, FD 
. . FBD S FED, 
which is a rt. 4, 
.. FBO is a rt. L, 
.. DB is the tangent at B. 


Ex. 381.—Prove III. 37 indirectly. 

Ex. 382.—CR is a common chord of two circles; P any point on CR 
produced: MN any chord of either circle which passes through P when 
produced ; PA is a tangent to the other circle. Prove that the circum- 
circle of triangle AMN touches the latter. 
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DEFINITIONS. 


Book III. 


I. Equal circles are those of which the diameters are equal, or 
from the centres of which the straight lines to the circumferences 
are equal. 

‘This is not a definition, but a theorem, the truth of which is 
evident; for, if the circles be applied to one another, so that their 
centres coincide, the circles must likewise coincide, since the straight 
lines from the centres are equal.’ 


II. A straight line is said to ‘touch’ a circle, when it meets the 
circle, and being produced does not cut it. 


III. Circles are said to ‘touch’ one another, which meet, but do 
not cut one another. 


IV. Straight lines are said to be ‘equally distant from the 
centre of a circle, when the perpendiculars drawn to them from the 
centre are equal. 


V. And the straight line on which the greater perpendicular falls 
is said to be ‘farther from the centre.’ 


VI. A ‘segment of a circle’ is the figure contained by a straight 
line and the circumference it cuts off. 

VII. ‘The angle of a segment is that which is contained by 
the straight line and the circumference.’ 

VIII. An ‘angle in a segment’ is the angle contained by two 
straight lines drawn from any point in the circumference of the 


segment, to the extremities of the straight line which is the base of 
the segment. 


IX. And an angle is said to insist or ‘stand upon’ the circum- 
ference intercepted between the straight lines that contain the 
angle. 

X. A ‘sector’ of a circle is the figure contained by two straight 
lines drawn from the centre, and the circumference between them. 


XI. ‘Similar segments’ of circles are those in which the angles 
are equal, or which contain equal angles. 
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MISCELLANEOUS EXERCISES.—V. 
(Book III.) 


Ex. 383.— From any point P on a given circle is drawn a straight line 
PQ equal and parallel to a given finite straight line. Show that the locus 
of Q consists of two equal circles. 


Ex. 384.—Find points P and Q on two given circles respectively such 
that PQ shall be equal and parallel to a given finite straight line. 

Ex. 385.—O is a fixed point; P any point on a given circle. From O 
is drawn OQ equal to OP and making the angle POQ equal toa given 
rectilineal angle. Show that Q lies on one of two circles equal to the 
given one. 

Take © the centre of the given circle and draw OD equal to OC and 
making angles COD equal to the given rectilineal angle: then D is the 
centre of one of the circles on which Q must lie, 

Ex. 386.—A rectangle is formed by drawing through the extremities of 
each of two chords of a circle at right angles to each other a parallel to 
the other. Show that its corners lie on a circle concentric with the first. 

Ex. 387.— Through a given point draw a circle whose circumference 
shall be at equal distances from three given points. Vuibert’s Questions de 
Mathématiques Elémentaires. 


Ex. 388.—AA’, BB’, CC’ are parallel chords of a circle; show that the 
triangles ABC, ABC are congruent. (They are symmetrical with respect 
lo a certain diameter.) 

Ex. 389.—Describe three circles of given radii to touch each other 
externally. 

Ex. 390.—Describe three circles of given radii such that two shall 
touch each other externally and the third internally. 

What condition must be satisfied by the radii if the construction is to be 
possible ? 

Ex. 391.—A and B are the centres of two circles CDF, CEG which 
touch one another at C, DE passes through C; show that AD is parallel 
to BE. 

Ex. 392.—A and B are the centres of two circles CDF, CEG, which 
touch one another at C: a circle BHL concentric with circle CDF passes 


through B. If AH passes through D, and DE through C, show that BH 
is cqual and parallel to DE. 
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Ex. 393.—A and B are the centres of two circles CDF, CEG, which 
touch one another at C; draw a straight line DE through C equal to a 
given finite straight line. 

What limit is there to the length of the given finite straight line in ordei 
that the solution may be possible ? 


Ex. 394.—Two equal circles cut one another, the centre of each being 
on the circumference of the other. Show that the square on the commor 
chord is three times the square on the radius. 

Ex. 395.—Two equal circles have a common chord AB. If a chord 
AC of one of them equal to AB when produced passes through the centre 
of the other, then AB equal radius of either. 

Ex. 396.—Describe a triangle having given the vertical angle, one o 
the sides containing it, and the length of the perpendicular from the verte) 
to the base. 


Ex. 397.— A is trisected in C and D; CPD is an equilateral triangle 
show that D is the centre of the circum - circle of BPC and AP the tangen! 
at P to the same circle. 


Ex. 398.—AB is a diameter and AC a chord of a given circle; the 
tangents at A and C meet in D; show that 2 ADC twice 2 BAC. 

Ex. 399.—AB is a diameter of a circle, C a given point in AB; find: 
point in the circumference at which AC, CB will each subtend half: 
right angle. 

Ex. 400.—The sides of a triangle ABC are respectively double of those 
of the triangle DEF; show that the radius of the circum-circle of triangl 
ABC is double the radius of the circum-circle of triangle DEF. 

Take S, the centre of the circum-circle of triangle ABC, and d, e, 
the mid-points of SA, SB, SC, and show that triangles def, DEF ar 
congruent, 

The radius of the circum-circle of a triangle is called its circum-radius. 

Ex. 401.—Three circles whose centres are A, B, and C all pass througt 
the same point T, their other points of intersection being p, q, r. If Ap, 
Bq pass through T, show that Cr also passes through T. Show also that 
p, q, r, A, B, C are concyclic. 

Ex. 402.—On any three straight lines TA, TB, TC, drawn from the 
same point T, as diameters are described circles which intersect again in 
P, Q, R. If AP, BQ pass through T, show that CR also passes 
through T. 

(P, Q, R lie on BC, CA, AB.) 


Ex. 403.—OB’, OC’ are chords of a circle ABC perpendicular respec- 
tively to the chords AC, AB. Show that chord BC = chord BO. 
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Ex. 404.—The chords OA’, OB’, OC’ of the circum-circle of a triangle 
ABC are respectively perpendicular to BC, CA, AB; show that AA’, 
BB’, CC’ are parallel. 

Ex. 405.—If AA’, BB’, CC’ be parallel chords of a circle, show that 
the chords through A’, B’, C’ respectively perpendicular to BC, CA, AB 
have a common end. 

Show also that the chords through A, B, C respectively perpendicular 
to B/C’, C'A’, A'B’ have a common end. 


Ex. 406.—The locus of a point O from which two tangents OP, OQ 
can be drawn to a given circle, making the angle POQ equal to a given 
rectilineal angle, is a concentric circle. 

Ex. 407.—One circle, and only one, can be inscribed in a given 
triangle. 

Since the locus of the centre of a circle touching two given straight lines 
drawn froma point ts the internal bisector of the angle between them, the 
cross of two such bisectors is the centre of a circle which can be inscribed in 
the triangle. 


The circle is called the in-circle, its centre the in-centre, and its radius 
the in-radius of the given triangle. 


Ex. 408.—Four circles, and only four, can be described to touch 
the straight lines made by producing the three sides of a given 
triangle indefinitely. 

Since the locus of the centre of a circle which touches two intersecting 
straight lines is the pair of straight lines bisecting the angles between them 
(see second diagram on p. 51), the centre of a circle touching the three 
straight lines must be at the intersections of two such sets of bisectors of 
angles, 

One of the four circles is the in-circle. 

The other three are called ex-circles, their centres ex-centres, and 
their radii ex-radii of the given triangle. 

Ex. 409.—The in-radius of an equilateral triangle is equal to one-third 
the height of the triangle. 

Ex. 410.— The circum-radius of an equilateral triangle is double the 
in-radius. 

Ex. 411.—Each ex-radius of an equilateral triangle is equal to three 
times the in-radius. 

Ex. 412.—If a quadrilateral can have a circle inscribed in it, the sums 
of opposite sides are equal. 

EX. 413.—If a convex quadrilateral has the sums of opposite sides equal, 
a circle can be inscribed tn it. 
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For let E be the centre of the © described touching the three sides 
AB, BC, CD of a quadl. ABCD in F, G, H. 
Draw EK Lr to AD, and join FK. 
If EK > radius of ©, 
LEFK > EKF, 
o's AF K < LAKF; 
.. AK < AF. 
Similarly, KD < DH, 
d.. AD < AF, DH. 
But BC = FB, HC. 


Ex. 414.—To describe a circle touching three straight lines, two of 
which, but not all, are parallel. 


Ex. 415.—The join of two of the ex-centres of an isosceles triangle is 
parallel to the base. 

Ex. 416.—ABCD is a cyclic quadrilateral, having its diagonals AC, 
BD at right angles to one another. 


Show that arc AB A arc CD arc BC+arc DA. 
Through B draw a chord BK parallel to CD. 


Ex. 417.—Chords AB, DC of a circle when produced intersect at right 
angles in O. Show that arc DA arc AC are BD are BC. 

Through B draw a chord BK parallel to CD. 

Ex. 418.—E, F, G, H are the mid-points of the arcs AB, BC, CD, 
DA of a circle ABCD. Show that EG is perpendicular to FH. 

Ex. 419.—Bb, Cc are diameters of the circum-circle of triangle ABC. 
On the perpr. AP from A to BC is taken T, such that AT =Bc=Cb. 

Show that BT, CT are perpendicular to CA, AB. 

Hence the existence of the ortho-centre. 

Show that ADCT, BcAT are parallelograms. 


Ex. 420.—The perpendiculars BQ, CR to CA, AB the sides of the 
triangle ABC intersect in T, and AT is produced to cut BC in P. 
Show that either of the quadrilaterals BPTR,CPTQ is cyclic, and hence 
that AT is perpendicular to BC. 

Hence the existence of the ortho-centre. 

L ATR= LA in same segment of circle through AQTR. 
= int. and opp. L of cyclic quadrilateral BRQC. 

Ex. 421.— The chord Ap of the circum-circle of triangle ABC cuts 
BC at right angles at P. On PA is taken a point T such that PT = Pp. 
Show that BT, CT are perpendicular respectively to CA, AB. 

Tence the existence of the ortho-centre. 

Show that L BAP = 4 BCp= 4 BCT. 
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Ex. 422.—If two equal circles intersect, each is the locus of the ortho- 
centre of triangles inscribed in the other on the common chord as base. 

Ex. 423.—Three equal circles intersect at a point T, their other points 
of intersection being A, B, C. Show that T is the ortho-centre of triangle 
ABC. 

Show also that the triangle formed by joining the centres of the circles 
is congruent with ABC. 

Ex. 424.—Two triangles on the same base and on the same side of it, 
have equal vertical angles. Show that the join of their vertices is 
parallel to the join of their orthocentres. 

Ex. 425.—Two triangles on the same base, and on the opposite sides of 
it, have their vertical angles supplementary. Show that the join of their 
vertices is parallel to the join of their ortho-centres. 

Ex. 426.—T is the ortho-centre of a triangle ABC whose base BC and 
vertical angle are given. Show AT is of constant length. 

In EXX. 427-439 the following triangle notation is adopted :— 

A, B, C vertices. 
D, E, F mid points of BC, CA, AB. 
P, Q, R projection of A, B, C on BC, CA, AB. 
S circum-centre. 
T ortho-centre. 
H mid-point of ST. 
p, q, r where AP, BQ, CR meet circum-circle. 
U, V, W mid-points of AT, BT, CT. 
Aa, Bb, Cc diameters of circum- circle. 
(See Educational Times, September 1885.) ; 

PQR is sometimes called the pedal or orthocentric triangle, and DEF 
the medial triangle, of the triangle ABC. 

Ex. 427.—AbCT, BcAT, CaBT are parallelograms. 

Ex. 428.—Ta, Tb, Tc pass through, and are bisected at, D, E, F. 

Ex. 429.—Tp, Tq, Tr are bisected at P, Q, R. 

Ex. 430.—AU=SD=UT. 

Ex. 431.—OU=EV=FW. 

(Zach = radius of circum-circle of ABC.) 

Ex. 432.—DU, EV, FW pass through, and are bisected at, H, and 
HU =HV=HW. 

Ex. 433 —-HP=HQ=HR. 

Ex. 434.—A circle passcs through D, E, F, P, Q, R, U, V, W. 

(This is called the nine point circle of triangle ABC: its centre H is 
called the mid-centre of triangle ABC.) 


236 Euclid’s Elements. 


Ex. 435.— AD, ST intersect at a point G, such that DG AD, 
SG=} ST, and HG =} HS. 

Hence the join of the ortho- and circum · centres passes through the centroid 
and mid-centre. 


Ex. 436.—The circum-circles of triangles ABC, BCT, CAT, ABT, 
are equal. 

Ex. 437.—T is the in-centre of triangle PQR. 

Ex. 438.—A, B, C are the ex-centres of PQR. 


Ex. 439.— ABS = 2 TBC. 

4BCS=ZLTCA. 
CAS 2 TAB. 

Note that the lines joining S and T to any vertex of the triangle ABC 
are equally inclined to the internal bisector of the angle at that vertex. 

Any two lines like AS, AT equally inclined to the bisector of an angle 
BAC are called with reference to that angle isogonal lines. 

Any two points S and T, such that the lines joining them to each 
angle of a triangle are isogonal with reference to that angle, are called 
inverse points with reference to the triangle. 

Thus the ortho-centre and circum-centre of a triangle are inverse 
points. 

Ex. 440.—One angle of a triangle exceeds another by a right angle. 
Show that the tangent at one of its vertices to the circum-circle of the 
triangle is perpendicular to the opposite side. 


Ex. 441.—ACB, ADB are two intersecting circles; the tangents at 
C and D meet in E. Show that B, C, D, E are concyclic. 

Join AB and use III. 32. 

Ex. 442.—ACB, ADB are two intersecting circles; AC, AD are 
tangents to ADB, ACB at A. Show that ABC= 4 ABD. 

Use III. 32. 

Ex. 443.— AB, BC, CD are three equal chords of a circle ABCD. 
Show that AB, CD are tangents to the circle passing through B, C and 
the centre of circle ABCD. 

Ex. 444.—AB, AC are tangents to a circle BCD. AB, AC are pro- 
duced to E and F, so that BE=BC=CF. Show that E, B, C, F lie on 
a circle whose centre is on circle BCD. 

Ex. 445.— Two chords of a given circle intersect at right angles at a 
given point: show that the sum of the squares on the chords is constant. 


Ex. 446.—If the diagonals AC, BD of a cyclic quadrilateral intersect 
at right angles at a fixed point P. The mid-points of AB, BC, CD, 
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lie on a fixed circle whose centre is half-way between P and that of the 
given circle. 

Ex. 447.—Let PA, PD be two straight lines of given length inclined 
at any angle; in PA take a point B ; find a point C in PD, or PD pro- 
duced such that rectangle AP, PB shall be equal to rectangle CP, PD. 
How could you tell by merely considering the angles PAD and PDB 
whether C falls in PD, at D, or in PD produced ? 

Ex. 448.—Let two circles touch internally at A, and let the radius of 
the one be equal to the diameter of the other; draw AB, the diameter of 
the larger, through A, and BP to touch the smaller circle in P; join AP; 
show that the square on BP is three times the square on AP. 


Ex. 449.—Use III. 15 and III. 35 to show that of all equal rectangles 
the square has the smallest perimeter. 

Ex. 449 (a).— Given a vertex, the circum-centre and the ortho- centre to 
describe the A. 

Ex. 449 (6).—Any number of As can be described having the same 
circum © and the same ortho- centre. 
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ON SIMSON'’S LINE. 


The projections on the sides of a triangle of any point on its 
circum-circle are in the same straight line. 

This straight line is called the.‘ Simson's line’ or Pedal line’ of the 
triangle with respect to the given point. 

Let O be any point on the circum-circle of triangle ABC, OD, OE, 
OF perpendiculars from O to BC, CA, AB; then D, E, F are collinear. 


Join OA, OB. 
Then . 4s OFB, ODB are rt. Zs 
the © on OB as diamr. would pass through D and F, 
Simy. the © on OA as diamr. would pass through E and F ; 
hence 2 OFE = 4 OAE in same segt. of © through O, E, A, F, 
= int. and opp. 4 OBC of cyclic quadl. OBCA; 
. Ls OFE, OFD = ¿s OFD, OBD 
=2rt. Zs. 
Conversely :—If the projections on the sides of a triangle of a point 
be in astraight line, that point is on the circum-circle of the triangle. 
Let the feet D, E, F of the perpr. OD, OE, OF on the sides BC, CA, 
AB ofa a ABC be collinear. 
Then O is on the circum © of 4 ABC. 
With the same construction, the © on OB as diamr. passes through 
D and F, 
and that on OA as diamr. through E and F. 
Hence 2 OBD = ext. LOFE of cyclic quad. OBDF, 
= OAE in same segt. of © through O, E, A, F;: 
*. O, B, C, A are concyclic. 
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Note that slight modifications of the diagram and demonstrations may 
be required when O takes a different position with respect to the triangle. 


Ex. 450.—If the projections of any vertex of a quadrilateral on the 
sides and diagonal of the quadrilateral on which it does not lie be collinear, 
so will also the projections of any other vertex of the quadrilateral on the 
sides and diagonal on which it does not lie. 


Ex. 451.—From a point O on the circum-circle of a triangle ABC, 
any three straight lines OD, OE, OF are drawn, making equal 
angles with BC, CA, AB, and in the same sense.! Then D, E, F shall 
be collinear. 

It can easily be shown O, B, D, F are concyclic, and that O, A, E, F are 
concyclic. 

And the demonstration then proceeds as when OD, OE, OF were per- 
pendicular to BC, CA, AB. 


Ex. 452.—Enunciate and prove the converse of Ex. 451. 


Ex. 453.—Find a point whose projections on four given intersect- 
ing straight lines shall be collinear. 


Ex. 454.—Prove the theorem demonstrated on p. 248 by means of the 
two theorems just demonstrated on p. 238. 

Ex. 455.—Show that the Simson’s line of O with respect to ABC, and 
that of A with respect to OBC, are equally inclined to BC. 

Generalise this theorem. 


Ex. 456.—If the perpendiculars from O to BC, CA, AB meet the 
circum-circle of ABC in p, q, r, the Simson’s line of O will be parallel 
to each of the lines Ap, Ba, Cr. 


Ex. 457.— The Simson-line of a point with respect to an equilateral 
triangle bisects the radius of the circum-circle drawn to the point. 


Ex. 458.—The Simson-line of O bisects the join of O and the 
ortho-centre of triangle ABC. 


Ex. 459.—Circles are described on any three chords OA, OB, OC 
of a circle as diameters. Shew that their other three points of 
intersection are in a straight line. 


1 J. e. all to the right or all to the left of the lines from O. 
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ON THE RADICAL AXIS OF TWO CIRCLES. 


It has already been stated that there exists an indefinite number of 
points from which equal tangents can be drawn to two given circles which 
cut one another, and that all these points lie on a certain straight line 
(see Ex. 374). This straight line is called the radical axis of the two 
circles. 

We shall now show that the same theorem holds true in general for any 
two circles, whether they intersect or not; z.e. we shall show that 

In general a certain straight line can be drawn such that equal 
tangents can be drawn to two given circles from an indefinite 
number of points on it. 

Let A and B be the centres of any two circles FGH, CDE. 

At any point C on circle CDE not on the line through A, B draw the 
tangent CP. ` 


Describe a circle CFK touching CP at C and passing through any 
point F on circle FGH. [See III. 33. 

Let L be its centre. 

Then BL passes through C and is at right angles to CP, and AL is at 
right angles to the common chord or common tangent through F to 
circles CFK, FGH. 

Let this chord or tangent be produced to meet CP at P. Draw PN 
perpendicular to line through A, B, and PG to touch circle FGH. Join 
AG. 
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(1) Then sq. on CP = sq. of tangt. from P to CFK, 
= sq. of tangt. from P to FGH. 
6. P is on radical axis of circles CFK, FGH.) 


(2)  Sqs. on AN, NP = sq. on AP, 
= sqs. on AG, GP. 
Simy. sqs. on BN, NP = sqs. on BC, CP; 
.. AN?—BN? = AG?— BC?; 
N is a fixed point, 
and.. P lies on a fixed st. line Lr to AB. 
(3) . C may be taken at an indefinite number of points on circle 
CDE, 
an indefinite number of pts. can be found on this st. line, from 
which equal tangents can be drawn to Os CDE, FGH. 


The construction will be found to fail if the two circles CDE, FGH 
are concentric. 

For an elegant investigation of the properties of the radical axis, sce 
Dr. Casey’s Seguel to Euclid. 

Ex. 460.—To draw the radical axis of two given circles. 

(Use two common tangents.) 


Ex. 461.—The radical axis of any three circles taken in pairs 
meet in a point. 

(Use Ex. 154.) 

(This point is called the radical centre of the three circles.) 

Ex. 462.—The ortho-centre T of the triangle ABC is the radical centre 
of the circles described— 

(1) On the sides of ABC as diameters ; 

(2) TA, TB, TC as diameters. 

(Catalan’s Zhéordmes et Problèmes de Géométrie Elémentaire.) 


Ex. 463.—On the sides BC, CA, AB of a triangle ABC are taken 
respectively the three pairs of points D, D“; E, E’; F, F’. If the 
quadrilaterals EE’FF’, FF’DD’, OD’EE’ are cyclic, then all six 
points D, D’, E, E’, F, F’ are concyclic. 


Since E, E', F, F are concyclic, rect. AE.AE’=rect. AF. Af“; 

.* if Os about FF DO D', DD’EE’ are not coincident, 

A is on their radical axis, 

which is impossible. 

We owe this theorem and the condensed demonstration to Mr. R. F. 
Davis, M.A. 

It may also be demonstrated by using Ex. 154 to show that the per- 
pendicular bisectors of DD’, EE’, FF’ are concurrent. 


— — ~ * . 
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Ex. 464.—If three circles do not all intersect, a circle can be 
described to cut them orthogonally (see p. 194, and Ex. 421.) 
(Its centre will be the radical centre of the three circles.) 


Ex. 465.—The difference between the squares of the tangents to 
two circles from a given point is equal to twice the rectangle con- 
tained by the join of their centres and the distance of the given point 
from the radical axis. 

For further properties of Radical Axis or Orthogonal Section, see 
Casey’s Seguel to Euclid; M‘Dowell’s Exercises on Euclid; Townsend’s 
Chapters on the Modern Geometry of the Point, Line, and Circle. 


Ex. 466.— All circles which cut two given circles orthogonally 
pass through two fixed points on the line through the centres of the 
two circles. 

Ex. 467.—Any two circles being given, to find any number of others, 
all having the same radical axis. 
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ON POLES AND POLARS. 


(1) Let ast. line passing through the fixed point O cut a given © whose 
centre is C in Q and R, and let the tangents at Q and R intersect at 
P; then Plies on a fixed st. line. 


Draw a Lr PN to the line througk C, O, and let CP cut QR in H. 
Then CP bisects QR at rt. Zs. 
°° Ls at H and N arert. Zs. 
.. O, H, N, P are concyclic. 
.. CN.CO=CP.CH. IIII. 36. 
=CQ?, II. 47. See note, p. go. 
But CO is given and CQ is constant. 
. N is a fixed point, 
.. P lies on a fixed st. line. 
If QR passed through C, the tangents at Q and R would be u to this 
fixed st. line. 

(2) Let tangents PQ, PR be drawn from any pt. P on a fixed st. line PN 
to a given © whose centre is C, then the line through Q and R shall 
pass through a fixed point. 

Draw CN Lr to NP, and let the line through QR meet CN and CP 

in O and H. 

Then as in (1) CN. COS C. 
But CN is given and CQ is constant; 
.. O is a fixed point. 

T 
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QR is called the polar of P, and P the pole of QR. 

Hence the following general theorems and definitions— 

(1) If tangents be drawn to a given circle at its points of inter- 
section with any straight line passing through a fixed point, they 
will intersect on a fixed straight line or be parallel to it. 


This fixed straight line is called the ‘polar’ of the fixed point with 
respect to the given circle. 


(2) Conversely :—If tangents to a given circle be drawn from any 
point on a fixed straight line, the straight line through the points 
of contact will pass through a fixed point. 

This fixed point is called the ‘pole’ of the fixed straight line with 
respect to the given circle. 


Note that 

The rectangle contained by the distances from the centre of a 
given circle of a point and its polar with respect to the circle (or of 
a line and its pole with respect to the circle) is equal to the square 
of the radius. 

This property is sometimes taken as the fundamental one, and: used to 
define the terms pole and polar ; thus, 


If upon any straight line through the centre of a given circle, two 
points be taken on the same side of the centre such that the rect- 
angles contained by their distances from it is equal to the square of 
the radius, then the perpendicular to the straight line through 
either of these points is called the ‘polar’ of the other, which is 
called the ‘pole’ of the perpendicular. (See Casey, Seguel to Euclid.) 


Ex. 468.—If a straight line (QR) passes through the pole of a 
second straight line (NP), then the second straight line (NP) passes 
through the pole of the first. 


Ex. 469.—If a point (O) lie on the polar of a second point (P), 
then the second point (P) lies on the polar of the first (O). 
Use the property pointed out in Note (2). 


Ex. 470.—If a point lies on a given straight line, its polar passes 
through a fixed point. 
(It passes through the pole of the given straight line.) 


Ex: 471.—If a line pass through a given point, its pole lies on a 
fixed straight line. 
(I lies on the polar of the given point.) 
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Ex. 472.—The point of intersection of the polars of two given 
points is the pole of the straight line passing through them. 


Or, more briefly, 

The cross of the polars of two given points is the pole of their 
join. 

Ex. 473.—The line joining the poles of two given straight lines 
is the polar of their point of intersection. 


Or, more briefly. 
The join of the poles of two given straight lines is the polar of 
their cross. 


Ex. 474.—ABC is an acute-angled triangle; BQ, CR the perpendiculars 
on the sides CA, AB. Show that a circle can be described with centre 
A, such that BQ, CR are the polars of C and B respectively, and hence 
deduce the existence of the ortho-centre. 

(Rect. AB.AR=rect. AC. A. Jf T be the intersection of BQ, CR, it 
must be the pole of BC, Ex. 472; 

.. AT #s Lr to BC.) 
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ON THE METHOD OF LIMITS. 


Der.—If a secant of a circle alters its position in such a manner 
that the two points of intersection approach and ultimately coincide 
with one another, the secant in its limiting position is said to 
‘touch,’ or to be a ‘tangent’ to, the circle (Syllabus). 

Der.—The point in which the two points of intersection ulti- 
mately coincide is called the point of contact,’ and the tangent is 
said to ‘touch’ the circle at that point (Syllabus). 

These definitions of tangency will be found to lead to the same results 
as Euclid’s. 


PROPOSITION. 


The tangent at any point to a circle is at right angles to the 
radius drawn to the point of contact. 
Let D be the centre of the © AA’B and HA'AK the secant through 
A’ and A. Join DA’, DA, 


B K 


Then ext. 4 DA’H= 2s HAD, ADA’ 
= Ls KA’D, ADA’ 
= ext. 4 DAK. 

Now let A’ move up to and coincide with A. 
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Then in the limit when HK becomes the tangent at A, we have 


DAH =z DAK. 


K 


. DA is Lr to HK. 
EX. 475.—Prove the same theorem by using III. 3, and taking the 
limit. 
When using this method, the student should be careful to draw two 
diagrams, one illustrating what happens before, the other what happens at 
the coincidence of the two points which approach one another. 


PROPOSITION. 

Each angle contained by a tangent and a chord drawn from the 
point of contact is equal to the angle in the alternate segment of 
the circle. IIII. 33. 
Let EBB’F be the secant of © ABB’D through B, B', and BD any 

other chd. through B. 


A 
D 
F 
B 
B 
E 
LFB'D+LEB'D=2rt. Ls 
= 4 BAD+ ¿ EB'’D, (III. 22. 


. £FB’D=2 BAD. 
Now let B’ move up to and coincide with B. 
Then in the limit, when EBF becomes the tangent at B, 
L FBD= < BAD. [See diagram of III. 33. 
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From a given General Theorem, the student may often deduce a special 
case by the method of limits, of the truth of which he may afterwards 
satisfy himself by a demonstration which does not depend on that 
method. 


The circum-circles of the four triangles formed by four inter- 
secting straight lines all pass through one point. 
Let ADD’, ACC’, OCD, OC’'D’ be four As formed by the four inter- 
secting st. lines OC, OD, CD, C’D’. 
Then the circum- Os of 4s ADD’, ACC’ meet in some other pt. B. 
[See Ex. 366 (iii.). 


Join BD, BA, BC. 


LABD= 4L OD'A in same segt. ABD’D, 
and 2 ABC = ext. 4 AC'O of cyclic quadl. ABCC’. 


.. LCBD= Ls ODꝰ A, AC’O. 

. 43 CBD, COD= zs OD A, OC A, COD, 
= two rt. S. 

.. the circum-© of OCD passes through B. 

Similarly the circum-@ OC’D’ passes through B. 


Now, let C’ move up to and coincide with G, 
and.. D’ move up to and coincide with D. 
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Then in the limit when OC, OD become the tangents at C and D 
the circum- O of OCD passes through B. 


O 


Enunciate generally. 

Again :— 

If two circles intersect, and through one of the common points 
two straight lines be drawn and terminated each way by the cir- 
cumference, they subtend equal angles at the other common point. 
Let ABC, ABD be the two Os, CAD, C’AD’ the two st. lines through A. 

Join AB, DD’, CC; produce DD’, CC’ to meet in O. (See p. 248.) 
Then it has been shown that 

4s CBD, COD =2rt. Zs. 
Similarly Zs C’BD’, C'OD=2rt. Ls. 

: . £CBD= z C'BD. 
Now let C’ and D each move up to and coincide with A. 
Then in the limit when CA, D’A become tangents at A we have 
L ABC= 4L ABD’ 


A 


D 
Hence :— 
If two circles intersect, and through one of the common points 
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a chord be drawn to each circle touching the other, these chords 
subtend equal angles at the other common point. [See Ex. 369. 


Ex. 476.—Prove the first Corollary to III. 36 without assuming III. 36, 
and then deduce III. 36 by the method of limits. 
Prove each rectangle = diffce. between sq. on ED, 
and Sg. on radius. 
The Method of Limits can also be applied to the contact of circles with 
one another. 


Ex. 477.—Deduce III. 11 and III. 12 from the theorem that 
The straight line through the centres of two intersecting circles bisects 
their common chord at right angles. 
Ex. 478.—In the figure on p. 248. 
2 CBD= Ls ADD, ACO. 
Hence show by the Method of Limits that when the two circles touch 
at A, DD’, CC’ are parallel. 


Ex. 478 (a).— FA, FB are two tangents to a ©ABH. Show by method 
of limits that 2 AFB is equal to half the difference of the angles at the 
centre subtended by the two arcs into which AB divides the ©. 

See Ex. 324. 
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ON INVERSION. 


Der.—If through a fixed point O a straight line is drawn to any 
point P, and on it is taken a point P’ such that OP, OP’ = the square 
on a given fixed line K, then the point P’ is called the ‘inverse’ of 
the point P. 

Der.—If the point P lie on any given line the locus of P' when 
taken always along OP, or always in the opposite direction, is called 
the inverse of the given line. 

Der.—The area of the rectangle OP, OP’ is called the ‘constant 


or ‘modulus of inversion.’ 
If a square be described equal to the constant of inversion its side is 


called the ‘ radius of inversion.’ 
Der.—The point O is called the origin, or pole,’ of inversion. 
By the converses of III. 35 and III. 36 any two points P, Q, and 


their inverses P’, Q’, are concyclic. | 

N. B.—In the short discussion which follows on inversion we shall con- 
fine our demonstrations to the case in which OP’ is measured along OP, 
and leave the cases in which it is measured in the opposite direction as 
exercises to the student. 


PROPOSITION. 


The inverse of a circle with respect to a point on its circumference 
is a straight line perpendicular to the diameter through the point. 


Let A be the other end of the diamr. through the pole of inversion O and 
P be any other pt. on the ©. 


Along OA, OP, produced if necessary, take OA’, OP’ such that 
OP. OP = OA. OA', 


S constant of inversion. 
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Join AP, AP“. OP, OP’=OA, OA’, 
.*. APP’A’ is a cyclic quadl., 
.. LOA'P'= LOPA; 
. A’P’ is Lr to OA’. 
But A’ is a fixed pt. on OA or OA produced, 
.*. P’ lies on a fixed st. line. 


Ex. 479.—Prove the same proposition when OP’ is measured in 
the opposite direction to OP. 


PROPOSITION. 


The inverse of a given straight line with respect to an external 
point is a circle through that point whose diameter through the 
point is perpendicular to the given straight line. 


Let AP be the given st. line, A’ the projn. on it of the pole of inversion O, 
P’ any other pt. on it; along OA’, OP’, produced if necessary, take 
OA, OP such that 

OP’.OP=0OA’.OA =constant of inversion. 


Join Aarpß. OP. OP = OA. OA“, 
.. APP’A’ is a cyclic quadl., 
.. LOPA=ZLOA'P’, 
which is a rt. . 
.. P lies on a © whose diamr. is OA. 


Ex. 480.—Prove the same proposition when OP is measured in 
the opposite direction to OP’. 


Ex. 481.—Any circle and straight line being given, a pole and 
constant of inversion can be found such that each is the inverse of 
the other. 

The pole is always one end of that diameter of the circle perpendicular to 
the line. 

Lf the straight line is a tangent to the circle, the pole is the end of the 
diameter opposite to the point of contact, the diameter itself being the radius 
of inversion. 

Lf the straight line cuts the circle, either end of the diameter may be 
taken as the pole, the radius of inversion being the line joining the pole to 
either point of section. 


On Inversion. 253 
Ex. 482.— In the triangle ABC, BQ and CR are the perpendiculars on 
CA, AB. If we take Aas pole, and the tangent from A to the circle, 
through B, C, Q, R as radius of inversion, show that 
(1) BC inverts into the © through A, Q, R, 


(2) CR 99 97 A, B, Q, 
3) BQ 97 99 A, R, C, 
(4) QR 99 99 A, B, C, 


and hence deduce the existence of the ortho- centre. 


The Os through A, B, Q, and A, C, R, intersect in P the projn. of A on 
BC. Hence the inverse T of P must lie both on BQ and CR. 
.. AP passes through the cross of BQ, CR. 


Ex. 483.—The circum-circle of an isosceles triangle can be inverted 
into the indefinite straight line formed by producing the base each way. 


Ex. 484.—A given circle is inverted into a straight line, the point P’ 
on the line being the inverse of the point P on the circle. Show that 
another circle can be described to touch the given circle at P and the 
straight line at P'. 


Show also that the same constant and pole of inversion being chosen, 
the new circle inverts into itself. 


Ex. 485.— A given straight line is inverted into a circle, the point P' 
on the circle being the inverse of the point P’ on the straight line. Show 
that another circle can be described touching the given straight line at P 
and the circle at P'. 


Show also that the same constant and pole of inversion being chosen, 
the new circle inverts into itself, 


PROPOSITION. 


The inverse of a circle with respect to an external or internal 
point is another circle. 


Let O be a point external to the © APB. Let AB be the ends of the 
diamr. which, when produced, passes through O. 


Take A’, B’, P’, inverse pts. of A, B, P. 
Then. OP.OP’=0A.0OA’, 
.. A, P, P, A“ are concyclic 
LOA’P’= ¿ OPA. 
Simy., 2 A’B‘'P’= 2 BPP’. 
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„. LS OA’P’, ABP Cs OPA, BPP’ 
= a rt. 4 (. APE is a rt. C), 


„ L A’P’B’ is a rt. L; 
.. locus of P’ is a © on A’B’ as diamr. 


The above demonstration and diagrams might require some slight modi- 
fications if the value of the constant of inversion or the position of the 


pole were changed. 


Note that if P be on the part of circle APB which is convex to O, P 
will be on the part of circle A’P’B’ which is concave to O, and vice versé. 


Ex. 486.—If OQ be a tangent from O to circle APB, and Q’ the 
inverse of Q, then OQ’ is a tangent to circle A’P’B’. 
Prove (1) with, (z) without, the use of the ‘ Method of Limits. 


Ex. 487.—T wo circles being given, a pole and constant of inver- 
sion can be found such that each is the inverse of the other. 


The pole will in general be the cross of either the external or the internal 
common tangents. 


Ex. 488.—If p, p' are the other pts. of section of OPP’ with the 
©s APB, A’P’B’ respectively (diagram above), 
Show that (1) AP |] B’p’ 
Ap || B’p’ 
BP || A’p’ 
Bp || A’p’ 
(2) tangts. at P, p are || respectively to tangents p’, P. 
(3) segt. PQp is similar to segt. P’Q’p’. 
(OPA LOA P'. A, A’, PP are concyclic, 
= Op/ B“! . B, AP, p“ are concyclic. 
Note that AP, B. P' are both antiparallel fo A’P’ with respect to O. See 
p. 160, and Exx. 329, 362.) 
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Ex. 489.—A given circle is inverted into another circle, the point P’ on 
the second being the inverse of the point P on the first. Show that 
another circle can be described to touch the given circle at P and its 
inverse at P’. 

Show also that the same constant and pole of inversion being chosen the 
third circle inverts into itself. 


Ex. 490.—The Simson line of a point O with respect to a triangle 
ABC and the circum-circle are both inverted with respect to O. Show 
that the inverse of the circum-circle is a Simson line of O with respect to 
a triangle inscribed in the inverse of the given Simson line. 
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PEAUCELLIERS CELL. 


This consists of a framework of six rods, OQ, OR, PQ, PR, P’Q, P’R 
hinged at their extremities, and such PQ=PR=P’Q=P'R, 
and OQ=OR. 


This arrangement is called a linkage, the rods being linked or hinged 
together. 
(1) Since O, P, P’ are equidistant from Q and R they lie on the Lr 
bisector of QR. 
.. O, P, P' are in a straight line, however the rods may move. 
(2) Also rect. OP, OP’ difference of sqs. on OQ, PQ, 
which is constant. (See Ex. 195.) 
if O be fixed and P be made to move along any curve, P will 
move along the inverse of that curve with respect to O. 
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If, therefore, we introduce another link DP fixed at a point D, and such 
that DP= DO, the point P will move along a circle which passes through 
O, and the point P’ will therefore describe a straight line perpendicular to 


OD. (See p. 251.) 


Ex. 491.—A framework is formed of four rods, CD, DE, EF, FC in 
one plane hinged at their extremities, CD being equal to EF and DE 
equal to CF; CD, EF being opposite sides, and CF, ED diagonals of 
an axe. 

Show that the mid-points O, P, P’, O“ of CD, CF, DE, EF are in a 
straight line, and that the rectangle OP, OP’ is constant. 

The above linkage is called Hart’s Contraparallelogram. 

If Q and R are the mid-points of DF, CE it can easily be shown 
(Ex. 65) that 

PQ=PR=P’Q=P’R 
and that OQ=OR, 
so that the relative position of the five points O, Q, R, P, P is the same 
as in Peaucellier’s cell. 

For further information on ‘ Linkages’ the student is referred to an 
interesting little treatise by Mr. A. B. Kempe, How to Draw a Straight 
Line. 
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CONTACT PROBLEMS. 
I. To describe a circle passing through two given points to touch 
(a) a given straight line, 
(5) a given circle. 


(a) Let A and B be the two given pts., XY the given st. line, and suppose 
that AB is not || to XY; let them meet in C. 


x D C DY 


Along XY take CD, CD’ such that sq. on CD=rect. AC, CB =sq. 
on CD’ and describe a © through A, B, D or A, B, D’. 


It will touch XY by III. 37. 
The case in which AB is parallel to XY is left as an exercise to the 
student. 


Ex. 492.—Find a point in a given straight line XY of unlimited 
length at which a given finite straight line AB subtends the greatest 
angle. 

If AB meets XY in C, XY is divided into two parts, CX, CY, in each of 
which there exists a point at which the angle subtended by AB ts a maximum 
Jor that part. 

Ex. 493.—D is any point in the side AB of a triangle ABC; show how 


to draw a straight line through D, cutting AC in E, so that DE may be 
equal to the sum of the perpendiculars let fall from D and E upon BC. 
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(5) Let A and B be the two given pts., DEF the given O. Take any 
pt. E on © DEF and describe a © through A, B, E. If this does 
not touch © DEF let it cut it in F; and suppose that EF is not || to 
AB; let them meet in C. 


From C draw the tangents CD, CD’ to D, E, F, and describe a © 
through A, B, D or A, B, D’. 
It will touch © DEF. 
Sq. on CD=rect. CE.CF A. 36: 
S rect. CB. CA; III. 36, Cer 
.. CD touches © through A, B, D. 
Similarly CD’ touches © through A, B, D'. 


The case in which EF is parallel to AB is left as an exercise to the 
student. 


Note that one of the tangents, CD’, from C might be in a straight line 
with AB, in which case it would be impossible to describe a circle through 
A, B, D'. 


Ex. 494.— Find the points on a given circle (OEF) at which a 
given finite straight line (AB) subtends the greatest and least 
ang les. 


If AB when produced cuts circle DEF it will divide it into two parts, 
in each of which there exists a point at which the angle subtended by AB 
is a maximum for that part. 


If AB when produced does not meet circle DEF, there exist two points, 
at one of which the angle subtended by AB is a maximum, at the other a 
minimum. (Compare Ex. 492.) 

0 
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II. To describe a circle to pass through a given point and to touch, 
(c) two given straight lines, 
(a) a given straight line and a given circle, 
(e) two given circles. 
(c) Let A be the given pt, OC, OD the two given st. lines. Draw AN 
Lr to the intl. bisector of the 4 COD in which A lies, and produce 
it to B, making NB=AN. 


Describe a © to pass through A and B, and touch OC at C: 
(a) it shall also touch OD. 

For its centre E lies on the line ON. And if we draw ED Lr to 
OD, it =EC, 

and .. the © touches OD at D. 

The problem is thus reduced to (a). 

There will therefore be two solutions. 


` 
Ts 


(d) Let B be the given pt., A’P’ the given st. line, and OAP the given O. 
Let the diamr. OA of the © which is Lr to A’P’ meet it in A’. Join 
OB and oroduce it to C, such that OB. OC OA. OA“. II. 45. 
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Describe a © through B, C touching A’P’ (a). 
It shall also touch © OAP. 
Let P’ be its pt. of contact with A’P’, and let OP’ cut © OAP at P. 
Join AP. 
. Ls at A’ and P are rt. Cs, 
.. A, A’, P, P' are concyclic; 
. rect. OP. OP rect. OA. OA 
S rect. OB. OC. 
.. O through B, C, P“ passes through P. 
It will also touch circle OPA at P. 


For let TPS be the tangent at P to © OPA 
SP P= TPO 
= LOAP inalt. seg. 
= int. opp. 2 OP’A’ of cyclic quadl. AA’PP’, 
.. TPS also touches © BCP’P. 
The problem is thus reduced to (a). 
There are thus two solutions, taking O at one end of the diameter 
perpendicular from the given straight line. 
There will in general be two other solutions obtained by taking O at 
the other end. 


Ex. 495.—Obtain two other solutions of this problem, distinguishing 
the cases in which the given straight line (1) does not meet, (2) cuts, 
(3) touches, the given circle. 


(e) Let B be the given pt.; Q,Q’ the pts. of contact of a common 
tangent OQQ’ to the two given Os; O the pt. where this common 
tangent cuts the st. line through the centres. 

Join OB, and along it take OC such that OB.OC=0Q.0Q’. 
Describe a © through B, C to touch one of the given Os at P'. 
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Then © BCP shall also touch the other given ©. 
For OP’ will meet the other given © at a pt. P such that OP. OP 
Od. Oo, 
OB. OC. 
.. © BCP’ passes through P. 


Also it touches the other given O at P. 
For if it met it at any other pt. R besides P, the pt. R’ on OR such 
that OR. OR OP. OPꝰ would lie on © BCP’ and on the first 
given O, which is impossible, since they touch at P. 
III. To describe a circle to touch 
V two given straight lines and a given circle, 
(g) two given circles and a given straight line, 
(4) three given circles. 


(f) Let OC, OD be the two given st. lines, A’ the centre of the given ©. 


Draw two st. lines O’C’, O’D’ || to OC, OD at a distance from them 
equal to the radius A’A of the given ©, and either on the same 
side of OC, OD as A’ or on the opposite side. 

Describe a © through A’ touching O’C’, O’D’ at C', D'. Let E be 
its centre. 

Produce EC’, ED’ to cut OC, OD in C and D, and produce EA’ to 
cut the given © in A. 

Then EC’=EA’/=ED’, 
and C’C=A’A=D’D; 
„ EC=EA=ED 
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. a © can be described to touch the lines and given © as reqd. 
with centre E and radius EC, EA, or ED. 


(£) Let the two Os be unequal, and let O and 8“ be the centres of the 

larger and smaller Os respectively. 

With centre O and radius equal to the sum of the two given radii, 
describe a ©, and on the same side of the given line as O draw 
a || to the given st. line at a distance from it equal to the 
radius of the smaller ©. 

Describe a © to pass through B’ and touch the new © and new st. 
line at P’ and Q by (d). 

Let E be its centre, EQ’Q perpr. on the given st. line at Q, and the 
| at Q’. Join EO, cutting the larger given circle at P. Join 
EB’ and produce it to cut the smaller given © at B. 
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A © can be described with centre E touching the given Os at B 
and P, and the given st. line at Q. 
The proof resembles that of (/), and is left as an exercise to the 
student. 
(4) Let the three Os be unequal; B’ the centre of the smallest; O and 
F the centres of the other two; B, P, and Q points on their Oces. 
With centre O and radius equal to the sum of OP, BB’, describe 
ao. 
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With centre F and radius equal to the sum of FQ, BB’, describe 
another ©. 

Describe a © to pass through B’ and touch the two new Os in P’, Q’: 
let E be its centre. 


hs — 


Produce EB’ to cut the smallest given © in B, and let EO, EF cut 
the other two given Os in P and Q. 
A O can be described with centre E touching the three given Os 
in B, P, Q. 


The proof resembles that of (f), and is left as an exercise to the 
student. 

The number of solutions, the nature of the contact, and the peculiarities 
of construction necessitated by the various relative positions of the given 
lines, have been in several cases left to the student to examine for 
himself. 

Contact with two given circles is best treated after some study of pro- 
portion. 

With respect to the Solutions to (/), (£), (4), the attention of the student 
is drawn to the following passage from Petersen's Methods and Theories 
Jor the Solution of Problems of Geometrical Constructions: 

A certain method, which may be classed as parallel translation, is 
often applied to problems where circles shall touch other circles or 
straight lines: it consists in diminishing the radius of a circle to naught, 
the circle becoming a point, while simultaneously the other lines and the 
other circles follow ; the former without changing their direction, the latter 
without changing their centre. Having thus substituted a point for a 
circle, the problem is generally reduced to a simpler one, the other given 
conditions remaining unaltered.’ 


Contact Problems. 265 


Ex. 496.—To describe a circle which shall touch a given circle 
and touch a given straight line at a given point. 

Reduce the problem by Petersen's parallel translation’ to the following 
simpler one :— 

To describe a circle which shall pass through a given point and touch a 
given straight line at a given point. 


Ex. 497.—To describe a circle which shall touch two given circles, one 
of them at a given point. | 
This problem can also be reduced toa simpler one by parallel translation. 


The student may be interested in the following passage from Montucla’s 
account of Apollonius :— 

A quarrel which Vieta had with Adrian Romanus, a skilful Geometer 
of the Netherlands, gave him the opportunity of proposing the principal, 
in fact the only difficult problem in this book (Vieta’s Apollonius. Gallus); 
i.e. Three circles being given, to find a fourth which touches them all. It 
was but a poor solution of it which Romanus gave, determining the centre, 
as it is obviously possible to do by the intersection of two hyperbolas. 
For the problem is a plane one, and it ought therefore to be solved by 
Elementary Geometry. Vieta succeeded in effecting such a solution very 
elegantly. His solution is the same as that given in Newton’s Arithmetica 
Universalis (Prob. 47). Another is given in the first book of the 
Principia (Lemma 16), where this question is required for some determina- 
tions in Physical Astronomy. Newton here reduces with remarkable 
dexterity the two solid loci of Romanus to the intersection of two straight 
lines. Descartes gave some attention to this problem, which does not 
yield readily to algebraical analysis, and of the two solutions which he 
found he acknowledges that one gave rise to such acomplicated expression 
that he would not undertake to construct it in a month. The other, 
though less involved, is sufficiently so to deter Descartes from using it. 

‘The Princess Elizabeth of Bohemia, who, as is well known, honoured 
our philosopher with her correspondence, deigned to communicate a 
solution, but as it is derived from the algebraical calculus, it labours 
under the same disadvantages as that of Descartes.’ 

(Histoire des Mathématiques, Part I. Liv. iv. § 7.) 
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SOTA 


MISCELLANEOUS EXERCISES.—VI. 
(Books I. II. III.) 


In the following Exercises the word cross is frequently used, after a 
suggestion of Mr. R. C. J. Nixon, for ‘intersection.’ 


Ex. 498.—The projections of the vertex A of the triangle ABC on the 
external and internal bisectors of the angles B and C lie on the straight 
line through the mid-points of the sides AB, AC. (Catalan’s 7Aéor2mes 
et Problèmes de Géométrie Elémentaire.) 


Ex. 499.—If two opposite sides of a quadrilateral are equal they are 
equally inclined to the straight line through the mid-points of the other 
two sides. (Catalan’s 7héorémes et Problèmes de Glométrie Elémentatre.) 


Ex. 500.—If a quadrilateral be formed by drawing the internal bisec- 
tors of the angles of a given quadrilateral, its opposite angles are supple- 
mentary. 

When the given quadrilateral is a parallelogram the other is a rectangle 
whose diagonals are parallel to the sides of the parallelogram. 

When the given quadrilateral is a rectangle the other is a square. 
(Rouché et de Comberousse, Traité de Géométrie Elémentaire.) 


Ex. 501.—Show that a convex polygon of an odd number of sides can 
be constructed if we are given the mid-points of its sides. (Catalan’s 
Théordmes et Problèmes de Glométrie Élémentaire.) 


Ex. §02.—Ina right-angled triangle the difference of the squares on the 
segments into which the hypotenuse is divided by the projection on it of 
the mid-point of one of the sides containing the right angle is equal to 
the square on the other side. (Rouché et de Comberousse, Traité de 
Géomdtrie Elémentaire.) 


Ex. 503.—When the vertices B and C of a triangle ABC remain fixed 
and the vertex A describes a given straight line BX, the centroid and 
mid - centre! of ABC also describe straight lines. (Professor Neuberg, 
Educational Times.) 


Ex. 504.—Find a point D in AB produced such that the rectangle 


AD, DB shall be equal to the square on a given straight line greater than 
half AB. 


1 See p. 235. 
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Ex. 505.—If a straight line be divided into any two paris, the rectangle 
contained by the diagonals of the squares on the whole line and one of 
the parts is equal to twice the rectangle contained by the two parts. 


Ex. 506.—Show how to inscribe the least possible rhombus in a given 
rhombus. 


Ex. 507.—From the vertices of a triangle ABC are drawn AE per- 
pendicular to AC, meeting CB in E, BD perpendicular to AC, and CF 
perpendicular to AB, any of the lines being produced if necessary. Show 
that rectangle AE.CD=rectangle AB.CF. 


Ex. 508.—In a given straight line-AB any point C is taken, and equi- 
lateral triangles ADC, CEB are constructed on the same side of AB. 


Show that the locus of the mid-point of DE is a straight line parallel to 
AB. 


Show also that the centre of the circum-circle of triangle CDE is a 
fixed point. 


Ex. 509.—The sum of the squares on the four sides of a quadri- 
lateral is greater than the sum of the squares on its diagonals by 
four times the square on the join of the mid-points of the diagonals, 


Ex. 510.—If the sum of the squares on the sides of a quadrilateral be 


equal to the sum of the squares on its diagonals the quadrilateral is a 
parallelogram. 


Ex. 511.—A point moves so that the sum of the squares of its 
distances from four given points is constant. Show that its locus 
is a circle. 

Ex. 512.— The sum of the squares of the distances of a point from 


the vertices of a given triangle is a minimum when the point is the 
centroid of the triangle. 


Ex. 513.—Two circles touch each other externally at C. Show how 
to draw a straight line through C to meet the circumferences at A and B 
respectively, so that AB may equal a given straight line. 


Ex. 514.— Construct a triangle having given its perimeter and its 
angles. 

Ex. 515.—Construct a triangle having given its three ex- centres. 

Ex. 516.—A and B are two given points, XY a given indefinite 
straight line. Find a point C on XY such that angle ACX equal twice 
angle BC V. (Vuibert's Questions de Mathématiques Elémentaires.) 


Ex. 517.— From any point in the circumference of the larger of two 
concentric circles tangents are drawn to the inner. A third tangent is 
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drawn to that part of the inner circumference which is convex to the 
aforesaid point. Show that the perimeter of the triangle thus formed is 
invariable. 

Ex. 518.—P is a point outside a given circle. Show that two straight 
lines and two only can be drawn though P such that the parts of them 
intercepted by the circle are equal. 


Ex. §19.—O is the mid-point of AB, the common hypotenuse of two 
right-angled triangles ACB, ADB; from C and D straight lines are 
drawn perpendicular to OC, OD to intersect at P. Show that PC=PD. 


Ex. 520.—D is a point on the arc BC of the circum-circle of an equi- 
lateral triangle ABC. BE is drawn parallel to CD to meet AD in E. 
Show that the locus of E is an arc equal to BC. 


Ex. 521.—D fs a point on the arc BC of the circum- circle of an equi- 
lateral triangle ABC. Show that DA= DB + DC. 


Ex. 522.—A triangle ABC has each angle less than the exterior angle 
of an equilateral triangle. Equilateral triangles BDC, CEA, AFB are 
described on BC, CA, AB on the sides remote from A, B, C respectively. 
Show that AD, BE, CF are concurrent. 


Ex. 523.—If O be the point at which AD, BE, CF in the last exercise 
intersect, show that 
AD=BE=CF=0A+0B+0C. 


Ex. 524.—A, B, C, D are four concyclic points. Show that the cen- 
troids of triangles BCD, CDA, DAB, ABC are also concyclic. (Professor 
Bordage, Educational Times.) 


Ex. 525.—If two segments of circles have a common chord AB, and 
any points P and Q are taken on their arcs, the locus of the cross of the 
bisectors of the angles PAQ, PBQ is another arc of a circle having the 
same chord AB. 


Ex. 526.— Three circles BDC, CEA, AFB intersect at the same point 
O, and AO, BO, CO are produced to cut the circumferences in D, E, F. 
. Show that the triangles BDC, CEA, AFB are equiangular to one another. 


Ex. 527.—If on the sides of triangle ABC there be described any three 
equiangular triangles BOC, CEA, AFB, either all externally or all inter- 
nally, having their angles in the same order of rotation, and the angles 
contiguous to the same corner of ABC equal to each other, prove that 
AD, BE, CF meet in a point O which is also a common point of inter- 
section of the circles BOC, CEA, AFB. (Morgan Jenkins, Educational 
Times.) 

For a special case see Ex. 522. 
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Ex. 528.— The sides BC, CA, AB of triangle ABC are cut by a 
Straight line in L, M, N, and lines through A, B, C parallel to LMN cut 
the circum-circle of triangle ABC in P, Q, R. Show that PL, QM, RN 
all cut the circle ABC in the same point. (J. L. M‘Kenzie, Educational 
Times.) 


Ex. 529. —From any point P in the bisector of the angle A in a triangle 
ABC, perpendiculars PA’, PB’, PC’ are drawn to BC, CA, AB. Show 
that PA’, B’C’ intersect on the median through A. (E. Rutter, Eauca- 
tional Times.) 

Through the cross Q of PA’, B’C! draw a parallel be to the base, then 
PbC’Q, PBS are cyclic quadrilaterals, and it can be shown that bQ, 
CQ subtend supplementary angles in equal circles. 


Ex. 530.—ACP is a triangle having the angle ACP bisected by a 
straight line which meets AP in D. Describe a circle about ACD, and 
in its circumference take points B and E such that A,B,C,D,E are in 
order. Show that the angle at P equals the difference of the angles in 
the segments ABC, DEA. 


Ex. 531.—The bisectors of the angles made by the opposite sides of a 
cyclic quadrilateral are at right angles to each other. (Catalan’s 7héordmes 
and Problèmes de Géométrie Elémentaire.) 


Ex. 532.—If the diagonals of a cyclic quadrilateral are at right angles 
to each other, the straight line through the cross of the diagonals perpen- 
dicular to one of the sides bisects the side opposite. (Brahmegupta’s 
Theorem. ) 


Ex. 533.— If A, B, C, D are concyclic, the ortho- centres of the triangles 
ABC, CDA, DAB, ABC are the vertices of a quadrilateral congruent 
with ABCD. (Catalan’s Txdoremes et Problèmes de Géométrie Elémen- 
taire.) 

See Exx. 424-426. 

Ex. 534.—If the diagonals AC, BD of a cyclic quadrilateral cut at right 
angles: 

(1) The projections on the sides of the cross of the diagonals are the 
vertices of a quadrilateral which can have one circle described about it and 
another inscribed in it. 


(2) These four projections and the mid-points of the sides of the given 
quadrilateral are concyclic. 

(3) The circle on which the eight points in (2) lie is the same for all 
cyclic quadrilaterals having the same circum-circle as the one given whose 
diagonals intersect at right angles at the same point. (Catalan's 
Théordmes et Problèmes de Géométrie Elémentaire.\ 
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Ex. 535.—In a given circle draw a triangle one of whose sides passes 
through a given point, and whose other two sides are parallel to two given 
straight lines. 

Find under what circumstances the two sides will contain an angle 
equal (1) to the acute angle, (2) to the obtuse angle, between the given 
lines. 

Ex. 536.—Construct a triangle having given the base, the vertical 
angle, and the length of the line from the vertex to the base bisecting the 
vertical angle. 

Ex. 537.— CA and CB are tangents to a circle whose centre is O; AOD 
and EOF are diameters perpendicular to each other. Draw CP parallel 
to AD to meet EF or EF produced in P. Show that PB is parallel to 
OC, and that P, B, D are collinear. 

Ex. 538.—If A, B, C, D are concyclic, the in-centres of the triangles 
BCD, CDA, DAB, ABC are the vertices of a rectangle. (Catalan’s 
Théordmes et Problèmes de Géométrie Elémentaire.) | 


Ex. 539.—AB is a fixed chord in a circle APQB ; PQ another chord of 
given length. Show that if AP, BQ meet in R, R will lie on a fixed 
circle whatever be the position of PQ. 

Ex. 540.—-EF is the common chord of two circles EACF, EDBF: 
through E are drawn the straight lines AEB, CED, such that C, F, B lie 
in a straight line perpendicular to EF. Show that CA, FE, BD, when 
produced, all pass through the same point. 

Ex. 541.—Any circle is drawn through the vertex of a given angle. 
Find the locus of the ends of that diameter of the circle which is parallel 
to the join of the points where it cuts the arms of the angle. (Professor 
Mannheim, Educational Times.) 

The locus consists of a pair of straight lines at right angles to eack other. 


Ex. 542.—P is any point within the angle A formed by two straight 
lines AB, AC, to which PB, PC are perpendicular. Any point Q is 
taken such that angle QAB=angle PAC. Show that the line through 
the mid-point of PQ perpendicular to BC bisects BC. (Professor 
Hudson, Educational Times.) 

First take Q on circum - circle of cyclic quadrilateral PBAC.. 


Ex. 543.—AB is a diameter and C any point on the circumference of a 
circle ABC. With C as a centre a circle is described to touch AB. Show 
that the other tangents to the latter circle from A and B are parallel. 


Ex. 544.—Given two opposite sides, the sum of the other two, and the 
circum-circle of a cyclic quadrilateral, construct the quadrilateral. 
To what extent is the solution ambiguous ? 
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Ex. §45.—ABC is any right-angled triangle on a given hypotenuse AB. 
Along AC, BC are taken AD, BE equal to BC, AC respectively. Find 
the loci of the points D and E, and show that DE passes through a fixed 
point. (Vuibert's Questions de Mathématiques Elémentaires.) 


Ex. 546.—MN is a diameter of a circle; P an external point; PB 
perpendicular to MN; PHK cuts the circle. Show that square on PB 
equals sum or difference of rectangle PH, PK and rectangle MB, BN. 


Ex. §47-—ABCD is a quadrilateral inscribed in a circle, of which AB is 
a diameter: AD, BC meet in E. Show that rectangle AD, AE +rect- 
angle BC, BE=square on AB. 


Ex. 548.—A circle passes through A, the vertex of an equilateral triangle 
ABC, and meets AB and AC produced in D and E respectively ; it also 
cuts off BF and CG in BC produced both ways. Show that the difference 
between BD and CE is equal to the difference between BF and CG. 


Ex. 549.—The difference of the squares of two intersecting chords of a 
circle is equal to the difference of the squares on the differences of their 
segments. (Rouché et de Comberousse, Traité de Géométrie Elémentaire.) 


Ex. 550.—Let CA be radius of a circle whose centre is C; draw a 
radius CB perpendicular to CA, and show how to draw a straight line 
APQ cutting the circle in P and CB in Q, such that PQ may be of given 
length. 

Take DE egual to the reqd. length of PQ; bisect it in F, and take G tn 
DE produced, such that FG ABT FE?. Then EG=AP. 


Ex. 5§51.—A triangle ABC is turned about a fixed point X in its plane; 
if P, Q, R be the intersections of the sides BC, CA, CA respectively with 
By, ya, aß, the sides of the triangles, in any other position, show that the 
angles of triangle PQR are invariable. 

Find also what point X must be with reference to the triangle in order 
that it may be the (1) circum-centre, (2) in-centre, (3) ortho-centre, (4) 
centroid of PQR. (Professor de Longchamps, Educational Times.) 


Ex. §52.—If a triangle ABC turns around its circum- centre O into the 
position A’B’C’, and if AB, A'B’ meet in a; BC, B’C’ in b; CA, C'A’ 
in c, prove that the triangle abe will have O for its ortho- centre. 
(N' Importe, Educational Times.) 


Ex. 553.—If a cyclic quadrilateral ABCD turn about its circum- centre 
O into the position A’B’C’D’, and a is the cross of AB, A' B'; & that of 
BC, B' C'; c that of CO, C' D'; d that of DA, D' A'“; e that of BD, B' D'; 


— — ~ * * 
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and / that of AC, A’C’, show that abcd is a parallelogram, and that the 
sides ab, ad are respectively perpendicular to Of, Oe. (Professor Ignacio 
Beyens, Educational Times.) 

Ex. 554.—Through the mid-point of each side of a triangle are drawn 
perpendiculars to the other two sides. Show that the two triangles 
thus formed have the same symmedian point. (See Ex. 258.) 

Ex. 555.—Show that the symmedian point of a triangle is the 
centroid of its projections on the sides. 

Ex. 556.—D, E, F are the points of contact of the in-circle of 
triangle ABC with BC, CA, AB. Through A is drawn PAQ 
parallel to BC, meeting DE, DF produced in P, Q. Show that AP 
= AQ, and hence that AD, BE, CF intersect in a point. 

(AD ss a symmedian of triangle DEF ; see pp. 160, 161. Similarly, 
BE and CF are symmedians of triangle DEF. Hence AD, BE, CF in- 
tersect at the symmedian point of triangle DEF.) 

Ex. 557-—AP, BQ, CR are the perpendiculars from A, B, C to the 
sides BC, CA, AB. Show that the projections of P on CA, AB; Q 
on AB, BC; R on BC, CA, all lie on the same circle. (Catalan’s 
Armes et Problèmes de Gdomttrie Elémentaire.) 

This circle is sometimes called Taylor’s Circle. 

Ex. 558.—If a point be the centroid of its projections on the sides 
of a given triangle, it must be the symmedian point of the triangle. 

Ex. 559.— Find a point within a triangle such that the sum of the 
squares of its distances from the sides is a minimum. 

The point must be the centroid of its projections on the sides, and 
therefore the ‘symmedian point’ of the given triangle. 

Ex. 559 (a).— D, E, F are the points of contact of an ex. © of A ABC 
with BC, CA, AB show that AD, BE, CF meet in a point. (Compare 
Ex. 556.) 

Ex. 559 (4).—In Fig. of I. 47 if FG, HK be produced to meet in M 
then FC, AL, BK pass through the ortho-centre of a MBC. (Grunert's 
Archiv.) 


THE HARPUR EUCLID 
BOOK IV. 
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Book IV. is entirely devoted to the solution of Problems. 

Of these, four relate to triangles, four to squares, four to 
pentagons ; and there are four others. 

They are all cases of the inscription of figures tn, or the 
circumscription of figures about, circles. 


Der.—A straight line is said to be placed ina 
circle when its extremities are on the circumfer- 
ence of the circle. 


PROPOSITION 1.—PROBLEM. 


In a given circle to place a straight line equal to a given straight 
line which is not greater than the diameter of the circle. 


Let ABC be the given ©, D the given st. line; it is reqd. to 
place in © ABC ast. line equal to D. 

Draw any diamr. BC. 

If BC=D, the prob. is solved. 

If not, from CB cut off CE equal to D. 


— 


Pa 
| (e 


2 


With centre C and radius CE describe a O cutting ABC 
in A. 
Join AC: AC shall be the line reqd. 
For rad. CA=rad. CE 
=D, 
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NOTE. 


We solve a more definite problem than the one proposed: one end of 
the required chord may be a? any point on the given circle. 

Since the second circle cuts the given one in fwo points, we have 
shown that :— 

If a straight line be less than the diameter of a given circle, two chords 
equal to it can be drawn from any point on the given circle. Compare 
III. 7 (2); III. 8 (3). 


Ex. 560.—Construct a right-angled triangle, having given the hypo- 
tenuse and one side. 


Ex. 561.—Through a given point draw a straight line, the part of 
which intercepted by a given circle shall be equal to a given straight line. 
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Der.—If the angular points of a rectilineal figure 
are on the circumference of a circle, 
(1) the rectilineal figure is said to be inscribed 
in the circle; 
(2) the circle is said to be described about the 
rectilineal figure. 


PROPOSITION 2. PROBLEM. 


In a given circle to inscribe a triangle equiangular to a given 
triangle. 


Let ABC be the given ©, DEF the given A: it is reqd. to 
inscribe in © ABC a A equiangular to A DEF. 


Through A draw GAH, touching the ©. IIII. 17. 


At A make 4 HAC equal to < DEF, 
and 4 GAB equal to 4 DFE. 
Join BC; then ABC is the A reqd. 
For GAH is the tangent at A, and AC a chd. through A; 
.. HAC = Ag“ in alt. seg. ; (III. 32. 
but HAC =- DEF; [ConsrT. 
. LABC=. DEF. 
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Similarly . ACB=zDFE; 
~. third 2 BAC = third . EDF: 
.*. A ABC, inscribed in © ABC, is equiangular to A 
DEF. 
Ex. 5§62.—Prove that any number of triangles equiangular to triangle 
DEF can be inscribed in circle ABC. 
Ex. 563.—If another triangle equiangular to triangle DEF be inscribed 
in circle ABC, show that it is congruent with triangle ABC. 


Ex. 564.—In a given circle inscribe an equilateral triangle. 
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Der.—If each side of a rectilineal figure touches a 
circle, 
(1) the rectilineal figure is said to be described 
about the circle; 
(2) the circle is said to be inscribed in the 
rectilineal figure. 


PROPOSITION 8. PROBLEM. 


About a given circle to describe a triangle equiangular to a given 
triangle. 


Let ABC be the given ©, DEF the given A: it is reqd. to 
describe about © ABC a A equiangular to A DEF. 

Produce EF both ways to G, H. 

Find the centre K of © ABC, and draw any radius KB. 


L 
D 


AÅ, 
AY 


Make +s BKA, BKC, on opposite sides of BK, equal to zs 
DEG, DFH. 

At A, B, C draw tangents LM, MN, NL. 
LMN is the A reqd. 

UM is a tangent and KA the rad. to the pt. of contact A; 
* the cs at A are right. 
Similarly, the s at B and C are right. 
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Now the four 2s of quadl. AM BKS four rt. Cs, [I. 32. Cor. 
and two of these 2s, KAM, KBM, are rt. s; 
. Ls AMB, AKB S2 rt. Ls, 
DEF, DEG. 


But C AKB= 2 DEG; [CoN sr. 
„. C AMB S L DEF. 
Similarly C NBS L DFE ; 
third z Lethitd z D} [I ga 
.*. the A LMN, described about © ABC, is equiangr. to A 
DEF. 
NOTE. 


It is assumed that the tangents at A, B, C intersect so as to form a 
triangle LMN. The student should have no difficulty in proving this. 
Compare the construction given above with the following, taken from the 
Text-Book of Geometry, published by the Association for the Improvement 
of Geometrical Teaching. 

Draw any diamr. BKH. 

Make 4s HKA, HKC on opposite sides of BH equal to 4s E, F. 


M 


At A, B, C draw tangent forming the a LMN. 
This will be the A reqd. ; 
s at A and B are right; 
.. AMBK is a cyclic quadl.; 
. MSext. 2 AKH, 
= LE. 
Similarly 2N= LF; 
„ third & L=third 4 D. CI. 32. 
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Ex. 565.—Show that any number of triangles equiangular to triangle 
DEF can be described about circle ABC. 


Ex. 566.—If another triangle equiangular to triangle DEF be described 
about circle ABC, show that it is congruent with triangle LMN. 


Ex. 567.—AK is produced to meet the circle in P: through P a tangent 
SPR is drawn, meeting MN, NL in S, R. Show that triangle RSN is 
equiangular to triangle DEF. 


Ex. 568.— About a given circle describe a quadrilateral equiangular to 
a given quadrilateral. 
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PROPOSITION 4. PROBLEM. 


To inscribe a circle in a given triangle. 


Let ABC be the given A; it is reqd. to inscribe a O in it. 
Bisect the 2s ABC, BCA by the st. lines BO, CO. 
From O draw OL, OM, ON ur to BC, CA, AB: 


In As OLB, ONB. 
LOBL= C OBN, [Consr. 
rt. 2OLB=rt. 2 ONB, 
and OB (opp. to equal Cs in each) is common; 
*. OL=ON. 
Similarly OL=OM ; 
.. the O described with centre O and radius OL will 
pass through L, M, N, 
and. the Zs at L, M, N are right; 
.. it will touch the sides of A ABC. 
.. this is the reqd. ©. 


Ex. 569. — Show that the assumption that the bisectors of the angles 
ABC, BCA will meet is correct. 


Ex. 570. — Show that OA bisects 2 CAB. 
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NOTE. 


IV. 4 is a particular case of the general problem :— 
To describe a circle touching three given straight lines which in- 
tersect each other, but not at the same point. 
Produce AB, AC and bisect the exterior 4s thus formed by BO,, CQ). 
Drop Lrs Oi LI, O,M,, Oi Ni to BC, CA, AB. 


By a demonstration similar to that of IV. 4 we can show that O,N,= 
O,L,= OM, 5 
and hence that O, is the centre of a © which can be drawn touching 
BC at Li and CA, AB produced at Mi, Ni. 

This circle is called an escribed circle of the triangle ABC. 

There are evidently two other escribed circles of the tnangle ABC. 

We shall denote their centres by O, and Os, and their points of 
contact by L, Mp Na, and L, M;, N, respectively, M, being on CA, 
and N, on AB. 

Note that, for the sake of brevity, LMN is often called the in-circle, 
and its centre O the in-centre, and its radius the in-radius of the triangle 
ABC; and that LI MIN, L,M,N,, L, M, N, are called the ex- circles, 
their centres Oi O, O, the ex- centres, and their radii the ex · radii of the 
triangle ABC. 

Join AO,. Then AO, can be shown to bisect the 2 BAC. Hence the 
centre O of the in-circle lies on AQ, and can be found by bisecting 2 ABC 
by BO. 7 

Hence A, O, O, are collinear. 

Similarly B, O, O, are collinear, 

and C, O, O, are collinear. 


The student is recommended to draw a careful diagram for his own use, 
showing all these circles, their centres, and their points of contact. 
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Ex. §71.—The in-centre of an equilateral triangle is equidistant from 
the corners of the triangle. 


Ex. 572.—If ABC is equilateral, AO: = BO, CO,. Also triangle 
LMN and triangle Oi O, O, will be equilateral, and OOi OO: O00, 


Ex. 573. Draw a triangle equiangular to a given triangle, and having 
a given circle for one of its ex · circles. 

Compare IV. 3. Show that there are three solutions. 

Ex. §74.—Show how to describe a circle which shall cut off equal 
chords from the sides of a given triangle. 

Ex. §75.—With three given points as centres, describe three circles to 
touch each other. 

There are four solutions to this problem. 

Ex. 576.— The diameter of the in- circle of a right-angled triangle and 
the hypotenuse are together equal to the sum of the other two sides. 

Enunciate and prove a similar theorem for an ex-circle of a right-angled 
triangle. 

In the following exercises the notation is that described in the notes to 
IV. 4. 

Ex. 577.—Show that O is the orthocentre of O, O, Os. 

Ex. 578.—Show that AM,=AN,=BL,= BN,=0M,= CL, =semiperi- 
meter of triangle ABC. 

(This semiperimeter is usually denoted by s and the sides BC, CA, 
AB by a, b, c.) 

Ex. 579.—Show that AM=AN=8N,=BL,=CM,=CL,=s-—a. 

Ex. 580.—Find what lines in the figure are equal to s- b and s- c. 


Ex. 581.—Find the locus of O when the base and vertical angle of 
triangle ABO are given. 
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PROPOSITION 5. PROBLEM. 
To describe a circle about a given triangle. 


Let ABC be the given QA; it is reqd. to describe a © about it. 
Bisect CA, AB in E, F; at E and F erect 1rs ES, FS to 


CA, AB meeting in S. Join SA, SB, SC. 
A 


call 
[These rs must meet, otherwise CA, AB, to which they 
are tr, would be either || or in the same st. line.] 
In As AFS, BFS 
AF=BF, [Const. 
FS is common, 
and rt. AFS = rt. BFS; 
SAS SB. 
Similarly, SA=SC; 
the © described with centre S and rad. SA will pass 
through A, B, C, and will be the © reqd. 


Cor.—It is plain that 
(1) if a ABC is acute angled, S falls within it; 


(2) if 4 CAB is right, S falls on BC; 
(3) if 2 CAB is obtuse, S falls on the side of BO opposite to A; 


and conversely, 
(4) if S falls within 4 ABC, that a is acute angled ; 


(5) if S falls on BC, 4 CAB is right: 
(6) if S falls on the side of BC opposite to A, 2 CAB is obtuse. 
See 


An excellent example is here given of the Rule of Conversion. 


pp. 185 and 217 
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If we show the truth either of the group (1), (2), (3), or the group (4), 
(5), (6), the truth of the other group follows immediately. See p. 185. 

For the sake of brevity, the circle described about a triangle is often 
called the circum-circle, its centre the circum-centre, and its radius the 
circum-radius of the triangle. 

IV. 5 is often set as follows :— 

To describe a circle which shall pass through three given points 
not in the same straight line. 

It includes, of course, the problem— 

To find a point equidistant from three given points not in the 
same straight line. 

N.B.—It follows from the demonstration of IV. 5 that the perpendi- 
cular bisectors of the sides of a triangle meet at a point, viz. the circum- 
centre of the triangle. | 

Pp. 99, 107 contain matter bearing directly on IV. 4, 5. If the student 
has not already thoroughly mastered their contents, it would be well for 
him to do so now. 

Ex. 582.— The circum-centre of an equilateral triangle is also the in- 
centre. 

Ex. 583.—The equilateral triangle described about a circle is four 
times that inscribed in the circle. 

Ex. 584.— The square on the side of an equilateral triangle is three 
times the square on its circum-radius. 

In the following Exercises the notation is that described in the notes to 
IV. 4. 

Ex. 585.— A0 is produced to cut the circum-circle of triangle ABC in 
S. Show that SB=SO=SC. 


Ex. 586.—00,, OO, O0, are all bisected by the circum-circle of 
triangle ABC. 

Use may be made of this theorem in Trigonometry. 

Ex. 587.— The circum-centres of triangles O BO, O, OA, O, AB are 
on the circum-circle of triangle ABC. 
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PROPOSITION 6. PROBLEM. 


To inscribe a square in a given circle. 


Let ABCD be the given O; it is reqd. to describe a square 
in it. | 

Find the centre E of © ABCD. 

Draw a diamr. AEC and the diamr. BED Lr to AEC. 

Join AB, BC, CD, DA. 


Then ABCD is the reqd. square. 

For rt. L AEB =rt. BEC rt. CED = rt. 4 DEA; 
. arc AB=arc BC =arc CD=arc DA; (III. 26. 
.. chd. AB=chd. BC=chd. CD=chd. DA; [III. 29. 
*. ABCD is equilateral. 

Again, each of the Ls BCD, CDA, DAB, ABC being in a 
semi, is a rt. 4; 
*. ABCD is also rectangular ; 
and it has been inscribed in © ABCD. 


Cor.—The circumference of a circle can be divided into 4, 8, 16, 32 
.. . equal arcs. 


Ex. §88.—All the squares that can be inscribed in the same circle are 
equal. 
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Ex. 589.—The square inscribed in a circle is double the square on the 
radius and half the square on the diameter. 


Ex. 590.—If the ends of anv two diameters of a circle be joined con- 
secutively, a rectangle is inscribed in the circle. 


Ex. 591.—Inscribe a rectangle in a given circle, with one side equal to 
a given straight line. 
What limitation must be imposed on the straight line ? 


Ex. 592.— To inscribe a regular octagon in a given circle. 


Ex. 592 (a).—If the Fig. of IV. 6 a straight line be drawn from A 
cutting the O ABC in F and BD or BD produced in G, then rect. AF, 
AG=sq. ABCD. 

(This special case of a more general theorem is given in Cardan’s De 
Hroportionibus, Lib. v. 192. Compare EXX. 479, 480, 481.) 
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PROPOSITION 7. PROBLEM. 
To describe a square about a given circle. 


Let ABCD be the given ©; it is reqd. to describe a square 
about the © ABCD. 


Find the centre E of © ABCD. 
Draw any diamr. AEC and the diamr. BED ur to AEC. 


At A, B, C, D draw tangents forming the figure GHKF. 
GHKF shall be the square required ; 
G touches the © at the end of diamr. AC; 
. Ls at A are rt. 
Similarly, the Zs at B, C, D are rt. 
Again, . Ls AEB, EBG are rt. Ls. 
.. GH is || to AC. 
Similarly, FK is |] to AC, 
GF is || to BD, 
and HK is || to BD. 
Hence all the quadls. in the fig. are ||gms. 
Again, GF, HK each=diamr. BD, I. 84. 
and GH, FK each diamr. AC; 
.. GH KF is equilateral. 
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Again, the [ gms. GE, AD, BC, EK have each an 4 at 
E right; 

„ all their 2s are rt. ; [I. 46, Cor. 

.. GFKH is also rectangular ; 

. . it is a square, 

and it has been described about © ABCD. 


Ex. 593.—Show that the assumption that the tangents at A and B 
meet is correct. 

Ex. 594.— The square about a circle=twice the square in the circle = 
four times the square on the radius of the circle. 

Ex. 595.—If a rectangle be described about a circle, it must be a 
square. 

Note that any rectangle of any species can be inscribed in a circle, but 
only an equilateral one (f.e. a square) about a circle. 

Ex. 596.—The regular octagon in a given circle is equal to the rectangle 
contained by the sides of the inscribed and circumscribed squares. 

Ex. 597.—If tangents be drawn at the ends of any two diameters, a 
rhombus is circumscribed about the circle. Compare Ex. 590. 

Ex. 598.— About a given circle to describe a rhombus with a diagonal 
equal to a given straight line. 


Ex. 599.— To describe a regular octagon about a given circle. 
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PROPOSITION 8. Pros em. 
To inscribe a circle in a given square. 


Let ABCD be the given square; it is reqd. to inscribe a O in it. 

Bisect 2s ABC, BCD by BG, CG. 

Join GA, GD. Draw GE, GF, GH, GK Lr to DA, AB, 
BC, CD. 


In As ABG, BGC 

AB=BC, 

BG is common, 

and / ABG= 4 GBC; 
. BAGS 4 BCG. 

But BCG is half of 4 BCD, which = 4 BAD; 
. 4 BAG is half of 2 BAD; 

. GA bisects 2 BAD. 

Similarly GD bisects 2 CDA. 

In As FGB, BGH 
4 FBG= 4 HBG, (Const. 
rt. L GFB= rt. 4 GHB, 
and BG, opp. equal cs in each, is common; 

Similarly GH =GK=GE. 

The © described with centre G and radius GF will pass 
through E, F, H, K and touch the sides of ABCD, 
„the zs at E, F, H, K are rt.; 
it is the © reqd. 
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NOTE. 


We have adopted the above method of proof as it is the same as that 
employed by Euclid for IV. 13. The centre G of the in-circle of the 
square may also be found by joining opposite corners of the square. It is 
easy to show that the diagonals bisect the angles, and hence, by a demon: 
stration like ours, that their cross G is equidistant from the sides. 


Ex. 600.—If AD, AB be bisected in E, F, and through E, F, s be 
drawn to AB, AD, these ||s will intersect in G the centre of the in- circle. 


Ex. 601.—Inscribe a circle in a given rhombus. 
Ex. 602.—Inscribe a circle in a given kite. 
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PROPOSITION 9. PROBLEM. 
To describe a circle about a given square. 


Let ABCD be the given square; it is reqd. to describe a © 
about it. 
Bisect 2s ABC, BCD by BE, CE. 


EN 
SZ 


0 


In As ABE, CBE, 
AB=CB, 
BE is common, 
and ABE S 4 CBE; [Coxsr. 
. BAE S L BCE. 
But 2 BCE is half of 2 BCD, which = 2 BAD; 
. BAE is half of 4 BAD; 
.. EA bisects 2 BAD. 
Similarly ED bisects 2. CDA. 
Again, 4 EBC= L ECB (. each is half the L of a sq.); 
„ EB=EC. 
Similarly EC ED EA; 
the © described with centre E and radius EB will pass 
through A, B, C, D, and will . be the © reqd. 
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NOTE. 


We have adopted the above proof as it is the same as that used by 
Euclid ſor IV. 14. 

Ex. 603.— The centre of the circum- O of a square ABCD is the cross E 
of the diagls. AC, BD. (Fig. of IV. 9.) 

Ex. 604. The centre of the circum- © of a square ABCD is the cross G 
of the lines EH, FK joining the mid- pts. of opposite sides. (Fig. of IV. 8.) 

Ex. 605.— Show that a © cannot be described about a rhombus as 
defined by Euclid. (See pp. 97, ror.) 

Ex. 606.—Show that if tangents be drawn at the corners of a square to 
its circum- © another square will be formed whose area = twice that of the 
given square. 
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PROPOSITION 10. PROBLEM. 


To describe an isosceles triangle having each of the angles at the 
base double the third angle. 


Take any st. line AB; divide it at C so that rect. AB, BO= 
sq. on AC. [II. II. 

With centre A and rad. AB describe O BDE, in which place 
BD equal to AC. Join AD. 

Then A ABD is the reqd. A. 


40 \ 


; , 


Join CD, and about A ACD describe © ACD. 
Rect. AB, BC sq. on AC 
=sq. on BD (. BD=AC) ; 
.. BD touches © ACD. [III. 37 
~. £BDC=2zCAD in alt. segt. cut off by DC. 
But „ B is common to As BCD, BAD; 


. third BCD S third 2 ADB [I. 32. 
= L ABD (. AD AB); 

*. CD=BD II. 6. 

=CA; [ Const. 


.. £CDA=2zCAD. 
But Z BDC= ＋ CAD; 
.. whole BDA S twice Z CAD ; 
also Z ABD S twice 2 CAD. 
Hence A ABD is the one reqd. 
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NOTES. 


The 4 BCD also possesses the required property, as is evident from the 

proof. 
Since each angle at the base = twice ZA, 
. the three Zs of the a together = five times CA, 
. CLA = one-fifth of two rt. Zs. 

Ex. 607,—Divide a right angle into five equal parts. 

Ex. 608.— Divide a rt. Z into fifteen equal parts. 

Ex. 609.—On a given base describe an isosceles 4 having each of the 
Ls at the base double of the vertical . 

Ex. 610.—Prove that 2 ACD=three times each of the 2s CAD, CDA. 

Ex. 611.—On a given base describe an isosceles A having each of the 
angles at the base one-third of the vertical Z. 

Ex. 612.—Show that BD is the side of a regular decagon (ten-sided 
figure) inscribed in © BDE. 

Ex. 613.—Show that © ACD cuts the © BDE. 

Ex. 614.—If E be the other pt. where the Os ACD, BDE cut, prove 
(1) that 4 AED is equiangular to A ABD; (a) that AE is |] to CD. 

Ex. 615.—If M be the mid-pt. of the minor arc AE, show that AC DE M 
is a regular pentagon. 

A.. 1) BD is the side of a regr. decagon inscribed in © BDE. 

(2) BD - 5 pentagon 7 O ACD 
EX. 616.—Inscribe in © ACD a A congruent with 4 ABD. 
EX. 617.—The circum- Os of as ABD, ACD are equal. 
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Der.—If a figure has all its sides equal to one 
another and all its angles equal to one another it is 
said to be ‘regular. 
Thus an equilateral triangle is a ‘regular triangle,’ 
and a square is a ‘ regular quadrilateral.’ 


PROBLEM. 


PROPOSITION 11. 
In a given circle to inscribe a regular pentagon. 


Let ABCDE be the given ©; it is reqd. to inscribe a regular 
pentagon in © ABCDE. 
Describe an isosceles A FGH having each of the zs G, H 


AN 


A 
j 
é 


double the z F. 


E 
Be 
oe 


Inscribe in © ABCDE a A ACD such that 
, H, G, [IV. 2. 


Ls CAD, ADC, OCA=czsF, H,G 
so that each of 4s ACD, ADC is double of 4 CAD 
Bisect Ls ACD, ADC by CE, DB. 
Join AB, BC, CD, DE, EA. 
Then ABCDE is the pentagon reqd. 
CE, DB bisect s ACD, ADC, which each = twice CAD, 
.. Ls ADB, BDC, CAD, ECD, ACE are all equal 
arcs AB, BC, CD, DE, EA are all equal; IIII. 26. 
chds. AB, BC, CD, DE, EA are all equal. [III. 29. 
1. e. fig. ABCDE is equilateral. 


Book IV. Prop. 11. 297 


Again each of the five ¿s EAB, ABC, BCD, CDE, DEA 


stands on an arc which is made up of three of the five 
equal arcs AB, BC, CD, DE, EA; 


.- £EAB=2.ABC=2zBCD=2zCDE=z DEA; [III. 27. 
i.e. fig. ABCDE is also equiangular. 
*. a regular pentagon ABCDE has been inscribed 
in the given O. 


Cor.—The circumference of a circle can be divided into 5, 10, 20, 
40,.. . equal arcs. 


Ex. 618.—An equiangular pentagon inscribed in a circle is equilateral. 


Let ABCDE (fig. of Prop. 11) be an equiangr. pentagon, then it is 
equilateral. 


. LAS LB; 
. arc BCD E S arc AE DC, 
Take away common arc CDE, 
then arc BCS arc AE; 
.. chd BC S chd. AE. 
Similarly chd. AE=chd. CD 
=chd. AB 
=chd. ED 
(each side=the next but one to it); 
. . the fig. is equilateral. 
The method of proof is quite general. 


In any equiangular figure inscribed in a circle each side is equal 
to the next but one to it. 


Hence :—If an equiangular figure inscribed in a circle have an 
odd number of sides it must be equilateral. 
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PROPOSITION 12. PROBLEM. 
About a given circle to describe a regular pentagon. 


Let ABCDE be the given O; it is reqd. to describe a * 
pentagon about it. 


Let A, B, C, D, E be the angular pts. of a regr. — in- 
scribed in the given O. [IV. II. 


At A, B, C, D, E draw tangents forming the closed fig. 
GHKLM: this shall be the pentagon reqd. 


Find F the centre of the O. Join FB, FK, FC, FL, FD, BC. 
Then 4 KBC= L in alt. segt. cut off by BC } III. 32. 


= 4 KCB; 
„ KB=KC. 


In As FKB, FKC, 
FK, KB, BF FK, KC, CF respectively; 
. BFK SCF K, 
and BKF = L CK, 
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te. „CFK is half of BFC, 
and (CK is half of 4 BKC. 


Similarly 2 CFL is half of 4 CFD, 
and 4 CLF is half of 2 CLD. 


But BFC S CFD (G. arc BO=arc CD); 
. CFK S CF. 


Also in As CFK, CFL, 
rt. L FCK rt. 4 FCL, 
and CF, opp. equal Ls in each, is common; 
. £CKF=2 CLF, 
and KC=CL, 
i.e. KL is double of KC. 


< Similarly HK is double of BK; 
<. HK=KL (. BKS KC). 


Similarly KL=LM=MG=GH, 
i.e. GHKLM is equilateral. 


Again, 
. 4 HKL is double of CKF, 
and 4 KLM is double of 2 CLF, 
and c.CKF=cCLF; 
. HKL KLM. 


Similarly CKLMS LMS LGS 2H, 
i. e. GHKLM is also equiangular, 
. it is the reqd. regr. pentagon about © ABCDE. 


300 Euclid’s Elements. 


Alternative Proof.—(With the same construction.) 


Join AB, BC, CD, DE, EA. 
. arc AB=arc BC, 
. cin segt. AEDCB= L in segt. BAEDC. 
But HAB L in segt. AEDCB(-.- HAtouches he HI m 


and 2 KBC = z in segt. BAE DC (-.: KB touchesthe © 
. L HAB= ų KBC. 


IIII. 27. 


Similarly 4 HBA= + KCB. 


Also AB=BC, 
*. HB KG, 
and H= . K. 


Similarly BK = CL; 

„. whole H K = whole KL. 

Similarly KL= LM, 
= MG, 
=GH ; 

.. the fig. is equilateral. 
Also, as we have proved, 4 H = CL K, so we can prove that 
= 


and .. that the fig. is equiangular ; 
„. fig. GHKLM is the reg. pentagon reqd. 
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NOTE. 


The word ‘pentagon’ does not occur in our demonstration of the 
regularity of the figure. The method is therefore general, and if we can 
inscribe in a circle a regular polygon of some given number of sides, we 
can therefore also circumscribe about a circle a regular polygon of the same 
number of sides. 

We prove any side equal to the next and any angle equal to the next; 
hence the figure is equilateral and equiangular. 
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PROPOSITION 13. PROBLEM. 
To inscribe a circle in a given regular pentagon. 
Let ABCDE be the given regular pentagon; it is reqd. to 
describe a © in it. 
Bisect s BCD, CDE by CF, DF. Join FB, FA, FE. 


In As BCF, DCF, BC, CF DC, CF, 
and «BCF=2zDCF; 
*. LOCOBF= L CDF. 
But 2 CDF is half of 4 CDE, which= 4 CBA; 
. CBF is half of Z CBA. 
Similarly, FA, FE bisect 2s BAE, AED. 


Now drop trs FG, FH, EK, FL, FM on the sides 
AB, BC, CD, DE, EA. 
In As FHC, FKC, L FCH= 4 FCK, 
the rt. FHC=rt. 4 FKC, and CF is common; 
*. FHS FK. 

Similarly FK FL FMS FG. 

„. the © with centre F and rad. FH will pass through 
G, H, K, L, M, and will touch the sides of the penta- 
gon (. the cs at G, H, K, L, M are rt. 4s): 

*. it is the © reqd. 
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Note that for pentagon’ the word polygon’ might be substituted with- 
out invalidating the proof. 


We have therefore a general method of inscribing a circle in a given 
regular polygon of any number of sides. Compare IV. 8. 


Ex. 619.—An equilateral pentagon described about a circle is equi- 
angular, 


Let ABCDE be an equilatcral pentagon described about the © GHM 
(fig. of IV. 13), whose centre is F. 


Join FH, FB, FG, FA, FM, FE. 
Then AG=AM ; 
but AB=AE ; 
. GB=ME. 


f FG, GB=FM, ME, 
In 4s FGB, FEM Land rt. FGdB rt. 2 FME; 


.. 4FBG S Z FEM. , 
But 4s ABC, AED are easily shown to be double of zs FBG, 
FEM. (See Note 3, p. 193.) 
.. LABC= L AED. 
Similarly 4 AE D= 2 DCB, 
l = 4 BAE, 
= 4 EDC, 
(each z =the next but one to it). 
the fig. is equiangular. 
The method of proof is quite general. 


In any equilateral figure circumscribed about a circle, each angle 
is equal to the next but one to it. 

Hence :— 

If an equilateral figure circumscribed about a circle have an odd 
number of sides, it must be equiangular. Compare Ex. 618. 

Ex. 620.—If an equiangular pentagon be described about a circle, it 
must be equilateral. 


Use the fig. of IV. 13. The quadrilaterals AG FM, BHFG, etc., are 
cyclic. Hence 4s MFG, GFH, etc., each =ext. angle of given pentagon. 
Hence theorem follows by IV. 12. 

Note that the theorem is general. 
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PROPOSITION 14. PROBLEM. 
To describe a circle about a given regular pentagon. 


Let ABCDE be the given pentagon ; it is reqd. to describe a 
© about it. 
Bisect 2s BCD, CDE by CF, DF. 
A Join FB, FA, FE. 


‘BC, CF=DC, CF, 
, Dm As BCF, of (and . 


.. LOBF= L CDF. 
J But / CDF is half of CDE, which= 2 ABC, 
*. 4 CBF is half of L ABC. 
c~ D Similarly FA, FE bisect ¿s EAB, DEA. 
Again. 4 BCD= CODE, 
*. their halves are equal; 
ze. LFCD=4L FDC; 
*. FC=FD. 
Similarly it may be shown that FO FES FAS FB; 
. the © described with centre F and radius FA 
will pass through A, B, C, D, E; 
.*. it is the © reqd. 
Alternative Method. 
Join BD, and about ABCD describe a ©: this shall be 
A the © reqd. 
| For if it does not pass through E, let it 
B cut DE or DE produced in E’. Join 


' CE, CE’. 
CD, DE=BC, CD, 
In As CDE, BCD{ nd 2 CDE= < BCD, 
. CED S 4 CBD. 
= 4 CE’D in the same segt., 
which is impossible. II. 16. 
Similarly it can be shown that the O will pass through A. 
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Note that each of the above methods is general. 
We have therefore two general methods of describing a circle about a 
given regular polygon of any number of sides. 


Ex. 621.—The circle through any three successive vertices of a regular 
polygon passes through all the remaining vertices. 


Ex. 622.—The circle through any three vertices of a regular polygon 
passes through the remaining vertices. 
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PROPOSITION 15. PROBLEM. 


To inscribe an equilateral and equiangular hexagon ina 
given circle. 


Let ABCDEF be the given ©. | 

Find the centre G, and draw the diamr. AGD. 
With centre D and radius DG describe a © EGC. 
Draw the diamrs. CGF, EGB. 

Join AB, BC, CD, DE, EF, FA. 

ABCDEF shall be the reqd. hexagon. 


BC 


Ad is equilateral, II. 
. all its angles are equal. 
. 4 CGD one: third of two rt. Cs. 
Similarly 4 EGD one: third of two rt. Cs. 
. CGB Sone: third of two rt. cs, I. 18 
. BGE is a st. line]; 
-- CGD S 2 EGD= 4 CGB. 
But Z CGD= 4 AGF, L EGD= z BGA, 
and L CGB= 4 EGF ; 
. these six Ls are equal; 
, the arcs AB, BC, CD, DE, EF, FA are equal; 
* the chds. AB, BC, CD, DE, EF, FA are equal; 
i. e. the hexagon is equilateral. 
Also each of its angles stands on an arc made up of four of 
the six equal arcs AB, BC, CD, DE, EF, FA. 
. it is also equiangular ; 
. it is the hexagon reqd. 
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Cor. (i.).—From this it is clear that the side of the hexagon is equal 
to the radius of the circle. 


Also that the methods of IV. 12, IV. 13, IV. 14 are as applicable to the 
regular hexagon as to the regular pentagon. 


Cor. (ii.)—The circumference of a circle can be divided into 3, 6, 12, 
24. . . equal arcs. 


Ex. 623.—To describe a regular hexagon on a given finite straight line. 
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PROPOSITION 16. PROBLEM. 


To inscribe an equilateral and equiangular quindecagon in a 
given circle. 


Let ABC be the given ©, AC the side of an equilateral A, 
and AB, BE sides of a regular pentagon inscribed in it. 

Then of such equal arcs as the whole Oce contains (fifteen), 
the arc ABC (which is one-third of it) contains five, and 
the arcs AB, BE (which are each one-fifth of it) contain 
six; 


the arc CE is one-fifteenth part of the O ce; 
. if chds. equal to CE be placed round in the whole O, 
a regular quindecagon will be described. 


The methods of IV. 12, IV. 13, and IV. 14 apply to the 
regular quindecagon as well as to the regular pentagon ; 


NOTE. 


Euclid does not prove that the quindecagon is equiangular. This is 
easily deduced from the fact that each angle stands on an arc which is 
made up of thirteen of the fifteen equal arcs subtended by the sides. 

Compare the demonstrations of IV. 11 and IV. 15, and note that if a 
figure inscribed in a circle be equilateral, it must be equiangular, since 
each of its angles stands on an arc which is equal to the whole circum- 
ference diminished by two of the whole set of equal arcs subtended by the 
sides of the figure. 
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ON THE CIRCUMSCRIPTION AND 
INSCRIPTION OF CIRCLES. 


‘The locus of the centre of a circle which passes through two given 
points is the perpendicular bisector of their join’ (see p. 165). 

Hence, when a polygon is such that a circle can be described about tt the 
centre of that circum-circle is the point of intersection of any two 
perpendicular bisectors of its sides which are not coincident. 

We can therefore determine the centre by drawing the perpendicular 
bisectors of any two consecutive sides. 

€ The locus of the centre of a circle which touches two straight lines 
drawn from a point is the internal bisector of the angle between them’ 
(see p. 193). 

Hence, when a polygon is such thal a circle can be inscribed tn it the 
centre of that in-circle is the point of intersection of any two internal 
bisectors of its angles which are not coincident. — 

We can therefore determine its centre by drawing the internal bisector 
of any two consecutive angles. 

The student is requested to notice that, speaking generally, 

(1) to get the centres of circum-circles we bisect sides. 
(2) to get the centres of in-circles we bisect angles. 

Regular figures have the exceptional property that the point of inter- 
section of the perpendicular bisectors of any two consecutive sides 
coincides with that of the internal bisectors of any two consecutive angles, 
and we have, for the sake of uniformity, bisected angles to get the centres 
of the circum-circles of the square (IV. 9), and regular pentagon (IV. 14), 
as well as those of the in-circles (IV. 8, 13). The same method would 
apply to the circum-circle of the regular (i. e. the equilateral) triangle, but 
not to that of any figure (triangle or other) which ts irregular. 

It will be found on examination that a regular polygon of # sides (some- 
times called a regular n-gon) has z axes of symmetry which all pass 
through a common point equidistant from the vertices and also from the 
sides, and which is therefore both the circum-centre and the in-centre of 
the polygon. 

If is odd each axis passes through one vertex and through the mid- 
point of one side. 

If # is even the axes are of two kinds; onc half of them pass each 
through two vertices, the other half each through the mid-points of two 
sides. (Henrici, Congruent Figures.) 
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We can determine the common centre of the in-circle and circum- circle 
by drawing any two of these axes of symmetry. 

In the case of the square the simplest practical way is to draw the two 
diagonals (which are axes of symmetry). A similar method applies to all 
regular polygons of an even number of sides. 

This common centre is sometimes called the centre of the polygon. 


Ex. 624.—ABCDEF is a regular hexagon ; show that AD is an axis of 
symmetry (see p. 23), and hence determine its in-centre. 


Ex. 625.—Apply a similar treatment toa regular octagon ABCDEFGH. 

In the case of a regular pentagon there is no simpler way than that given 
in the text for determining two axes of symmetry, viz. that of drawing the 
internal bisectors of two of its angles, and the same remark applies to any 
regular figure with an odd number of sides. 

It is worth noticing that 

(1) Any eguilateral figure inscribed in a circle is equiangular. 

(2) Any eguiangular figure described about a circle is egustlateral. 

But that we can only assert that 

(3) Any eguiangular figure inscribed in a circle is equilateral if the 
number of sides be odd. 

(4) Any equilateral figure described about a circle is eguiangular sf the 
number of sides be odd. 

To fix these four propositions in the mind it is best to take the simplest 
sllustrative cases of the necessity in (3) and (4) of the restriction that the 
number of sides must be odd. 

If we join the ends of any two diameters of a circle we obtain a rectangle 
which is eguzangular although not necessarily equilateral. 

If we draw tangents at the ends of any two diameters of a circle we 
obtain a rhombus which is eqguslateral although not necessarily equiangular. 

See Exs. 172, 173. 


DEFINITIONS. 
Book IV. 


I. A rectilineal figure is said to be inscribed in another rectilineal 
figure, when all the angles of the inscribed figure are upon the 
sides of the figure in which it is inscribed, each upon each. 

II. In like manner, a figure is said to be described about another 
figure, when all the sides of the circumscribed figure pass through 
the angular points of the figure about which it is described, each 
through each, 
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III. A rectilineal figure is said to be inscribed in a circle, when 
all the angles of the inscribed figure are upon the circumference of 
the circle. 


IV. A rectilineal figure is said to be described about a circle, 
when each side of the circumscribed figure touches the circum- 
ference of the circle. 


V. In like manner, a circle is said to be inscribed in a rectilineal 
figure, when the circumference of the circle touches each side of 
the figure. 


VI. A circle is said to be described about a rectilineal figure, 
when the circumference of the circle passes through all the angular 
points of the figure about which it is described. 


VII. A straight line is said to be placed in a circle, when the 
extremities of it are in the circumference of the circle. 


MISCELLANEOUS EXERCISES. 
(BOOK IV.) 


Ex. 626.—Any odd number of equal arcs AB, BC, . . . GH being taken 
consecutively on a circle, show that AH is parallel to one of the equal 
chords subtending them. 


Ex. 627.—Any even number of equal arcs AB, BC, . . GH being taken 
on a circle, show that AH is parallel to the tangent at one of the points of 
section. 


Ex. 628.—Each diagonal of a regular polygon of an odd number of sides 
is parallel to one of the sides, and to the tangent at one of the vertices. 


Ex. 629.—Each diagonal of a regular polygon of an even number of 
sides is parallel either to two of the sides or to the tangents at two of the 
vertices. | 

Ex. 630.—To describe a regular hexagon on a given straight line. 


Ex. 631.— The regular hexagon inscribed in a circle is three-fourths of 
that circumscribed about the same circle. 


Ex. 632.—The circum- radius of one regular hexagon is twice the 
in- radius of another; show that the first is three times the second in area. 
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Prove, by dissection and superposition, that the first contains nine of such 
egual parts as the second ts divided into by perpendiculars from sts centre on 
three alternate sides. 

Ex. 633.—AB is the diameter of a circle; AD, DE sides of a regular 
inscribed pentagon ; C any point on the circumference. Show that angle 
BCE is one-fifth of a right angle. 


Ex. 634.—AB, BC, CD are three equal arcs of a OABCD; AE, 
EBF, FCG, GD are tangents at A, B, C, D. Show that AC, BD, EG 
are concurrent. 


Ex. 635.—DA is one side of a regular hexagon inscribed in a circle; 
AB is a tangent equal to AD and making an obtuse angle with it. If BD 
cut the circle in E, show that AE is the side of a regular duodecagon in 
the same circle. 

Also if the line joining B to the centre cut the circle in F, EF is the 
side of a regular 24-gon in the same circle. 


Ex. 636.—Regular pentagons ABC’D’E’, aBCde are constructed on 
the sides AB, BC of a given regular pentagon. Show that BC, Bd, Be 
are in a straight line with BD’, BE, BA respectively. 


Ex. 637.-—Show how to cut out six equal regular pentagons from a 
given regular pentagon. 

Ex. 638.—A, B, C, D, E, F, G, H, K, L are points which divide a 
circle whose centre is O into ten equal arcs. 

If BG, AD intersect in M show (from III. 27, Cor.) that 

4AMB=2GBA=2FAB 
and that 2 AOB = L OAM = 2 BAM. 

Show also that rect. OB. BM sq. on OM, and deduce the construction 

of IV. 10. 


Ex. 639.—H is the mid-point of the side AB of a regular n-gon whose 
centre is CO. If HC is produced to D so that OD CA or CB, show that 
D is the centre of a regular 2n-gon whose side is AB. 

Hence if R, r be the circum- and in-radius of a regular polygon of any 
number of sides, R’, r’ those of a regular polygon of the same penere 
but double the Auni ber of sides, 

R3=4R(R+r) 
MRT). 
(Legendre, Eléments de Géométrie.) 
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THE PRINCIPAL CIRCLES OF A 
TRIANGLE. 


1. The Circum-circle. 

2. The In-circle. 

3. The Ex-circles. 

4. The Nine-point-circle. 

5. The Tucker-circles (including as special cases the Cosine, Tripli- 
cate Ratio, and Taylor circles). 

6. The Brocard circle. 

The first three of these have been discussed at length in IV. 4, 5, and 
the notes appended thereto. 

The theorem involved in the definition of the fourth—the nine-point- 
circle—has been given as Ex. 434; the demonstration of the theorem being 
suggested to the student by the previous chain of exercises, 427-433. 


On account of its remarkable properties, and the attention paid to it by 
geometers, we add some demonstrations of the property from which it 
derives its name. 


PROPOSITION. 


The projections P, Q, R of the vertices A, B, C of a triangle ABC on 
the opposite sides BC, CA, AB; the mid-point D, E, F of those sides; 
and the mid-points U, V, W of the lines TA, TB, TC joining the ortho- 
centre T to the vertices, are concyclic. 


FIRST DEMONSTRATION. 


Join EF, FV, VW, WE, EV, FW. 
*.° F, V are mid-pts. of AB, TB; 
.. FV is || to AT. 
Similarly EW is || to AT, and EF, VW are || to BC, 
But AT is Lr to BC; 
.. EF VW is a rectangle ; 
.. its diagls. EV, FW are equal and bisect each other. 


— — ~ z 8 
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Similarly FW, DU are equal and bisect each other ; 
. DU, EV, FW are all equal and bisect each other; 
. the © on DU as diamr. will pass through E, F, V, W. 


D 
Also. DPU is a rt. 4 
it will pass through P. 
Similarly it will pass through Q and R. 


SECOND DEMONSTRATION. 


Let S be the circum-centre of A ABC, 
join QR, EF, SE, SF, ST and bisect ST in H. 

. BRC, BQC are rt. Zs, 

.. B, R, Q, C are concyclic ; 

*. LAQR= ABC 
= LAFE (. EF is || to BC); 
.. E, Q, R, F are concyclic. 
A 


Now the perpr. bisectors of EQ, FR must each pass through the mid-pt. 
H of ST (. SE, TQ are Lr to EQ and SF, TR to FR); 
. His the centre of a © passing through E, Q, R, F. 
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Similarly H is the centre of a © passing through F, R, P, D; 
.. these Os must coincide, [III. 5. 
ze. the © through P, Q, R passes through the mid-pts. D, E, F of 
BC, CA, AB. 
But P, Q, R are also projns. of the vertices of A ATB on the opposite sides; 
.. the © through P, Q, R passes through the mid-pts. U, V of TA, TB. 
Similarly it can be shown to pass through W. 


THIRD DEMONSTRATION. 


The construction of the figure is left to the student. 
Join QU, QR, QD, RU, RD, 
. AT, AR are rt. Ls; 
.. A, Q, T, R lie on a © whose centre is U. 
Hence 2URT= Z UTR (C. rad. URS rad. UT) 
Cg. 

Similarly C, Q, R, B lie on a © whose centre is D, 
and L DRC S 4 DCR (. rad. DC rad. DR); 
.. whole L DRU = zs CTP, DCR, 

= ext. L DPT, which is a rt. . 
Similarly 2 DQU is a rt. -; 
.. the © on DU as diamr. passes through P, Q, R, 
i.e. the © through P, Q, R has DU for a diamr. 
Similarly it has EV and FW for diamrs. 


The previous circles and their most important properties have long 
been known to geometers. We have now to draw the attention of the 
student to a group of circles whose existence seems to have passed un- 
noticed until quite recently. In the demonstrations given of their pro- 
perties, we shall suppose the triangle ABC neither right-angled nor 
rsosceles. 
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ANTI-PARALLELS—TUCKER'S CIRCLES. 


Der.—If a straight line, £», makes with the side AC of a triangle 
ABC the angle Af», equal to the angle B (and therefore also the 
angle Arg with AB equal to the angle C) it is called ‘an anti- 
parallel to BC with respect to A.’ 


When there is no doubt with respect to what vertex the anti-parallelism 
exists, the words ‘ with respect to A’ are frequently omitted. 


When a ‘parallel’ or an ‘anti-parallel’ to the base of a triangle is 
mentioned, the student must gather from the context whether an indefinite 
straight line is intended or the segment of that straight line intercepted 
between the other two sides of the triangle. If we speak of its ‘ ends,’ or 
its ‘mid-points,’ we are of course using the word in its restricted sense. 


Prop. 1.—All anti-parallels to a given side of a triangle with 
respect to the opposite vertex are parallel to one another and to 
the tangent at that vertex to the circum-circle of the triangle. See 
Ex. 362. 

Conversely :—All parallels to the tangent at a vertex to the 
circum-circle of the triangle are anti-parallel to the opposite side 
with respect to that vertex. 


Anti-Parallels—Tucker's Circles. 317 


Pror. 2.— The ends of any side of a triangle and an anti-parallel 
to it with respect to the opposite vertex are concyclic. 


Prop. 3.—The ends of a parallel and an anti-parallel to the same 
side of a triangle are concyclic. 


Prop. 4.—If the anti-parallels By, Ay to BC, CA are equal, then 
BA is parallel to AB. 

Conversely :—If BA is parallel to AB, the anti-parallels Bv, Ay to 
BC, CA are equal. 

(Since A ABC is not right angled, the anti-parallels will meet: let 
them meet in N, and show that As Nvy, NBA are isosceles.) 


Cor.—Given any anti-parallel By to BC within a triangle ABC, 
two anti-parallels yA, ap to CA, AB equal to By, can always be 
found within the triangle. 

(By drawing parallels Bd, va to AB, AC.) 


Prop. 5.—If Bv, yA, ap be three equal anti-parallels to BC, AC, 
AB, their six ends g, v, y, X, a, p are concyclic. 


Since A ABC is not right angled, no two of these anti-parallels can be 
parallel to each other. They will therefore in general form a triangle LMN. 
Let 7 be its in-centre. 

. Bv, yA are equally inclined to AB; 
.. Ny is isosceles ; 
. . the internal bisector of 2 N bisects y» at rt. Zs; 
.. the Lr bisector of »y passes through r. 
Similarly the Lr bisector of Aa passes through 7 
Again. BY an, 
. vais || to AC; 
. v, a, A, y are concyclic ; 
. T is the centre of a © through », a, X, y. 
Similarly 7 is the centre of a © through £, A, a, u; 
.*. the six points £, v, y, X, a, u all lie on one and the same ©. 
Such a circle is called a ‘ Tucker circle’ of the triangle ABO. 
Cor.—If any two of the three points L, M, N coincide, the three 
coincide, and the point of coincidence K is the centre of the circle through 
B, v, , X, a, u, which is then called the ‘cosine circle’ of the triangle ABC. 
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SYMMEDIANS — COSINE, TRIPLICATE 
RATIO, AND TAYLOR'S CIRCLES. 


Prop. 6.—The locus of the mid-points of anti-parallels to a side of 
a triangle with respect to the opposite vertex is a straight line. 

The proof is left as an exercise to the student. (Compare Ex. 109.) 

Such a straight line is called a Symmedian line,’ or a Symmedian of 
the triangle. 

Prop. 7.— The three symmedian lines of a triangle co-intersect 
at the centre of a Tucker’s Circle. 


Through the intersection K of the symmedians through B and C, draw 
anti-parallels £», yA, au to BC, CA, AB. 
Then KG = Ka (. 2 KHAN 2 B= Kuß) 
= Ka (. K is on the symn. through C) 
= KX (. 2 KaA= L A= L Kda) 
= Ky (. K is on the symn. through B) 
= Kp (. 2 Kyy = L C= 2 Kry); 
.. (1) K is on the symmedian through A, 
(2) a circle can be described with centre K to pass through the 
ends of the equal anti-parallels 8, Y, au. 
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(i) This point K is called the Symmedian point of the triangle ABC. 

It is also sometimes spoken of as Lemoine’s point,’ or the point de 
Grebe.’ 

(ii) This circle is called the Cosine circle of the triangle ABC. 

It is also sometimes spoken of as the second Lemoine circle. 


Prop. 8.—The ends of the parallels py, va, BA to the sides BC, 
CA, AB of a triangle ABC through the symmedian point K lie on a 
Tucker’s circle whose centre is the mid-point of the line joining K 
to the circum-centre S of triangle ABC. 


A 


. AvKB is a || gm, 
.. KA bisects B; 
.. Bv is anti-parallel to BC. 
Similarly , au are anti-parallel to CA, AB. Also BS NMS au. 
Take A’ on py such that 
A= Ku=aC, 
and .. uA’ = Ky= BR; 
.. CayA’, BAA’ are || gms, 
and KA’, wy have a common perpr. bisector. 
Then BA! = Nu 
=ay 
e. 


.. the circum-centre S lies on the perpr. to BC through A'. 
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Again, the perpr. bisector of aà is also that of uy, and.. of AK; 
.. it passes through o, the mid-pt. of KS. 
Similarly the perpr. bisector of Bu also passes through o, 
. ø is the centre of the © through a, p, P, X. 
Similarly it is the centre of the © through £, v, Y, u, 
. a, u, B, ”, Y, X lie on a © whose centre is o. 
This circle is called the Triplicate Ratio Circle of the triangle ABC. 
It is also sometimes spoken of as the First Lemoine Circle. 


Pror. 9.—If Bv, yA, ap be the anti-parallels obtained by joining the 
mid-points L, M, N of the sides of the pedal triangle PQR of the 
triangle ABC, their ends lie on a Tucker’s circle whose centre is the 
in-centre, r, of triangle LMN. 

. LM, LN are || to PQ, PR they are equally inclined to BC, 
*. Laa D (1) 
Again, . LX is || to PQ, 
Lu, LQ are equally inclined to AC, 
.. Lu=LQ. 
Similarly Ly=LR, 
„ Lae= cy (2) 

From (1) and (z) it follows that the internal bisector of 2 NLM is the 
common perpr. bisector of aA, py and that the anti-parallels yA, an 
are equal. 

Similarly for the perpr. bisector of Bu, va; and for that Y, À$, 
. these bisectors cointersect at the in- centre r of A LMN 
And Br = yà = an. 
Hence the theorem. 
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Cor.—The intersections of the circle with the sides of the triangle are 
the projections of P, Q, R on the sides. 
Le EQ ain, 
.. the © on RQ as diamr. passes through A, y, 
.. RA, YR are rt. Zs. 


This circle is sometimes called Taylor's Circle. 


322 Euclid’s Elements. 


THE BROCARD POINTS AND THE 
BROCARD CIRCLE. 


Prop. 10.—One point O and only one can be found within a 
triangle such that 2. OAB= 2 OBC= 2 OCA. 
It has been shown on p. 221 that such a point exists. 
To show that there is only one, let O be any such pt. ; describe a © 
about 4 AOC; produce BO to cut in P, and join AP. 
Then. ZLOAB=2zOCA, 
the © touches AB at A, 
. it is a fixed ©. 
Also LOPA= COCA. 
= LOBC, 
. AP is || to BC; 
. P is a fixed pt.; 
.. BP is a fixed st. line; 
d.. O a fixed pt. 
Prop. 11.—One point O’, and only one, can be found within a 
triangle ABC such that 2 O’BA= CO! CBS L O' ACC. 
Prop. 12.—The circum-centre S, the symmedian point K, and the 
Brocard points O, O’ of a triangle ABC are concyclic. 
On the parallels uy, va, AB through K to BC, CA, AB take A’, B', C 
such that 
YA = Ku; aB'= Kr; C/ = KX. Fig. of Prop. 8. 
Then it follows, as in Prop. 8, that SA’ is Lr to A, and x is || to BA’; 
.. the © on KS as diamr. passes through A“. 
Similarly it passes through B’ and C’, 
From this circle cut off segts. KSO, KSO’, each containing an angle 
equal to the angle w, subtended at the circumference of the © through 
a, u, Ê, », Y, A by one of the equal anti-parallels au, By, IX. 
Then 4 KA’/O= Z pra, 
= 4 CBA’, 
. B, A’, O are in a st. line; 
.. OBO SV. 
Similarly 2 OCA=w= 4 OAB, 
*. O is a Brocard point of 4 ABC. 
Similarly O’ is a Brocard point of a ABC. 
Cor.—A’, B', C“ are the intersections of OB, OC, OA with O'C, O'A, 


O’B m 
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The circle on KS as diameter is called the Brocard circle of the triangle 
ABC. 
The angle w is called the Brocard angle of the triangle ABC. 


For further information on this branch of Geometry the student is 
referred to Casey’s Sequel to Euclid; to the article by the Rev. T. C. 
Simmons on 7e Recent Geometry of the Triangle in Milne’s Companion to 
Problem Papers, and to a paper by R. F. Davis, M.A., in the Fourteenth 
Report of the Association for the Improvement of Geometrical Teaching. 

Ex. 640.—A circle is drawn to pass through the mid-point D of the base 
BC of a triangle ABC and touch AB at A. Show that it cuts BC again 
at the same point as the circle drawn through C to touch the symmedian 
through A at A. 

Show also that the above is a general property for pairs of tsogonal lines 
(see p. 236). 

Ex. 641.—The circle through the mid-point of BC touching AB at A 
cuts the join of the mid-points of AB, BC at the same point as the 
symmedian through A. 

Ex. 642.—The circles touching the symmedian through A and passing 
respectively through B and C are equal. 

Ex. 643.—In the figure of IV. ro CD is an anti-paraliel to AD with 
respect to B. 

Ex. 644.—In any triangle ABC, CD is drawn anti-parallel to AC with 
respect to B; show that BC touches the circum-circle of triangle CAD. 

Ex. 645.—ABCD is a cyclic quadrilateral. If AC is a symmedian of 
triangle ABD, show that it is also a symmedian of triangle BCD, and that 
BD is a symmedian of each of the triangles ABC, ACD. 

Ex. 646.—In an isosceles triangle each Brocard point lies on a median. 

Ex. 647.—If O, O“ are the Brocard points of triangle ABC, as defined 
on p. 221, show that the circles AOC, AQ’B intersect on the symmedian 
through A. 

Show also that they intersect on the Brocard circle of triangle ABC. 
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MISCELLANEOUS EXERCISES. 
(Books I.-IV.) 


Ex. 648.—AOB, COD are two intersecting straight lines, and each o. 
the figures AOCE, BODF is a rhombus. Show that EF passes through 
O, and that AC, BD are parallel. 

Ex. 649.—Straight lines drawn through A, C, the extremities of one 
diagonal of a parallelogram ABCD, respectively perpendicular and parallel 
to the other diagonal, intersect in E. Prove that BE=CD. 


Ex. 650.—ABC is a triangle having an acute angle B which is greater than 
the angle at A: the side AB is produced to D, and BE is drawn to meet 
AC produced in E in such a way that the angle DBE is equal to the angle 
ABC. Showthat BE is longer than BC. 


Ex. 651.—If one of the parallelograms about the diagonal of any 
parallelogram is equal to half one of the complements, show that the 
complement is equal to half the other parallelogram. 


Ex. 652.—Divide a given straight line into two parts so that the 
rectangle contained by the whole and one part may be equal to the 
rectangle contained by the other part and a given finite straight line. 


Ex. 653.—The diagonal AC of asquare ABCD is produced to E, so that 
CE=BC. Prove that square on BE =rectangle AC, AE. 


Ex. 654. AB is a triangle having a right angle at C: from any point D 
in AC is drawn DE perpendicular to AB, Without using any property of the 
circle, show that rectangle CA.AD=rectangle BA.AE. 


Ex. 655.—A line of given length moves with its ends on two straight 
lines at right angles to each other. Find when its mid-point is at (1) its 
minimum, (2) its maximum distance from a given straight line, or a 
given circle. 

Ex. 656.—The circle described with centre A and radius AB cuts the 
circum-circle of the rectangle ABCD in E. Show that CE=AD, and 
that DE is parallel to AC. 

Ex. 657.—If one of two equal chords of a circle bisects the other, then 
each bisects the other. 

Ex. 658.—With the notation of Ex. 426-439, show that the circum-circles 
of the cyclic quadrilaterals AQTR, BRQC cut cach other orthogonally. 
Similarly for the circum-circles of CPTQ, AQPB, and of BRTP, CPRA. 
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Ex. 659.—ABCD is a quadrilateral having CD parallel to AB. If AD 
is a tangent to the circum- circle of triangle ABC, show that BC is a 
tangent to the circum- circle of triangle ACD. 


Ex. 660.—Show that all circles whose centres lie on a given straight 
line, and whose circumferences pass through a given point, have a 
common chord of intersection. 


Ex. 661.—ABCD is a quadrilateral inscribed in a circle whose centre 
is O: if the angles BAD, BOD are supplementary, show that the arc 
BAD is double the arc BCD. 


Ex. 662.—A, B, C are three points ona circle; D and E are mid-points ot 
arcs AB, BC: the chordsAE, CD cross at F. Show that EF =chord CE. 


Ex. 663.—The join of the in- and circum-centres of a triangle subtend 
at each vertex an angle equal to half the difference of the angles at the 
other two vertices. 


Ex. 664.—From any point P in the base BC of a triangle ABC, PE, 
PF are drawn parallel to two given straight lines to meet CA, AB in 
E, F. The circum-circle of PEF meets BC again in D. Show that the 
angles of DEF are the same for all positions of P. 


Ex. 665.—F is any point in the side AB of a triangle ABC. Find D 
and E in BC, CA, so that the angles of triangle DEF shall be equal to those 
of a given triangle. 

The last exercise should suggest the solution. 


Ex. 666.—Let two circles touch externally at P, and let any straight 
line through P meet the circles again at A and B. Show how to draw 
another straight line through P meeting the circles in C and D, so that if 
tangents be drawn at A, B, O, D, they may enclose a rectangle. 

Ex. 667.—D is any point in the base BC of an equilateral triangle 
ABC ; circles ADCE, ADBF are drawn about triangles ADC, ADB; 
BF, CE are parallel to CA, AB. Show that the triangles ADE, ADF 
are equilateral. Hence describe an equilateral triangle with one vertex at a 
given point, and the others each on one of two given parallel straight lines. 

Ex. 668.—If AB, AC are tangents at the points B, C of a circle, and 
if D is the mid-point of the arc BC, prove that D is the in-centre of 
triangle ABC. 


Ex. 669.—The four straight lines bisecting the exterior angles of any 
quadrilateral form a cyclic quadrilateral. 


Ex. 670.—A and B are two fixed points, and AC, AD are fixed straight 
lines, such that BA bisects angle CAD. If any circle passing through A 


326 Euclid’s Elements. 


and B cut off the chords AK, AL from AC, AD, show that the sum of 
these chords is constant. 

(Use the corollaries to III. 26, III. 29.) 

Also if P be the other end of the diameter through A, show that the 
difference of the chords PK, PL is constant. 


Ex. 671.—AB is a given chord of a circle APB ; P any point on the 
circle; the internal bisector of angle APB meets AB in Q. Show that 
the locus of the circum-centres of triangles APQ, BPQ consists of the 
four sides of a kite, of which AB is a diagonal. 


Ex. 672.—PQ is the common chord of two circles which cut each 
other orthogonally : any point T is taken on either circle, and PT, QT, 
produced if necessary, cut the other circle in AB. Show that AB is a 
diameter of circle APQ. Also if AQ, BP meet in C, CT is the 
diameter of circle PTQ which is perpendicular to AB. Show also that 
the nine-point-circle of triangle ABC is fixed for all positions of T. 


Ex. 673.—The ends of any diameter AT of a circle and the ends of the 
diameter BC perpendicular to AT of another circle, which cuts the first 
orthogonally, are also the ends of the diameters perpendicular to each 
other of two other pairs of circles which cut each other orthogonally. 


Ex. 674.—A, B, C, D are concyclic. Show that the Simson lines of 
A, B, C, D, with respect to triangles BCD, CDA, DAB, ABC, and the 
nine-point-circles of those triangles, all pass through the same point. 

Ex. 675.—A, B, C, D are concyclic. Show that the ortho- centres 
a, b, c, d of triangles BOD, CDA, DAB, ABC lie three by three on four 
equal circles. Catalan’s Zhéordmes et Problèmes de Géométrie Élémentaire. 
(See Exs. 423-426, 533.) 

Ex. 676.—A, B, C, D are concyclic. If a, b, c, d are the ortho- 
centres of triangles BCD, CDA, DAB, ABC, show that A, B, C, D are 
the ortho- centres of triangles bed, cda, dab, abc. 


Ex. 677.—Describe a square which shall have the ends of one diagonal 
on one given circle and the ends of the other diagonal on the other given 
circle. What condition must be satisfied that this may be possible? 


THE HARPUR EUCLID 


BOOKS V. and VI.. 


2 B 
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Books V. and VI. treat of Ratio and Proportion. Book V. 
explains the terms used and establishes general theorems; 
Book VI. applies these terms and theorems to plane figures. 

On account of the difficult nature of Book V., it is usual to 
omit it from the student’s course of reading; but he must 
acquaint himself with the terms used, and with many of the 
theorems established in it before he proceeds to Book VI. 
These theorems he is allowed to assume as axioms ; but he will 
probably make much better progress in Book VI. if he sees how 
they follow from Euclid’s definition of proportion (see Book 
V., Defs. 5 and 6). We shall therefore give proofs depending 
on the definitions. In these and in our illustrations of the 
definitions we shall use the notation recommended by De 
Morgan, and adopted by the Association for the Improvement 
of Geometrical Teaching in its Sy//adus and Elements. 

Our obligations to De Morgan’s works are very great. 


BOOK V. 
DEFINITIONS. 


1. A less magnitude is said to be a ‘part’ of a 
greater magnitude when the less measures the 
greater ; that is, when the less is contained a certain 
number of times exactly in the greater. 

The word ‘part’ is used in the restricted sense of 
‘aliquot part’ in Arithmetic. 

Sometimes a part is called a measure. 


2. A greater magnitude is said to be a multiple 
of a less when the greater is measured by the less; 
that is, when the greater contains the less a certain 
number of times exactly. 
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1 and 2 might be combined in one definition, thus :— 


If one magnitude contains another a certain 
number of times ay 

(1) the less is called a ‘part’ or ‘measure’ of the 
greater ; 

(2) the greater is called a ‘multiple’ of the less. 


3. ‘Ratio’ is a mutual relation of two magnitudes 
of the same kind to one another in respect of 
quantity. 

We have given the definition in its usual form; but the 
word ‘quantity’ is misleading. 

De Morgan translates thus: 

‘Ratio’ is a certain mutual habitude (oðxẽ s) of two 
magnitudes of the same kind depending upon their 
quantuplicity (7Acxorns). 

We may put the matter thus: the magnitudes are not com- 
pared as to their ‘how-much-ness’ (guanésty), but as to their 
‘how-manifold-ness’ (guantuplicity). 

Though the definition may not seem clear, Euclid’s notion 
of ratio differs little from the common one. Thus the mutual 
relation’ or ‘mutual habitude’ of a metre to a yard is roughly 
given by stating that 11 metres are about equal to 12 yards; 
or, with more accuracy, 32 metres are about equal to 35 yards. 
The ‘quantuplicity’ is estimated by a comparison of the 
multiples of a metre with those of a yard. 


The ratio of A to B is denoted thus, A: B. 


és ann — of the ratio A: B. 
99 
4. Magnitudes are said to have a ‘ratio’ to one 
another when the less can be multiplied so as to 
exceed the other. 
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Here again we have followed the usual faulty translation. 
The definition should run thus :— 

Magnitudes are said to have a ratio to one another 
when they can be multiplied so as to exceed the one 
the other. 

[Rationem inter se habere magnitudines dicuntur quæ 
multiplicatæ altera alteram superare possunt. —( Heiberg). | 

In its usual form the definition would seem merely to repeat 
the limitation of Def. 3, viz. :—to state, somewhat awkwardly, 
that the ‘mutual relation’ called ‘ratio’ only exists between 
magnitudes of the same kind. It seems probable, however, as 
De Morgan suggests, that Euclid intended it to point out 
that the two magnitudes must be such that, no matter how 
large a multiple of either of them was, a multiple of the other 
can be found which exceeds it. Thus, no matter how great 
a length a number of metres may make, a greater length can 
always be found containing an exact number of yards. 


5. The first of four magnitudes is said to have the 
‘same ratio’ to the second that the third has to the 
fourth, when, any equimultiples whatever of the first 
and third being taken, and any equimultiples what- 
ever of the second and fourth, the multiple of the 
third is greater than, equal to, or less than that of 
the fourth, according as the multiple of the first is 
greater than, equal to, or less than that of the 
second. 

This may be symbolically expressed hits: The ratio P: Q 
is said to be the same as the ratio X : Y, when, m and n beng 


Re e > > 
any whole numbers whatever, m nY according as mP = aQ, 
< < 
Thus, to show that the ratio 4: 7 is not the same as the 
ratio 9: 16 according to Euclid’s definition :— 
Take the equimultiples 28 and 63 of 4 and 9, and the 
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equimultiples 28 and 64 of 7 and 16, and we see that while 
the multiples that we have taken of 4 and 7 are equal, those 
that we have taken of 9 and 16 are not equal. 

The application of this test is easy when, as in the numerical 
example just given, a multiple of the first (7 times 4) can be 
found equal to a multiple (4 times 7) of the second, z.e. when 
the antecedent and consequent of the ratio considered have 
some common multiple (in our example 28). But the whole 
diffculty of the geometrical treatment of proportion springs 
from the fact that ratios have to be considered whose terms 
have no common multiple. Such quantities are said to be 
‘incommensurable,’ since, as the student should easily be able 
to satisfy himself, they have no ‘common measure’ either. 
We shall afterwards show that the diagonal and the side of a 
square are incommensurable. 

If it were not for the existence of such pairs of quantities, 
the ordinary Algebraical method by means of fractions would 
have been quite sufficient, and Euclid’s more difficult treat- 
ment unnecessary. 


6. Magnitudes which have the same ratio are 
called proportionals. 


Thus, if the ratio A:B is the same as the ratio of C: D, 
the four quantities A, B, C, D are called ‘ proportionals.’ 


This relationship is denoted symbolically, thus :— 
A: B:: C: O, 
which may be read 
As A is to B so is C to D; 
or, A is to B as C is to D. 


Definitions 5 and 6 are of the greatest importance, as they 
contain Euclid's test and definition of proportion. The 
student must not be satisfied until he has thoroughly grasped 
Euclid's meaning when he asserts that four quantities are 
proportionals: probably he will not see its full force until after 
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he has mastered VI. 1, which he ts advised to read at once 
after learning Definition 5. 

Definition 5 may be stated thus :— 

A is said to have to B the ‘same ratio’ that X has to Y 
when the multiples of A are distributed among those of B in 
the sarne manner as the multiples of X are distributed among 
those of Y; 

Or, symbolically, thus— 

A: B:: X: V, 
when, if mA lies between 2B and (2 ＋1) B, 
mX lies between V and (2 ＋ I) V, 
for all integral values of m and x. 

Probably no better illustration of the force of Euclid's 
definition of proportion can be found than that which De 
Morgan uses in the article on Proportion’ contributed by him 
to the Penny Cyclopedia, from which we proceed to quote in 
a condensed form :— | 


Q 
— 
+h 
= 
-p 
AUN 
+O 
“ba 


1 2 3 4 § 6 7 8 9 10 1 12 13 1 15 16 


There is a straight colonnade composed of equidistant 
columns, the first being distant from a bounding-wall, W, by 
a length, ©, equal to the distance between any two successive 
columns. 

In front of the colonnade let there be a row of equidistant 
railings, the first being distant from W by a length, R, equal 
to the distance between any two successive railings, and let 
both columns and railings be numbered from the wall. 

If we suppose this construction carried on to any extent, a 
spectator may without measurement compare the column- 
distance (C) with the railing-distance (R) to any degree of 
accuracy. For example, since the roth railing falls between 
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the 4th and sth columns, it follows that ro R > 4C and <sC, 
or that R lies between 50 C and 5, C. To get a more accu- 
rate notion he may examine the 10, oooth railing; if it fall 
between 4674th and 4675th columns, it follows that R lies 
between 3457555 C and yon C. It can also be shown that 
the ratio of C to R is determined when the order of distribu- 
tion of the railings among the columns is assigned ad infinitum. 
Any alteration, however small, in the place of the first railing 
must at last affect the order of distribution; suppose, for 
instance, that the first railing is moved further from the wall 
by -oo1 of C; the second railing must then be pushed forward 
twice as much, the third three times as much, and so on: 
those after the roooth are pushed forward by more than 1000 
times as much, that is, by more than C; or the order with 
respect to the columns is disarranged. 

Let it now be proposed to make a model of the preceding 
construction, in which c shall be the distance between the 
columns and r the distance between the railings. It needs 
no definition of proportion, nor anything more than the con- 
ception which we have of that term prior to definition, to 
assure us that C must be to R in the same proportion asc tor 
if the model be truly formed. Nor is it drawing too largely 
on that conception of proportion if we assert that the distri- 
bution of the railings among the columns in the model must 
be everywhere the same as in the original ; for example, that 
the model would be out of proportion if its 56th railing fell 
between the 18th and 19th column while the 56th railing of 
Original fell between the 17th and 18th columns. The obvious 
relation between the construction and its model contains the 
collection of conditions, the fulfilment of which, according to 
Euclid, constitutes proportion. 


7. When of the equimultiples of four magnitudes 
(taken as in the 5th definition) the multiple of the 
first is greater than that of the second, but the 
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multiple of the third is not greater than that of the 
fourth, then the first is said to have to the second a 
‘greater ratio’ than the third has to the fourth. 

This may be expressed symbolically thus :— 

If A, B, X, Y are four magnitudes and two whole numbers, 
m and z can be found such that 


| mA > nB, while at the same time mX p nY ; 
the ratio A: B is said to be greater than the ratio X: Y. 
8. ‘Analogy’ or ‘proportion’ is the similitude of 
ratios. 
9. Proportion consists in three terms at least. 


10. When three magnitudes are proportionals the 
first is said to have to the third the ‘ duplicate ratio’ 
of that which it has to the second. 

Thus ifA:B::B:C, 
then the ratio of A : C is called the ‘duplicate’ of the ratio 
A: B. | 


II. When four magnitudes are continual propor- 
tionals the first is said to have to the fourth the 
‘triplicate ratio’ of that which it has to the second, 
and so on, ‘quadruplicate,’ etc., increasing the 
denomination still by unity in any number of pro- 
portionals. 

Thus if A: B:: B: G, 
and B: C:: C: D 


C: D:: D: E, 
the ratio A: O is called the triplicate of the 
and , A: E 5 ‘quadruplicate’ j ratio A: B. 


DEFINITION OF COMPOUND RATIO. 


When there are any number of magnitudes of the 
same kind, the first is said to have to the last of 
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them the ratio ‘compounded of’ the ratio which the 
first has to the second, of the ratio which the second 
has to the third, and of the ratio which the third has 
to the fourth, and so on to the last magnitude. 

Thus if A, B, C, D be four magnitudes of the same 
kind, the ratio A: D is said to be ‘compounded of’ the 
ratios A: B, B: C, C: D. 


A: B:: E: F, 
en enges. H, 
O: D:: K: L., 
then the ratio of A: D is said to be ‘compounded of’ the 
ratios of E: F, G: H, K: L; 

And further, if, ‘he same things being supposed, M: N:: A: D, 
then the ratio M: N is also said to be ‘compounded of’ 
the ratios E: F, G: H, K: . 

There are few terms about which a student's notions are apt 
to be more hazy than about compound ratio.“ Special atten- 
tion must be given to it and to the propositions of Book VI. 
in which it occurs. 

Note that zf the ratios A: B, B: C are equal, the ratio 
‘compounded of’ them is called the ‘duplicate’ of the 
ratio A: B. (See Def. 10.) 

Similarly, if the ratios A: B, B: C, C: D are all equal, the 
ratio ‘compounded of’ them is called the ‘triplicate’ of the 
ratio A: B, and so on. (See Def. 11.) 


12. In proportionals, the antecedent terms are 
called ‘homologous’ to one another; so also are 
the consequents. 

Thus if A: B:: C: D, 
the terms A and C are said to be ‘homologous’ to one 
another; so also are the terms B and D. 


Geometers make use of the following technical words (per- 
mutando, invertendo, componendo, dividendo, convertendo, ex 
«cquait) to signify certain ways of changing either the 
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order or the magnitude of proportionals so that they 
still continue to be proportionals. 


13. ‘Permutando’ or ‘alternando,’ by permutation 
or alternately; used when there are four propor- 
tionals, and it is inferred that the first has the same 
ratio to the third which the second has to the fourth. 

It is demonstrated in V. 16 that if A, B, C, D be four 
quantities of the same kind such that A: B:: C: D, 

then A: O:: B: D. 


14. Invertendo, by inversion; used when there 
are four proportionals, and it is inferred that the 
second is to the first as the fourth is to the third. 

It is demonstrated in V. B’ that if A: B:: C: D, 

then B: A:: DO: C. 
The ratio B: A is called the ‘reciprocal’ of the ratio A: B. 


15. ‘Componendo, by composition; used when 
there are four proportionals, and it is inferred that 
the first together with the second is to the second 
as the third together with the fourth is to the fourth. 

It is demonstrated in V. 18 that if A: B:: C: D, 

then AB: B:: CD: D. 


16. ‘Dividendo’ by division; used when there are 
four proportionals, and it is inferred that the excess 
of the first above the second is to the second as the 
excess of the third above the fourth is to the fourth. 

It is demonstrated in V. 17 that if A+B : B:: C+D : D, 

then A: B:: C: D. 


17. ‘Convertendo, by conversion; used when there 
are four proportionals, and it is inferred that the 
first is to its excess above the second as the third is 
to its excess above the fourth. 
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It is demonstrated in V. E’ that if A+B:B::C+D:D, 
then A+B :A::C+D:C. 


18. ‘Ex æquali, or ‘ex æquo, from equality of 
distance; used when there is any number of magni- 
tudes more than two and as many others so that 
they are proportionals when taken two and two of 
each rank, and it is inferred that the first is to the 
last of the first rank of magnitudes as the first is to 
the last of the others. 


Of this there are the following two kinds which arise from 
the different order in which the magnitudes are taken, two and 
two :— 

19: It is demonstrated in V. 22 that— 

If A, B, C are three magnitudes of the same kind, 
and X, Y, Z form another set of magnitudes, such that 

A:B::X:Y, 
and B: C:: V: 2, 
then A: C:: X: 2. 

The demonstration can be easily extended to any number 

of magnitudes. 


20. It is demonstrated in V. 23 that 
If A, B, C are three magnitudes of the same kind, 
and X, Y, Z form another set of three, such that 
A: B:: V: 2 
and B: C:: X: V, 
then A: C:: X: 2. 
The demonstration can be easily extended to any number 
of magnitudes. 


From 19 and 20 we see that 


(‘Ratios compounded of equal ratios are equal.’ 
See definition of ‘Compound Ratio.’) 
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AXIOMS. 


1. Equimultiples of the same or of equal magni- 
tudes are equal to one another. 


2. Those magnitudes of which the same or equal 
magnitudes are equimultiples are equal to one 
another. 


3. A multiple of a greater magnitude is greater 
than the same multiple of a less. 


4. That magnitude of which a multiple is greater 
than the same multiple of another is greater than 
that other magnitude. ` 


In what follows we adopt the notation of the Syllabus. 

Large Roman letters, A, B, etc., are used to denote magni- 
tudes, and where the pairs of magnitudes are both of the same 
kind they are denoted by letters taken from the same part of 
the alphabet, as A, B compared with C, D; but where they 
are or may be of different kinds, from different parts of the 
alphabet, as A, B compared with P, Q or X, Y. 

Small Italic letters, m, 2, etc., denote whole numbers. 

By mA is denoted the mth multiple of A, and it may be 
read as ‘m times A | 
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PROPOSITION 1. 


Let there be any number of magnitudes A, B, C ... which are 
equimultiples respectively of A, B', C'; then the sum of 
A, B, C ... is the same multiple of the sum of A’, B', C’ 
as A is of A, B of B', etc. 
Suppose Arg 2A, B=2B’, C=20,, etc., 
then A+ B=A’+A’+B’+B;, 
= A'+ B’+A'+B’, 
= 2(A’+ B^). 
Hence A+B+C= 2(A’+ B’+C’), and so on. 
Similarly if A, B, C be treble, quadruple, etc., of A’, B’, C’ 
respectively. 


NOTE. 


We learn from this theorem that 
© mA+mB+mC...=m(A+B4C...). 
The particular case demonstrated has been assumed in III. 21. 
The proposition asserts that , 
mA+mB+mC...=m(A+B+C...) 
for any number of magnitudes A, B, C, and any value of the positive 
integer m. 


PROPOSITION 2. 


If A and C are equimultiples of B and D, and E and F are 
also equimultiples of B and D, then A E and CF 
are equimultiples of B and D. 
For let A= B and ESB, 
then CSD and FD, 
then AES BER, 
=(m+n)B,) 
and C+ F=(mw+u)D. ) 


— — -~ x 
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PROPOSITION 8. 


If A and C are equimultiples of B and D, and E and F are 
equimultiples of A and C, then E and F are equi- 
multiples of B and D. 

Let A=2B, 
and C=2D, 
E=3A, 
and F=3C. 
Then E= AT AHA, 
=2B+2B+ 2B. 
Similarly F=2D+2D+2D; ` 
.. E and F are equimultiples of B and D. 
Similarly for other equimultiples, and generally 
g(mB) and g(mD) 
are always equimultiples of B and D. 


PROPOSITION 4 


If A: B:: C: D, 
then MA: 2B :: mC : nD. 
For (mA), ~(mC) are equimultiples of A and C, 
and g(#B), g(#D) are equimultiples of B and D; 


> > 
.. (C) =) according as A = NB); 
< < 
. MRA: B:: mC: aD. 


PROPOSITION 5. 


If ABS UA NT BB), 
and B=mB’, 
then ArmA. 
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For A+ B=m(A'+ B), 


= mA’ + mB’, 
and B=mB’ ; 
.. A= mA. 


Hence if P 
mP—mQ=m(P—Q). 


PROPOSITION 6. 


If A E and BA F be equimultiples of C and D, and E and F 
be equimultiples of C and D, then A and B are either 
equimultiples of C and D or equal to them. 

Let A+ E=(m+2)C, 
B+F=(m+2)D, 


E=2C, 

Fu. 
Then A+ E= (u), 
=mC+nC, 

and ENO; 

. A=mcC. 


Similarly BD. 
Hence if n, (iu — H = nA A. 


PROPOSITION A. 
If A: B:: P: Q, 


> > 
then P=Q according as A=B. 
< < 


> > 
For 2P=2Q according as2A=2B; [V. Def. 5. 
< < 


> > 
*. P=Q according as A=B. 
< < 


— — — ' 
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PROPOSITION B. (INVERTENDO.) 


If A: B:: P: Q, 
then B: A:: Q: P. 

Take any equimultiples mA, mP of A and P, and any equi- 

multiples 2B, Q of B and Q. 

Then if aB > mA, 

mA<nB; : 

and .. mP<nQ, [V. Def. 5. 
i.e. nQ>mP. 


Similarly if 7B nh, 


nQ mP; 


> > 
.. nQ=mP according as nB=mA; 
< < 
.*. B: A:: Q: P. 
Or thus: — 

If the multiples of A are distributed among those of B in the 
same way as the multiples of P are distributed among 
those of Q, it ſollows that the multiples of B are distri- 
buted among those of A in the same way as the multiples 
of Q are distributed among those of P. 


Hence :—Reciprocals of equal ratios are equal. 


PROPOSITION G. 


I A=mB if mA = BB 
Sand P=mQ oe and mP=Q, 


then A: B:: P: Q. 
We leave these as an exercise to the student on V. Def. 5. 
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PROPOSITION D. 


If A: B:: P: Q, 
and A=mB, 
then P=mQ. 
Also if A: B:: P: Q; 
and mA=B, 
then mP=Q. 
We leave these as an exercise to the student. 


PROPOSITION 7. 


If A=B, then (1) A: C:: B: C; 
(2) C: A:: C: B. 
Take any equimultiples zA, mB of A and B, 
and any multiple xC of C. 
Then mA=mB. 
And if mA>xC, 
then mB>xC. 


Similarly if mA nG, 


then mB nC 


> 
.. BNC according as A = MC; 
< < 
*. A: O:: B: O; 
. also C: A:: C: B. [IN VERTEN DO V. B. 
Or thus :— 
If two magnitudes are equal, their multiples must be dis— 
tributed in the same way among the multiples of any third 
magnitude; and the multiples of any third magnitude must be 
distributed in the same way among the multiples of one of 
the equal magnitudes as among those of the other. 


2 C 


~ * 
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Hence generally: Equal magnitudes have the same 
ratio to the same magnitude; and the same has the 
same ratio to equal magnitudes. 


PROPOSITION 8. 


(1) If A B, 
then A: CSB: C. 
Let A=B-+K, 
and let mK be any multiple of K greater than C. 
Suppose mA lies between C and (n ＋ 1) C, 
then mB-++-mK lies between aC and a-+1 C. 
But mK>C; 
*. mB<nC; 
*. A: CSB: G. IV. Der. 7. 
(2) If A>B, 
C: BSG: A 
As in (1) 2C>mB, while C KMA. 


PROPOSITION 9. 


(1) If A: C:: B: C, 
then A=B. 
For if A>B, it may be demonstrated as in V. 8 (1), that 


there are multiples such that A C, while mB INC, which 
is contrary to the hypothesis. 


Similarly A cannot be less than B. 
(2) If G: A:: C: B, 
then A=B. 
For if A >B, it can be demonstrated, as in V. 8, that there 
are multiples such that 
nC >mB, while C < mA, 
which is contrary to the hypothesis. 
Similarly A cannot be less than B. 
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Hence :— 
(1) Magnitudes which have the same ratio to the 
same magnitude are equal to one another. 


(2) Magnitudes to which the same magnitude has 
the same ratio are equal to one another. 


PROPOSITION 10. 


(1) If A: C YB: G, 
then A>B. 
. A: CSB: G, 
there exist multiples zA, mB, C, 


such that A AC, while nB nC ; [V. Der. 7. 


.*. mA>mB ; 
ASB: 
(2) If C: BSC: A, 
then B<A. 
. C: BSO: A, 
there exist multiples mA, mB, nC, 
such that zC > mB, while 20 mA; IV. Der. 7. 


. maB<mA; 
*. BSA. 


PROPOSITION 11. 


If A: B:: P: Q, 
and P: Q:: X: V, 
then A: B:: X: V. 
Take any equimultiples mA, mP, mX of A, P and X, 
and any equimultiples 2B, nQ, V of B, Q, and Y. 
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Now if mA > nB, 
mP AQ. A: B:: P: Q); [V. DEF. 5. 
„ mK >nY (. P: Q:: X: V. [V. DEF. 5. 
Similarly it may be shewn that ` 
mX > nY according as mA nB; 
K IV. DeF. 5. 
Hence generally :— 


Ratios that are the same to the same ratio are 
the same to one another. 


PROPOSITION 12, 


If A: B:: C: D:: E: F, 
then AC TE: BTD F:: A: B. 
Take any equimultiples mA, mC, mE of A, C, E, 
and any equimultiples #B, 2D, F of B, D, F. 
If mA > aB, 
then mC > aD, 
and mE > nF; 
*. mA+mC+ mE > ABT ADO TAF; 
.*. m(A+C+E) > (BTO F). [V. 1. 


Similarly, #(A+C+E) n(R +D-+F) according as mA <” B; 
*. A+C+E: B4D04F::A:B. 


PROPOSITION 13. 


If A: B:: P: Q, 
and P: QX: V, 
then A: BX: V. 
P: A X: Y; 
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*. multiples P, Q, Xx, nY can be found 
such that mP > aQ while mX nY. 


But if mP > nQ, 
then mA > 1B; 
.. A: BX: V. 


PROPOSITION 14. 
If A: B:: C: D, 


> > 
then B=D according as A=C. 
< < 
Let A> C, 
then ratio A: B > ratio C: B; [V. 8. 
*. also ratio C: D > ratio OC: B; [V. 13. 
„ 
Similarly if A G, 
then B< D. 
Also if AC, then B=D. [V. 9. 


PROPOSITION 15. 


If mA, mB are any equimultiples of A and B, 
then MA: mB :: A: B. 


If A=C=E, 
and B=D=F, 
then A: B:: C: D:: E: F; [V. 7. 


„. A+C+E:B+D+F::A:B, [V. 12. 
1. e. 3A: 38 :: A: B, 
and similarly for any other equimultiples. 
Hence generally :— 
Magnitudes have the same ratio to one another 
that their equimultiples have. 
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PROPOSITION 16. (PERMUTANDO.) 


If A, B, C, D be four magnitudes of the same kind such 
that 
A: B:: C: D, 
then A: C:: B: D. 
Take any equimultiples mA, mB of A and B, 
and any equimultiples 20, 2D of C and D; 


then A: mB :: A: B, [V. 15. 

: G: D. [Hvr. 

nC : nD. [V. 15 
> > 

.. mB=aD according as A= AO; [V. 14. 
< < 


.. A: G:: B: D. [V. DEF. 5 


PROPOSITION 17. (DrviIDENDO.) 


If AB: B:: C+D: O, 
then A: B:: C: D. 
Take any equimultiples mA, mB, mC, mD of A, B, C, D, 
and also any equimultiples #B, zD of B and D. 
If mA>nB, 
mA+mB >nB+mB ; 
*. ATB) >(m-+n)B ; 
*. mC+D)>(m+n)D ; 
*. mC+mD>mD+aD ; 
. CSN. 
Similarly it can be shown that 


mO nD according as mA nB ; 
.. A: B:: C: O. 
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PROPOSITION 18. (CoMPONENDO.) 


If A: B:: C: O, 
then AB: B:: C+D : D. 
Take any equimultiples m(A+ B), mB, m(C + D), mD of 
A+B, B, C+D, D, 
and also any equimultiples 28, 2D of B and D. 
If (ATB) DnB, 
mA+-mB>nB ; 
*. mA>nB—mB; 
.. nA (u- )B; DV. 6. 
.. (n-) D; [V. DEF. 5. 
*. CD -; [V. 5. 
.. mC+mD>nD; 5 
*. 10 C＋ D) YO. 


Similarly, 1(0＋ 0) D according as m(A-+ 8) < nB; 


rer) B::C+D:D. 

The proof supposes m<n, 
if >A, it is obvious that m(A+ B)>2B, 
and m(C+D)>D. 


PROPOSITION 19. 


IfA+E:B+F::€: F, 
then A: B:: A E: BF. 
. AE: BF:: E: F; 
.*. AE: E:: BTF: F; [V. 16, ALT. 
PAE Br [V. 17, Div. 
„ A: B:: E: F. 
:: AE: BF. [Hyp. 
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PROPOSITION E. (ConvERTENDO.) 


If AB: B:: CD: O, 
then AKB: A:: CD: G. 
. AB: B:: CD: D; 

h IV. 17. 

*. B: A:: D: C; [V. B. INVERTENDO 

. ATB: A:: CD: . [V. 18. Comp 


PROPOSITION 20. 


If A: B:: P: Q, 
and B: C:: Q: R, 


> > 
then P=R according as A=C. 


< < 
If A>C, 
then A: BSC: B; [V. 8. 
and. P :Q>R: Q; ; [V. B. and V. 13. 
. PSR. 


Similarly, P ZR according as Azo. 


PROPOSITION 21. 


If A: B:: Q: R, 
and B: C:: P: Q; 


> > 
then P=R according as A=C. 
< < 
For if A>C, 
A:B>C:B; 
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d..Q:R>Q:P; [V. B. and V. 13. 
. R<P, 
1. e. PS R. 
Similarly it can be shewn that 


P 2 R according as A_C. 


PROPOSITION 22. Ex Æquali. 
IfA:B::P:Q, 
andB:C::Q:R; 
then A: G:: P: R. 


For A: 1B oe [V. 4 
n ö 
> 
. mP=gR according as nike 70 [V. 20. 
< 
AA CPER. 
Hence also if A: B:: P: Q, 
B: C:: Q: R, 
C: D:: R: 8, 
then A: D:: P: 8. 
For A: C:: P: R, [By rst PART. 
and C: DO:: R: S; [Hvr. 
ed [By 1st Parr. 
and the theorem can easily be extended to any number 
of magnitudes. 


Hence generally :— 


If there be any number of magnitudes, and as 
many others, which, taken two and two in order, 
have the same ratio, the first shall have to the last 


of the first magnitudes the same ratio which the first 
of the others has to the last. 
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PROPOSITION 23. Ex æquo perturbato. 
IfA:B::Q:R, 
andB:C::P:Q, 
then A: G:: P: R. 


For A: mB :: Q: A, [V. 15. 
and B: C:: mP: Q; [V. 4. 
> > 
.*. mP=anR according as mA=nC ; [V. 21. 
< < 
, A: C:: P:R. 
Hence also if A: B:: R: 8S, 
B: G:: Q: N, 
G: O:: P: Q, 
then A: D:: P: 8. 
For. A: B:: R: 8, 
and B: OG:: Q: R; 
*. A: G:: Q: 8; (xst PART. 
but C: D:: P: Q; [ Hyp. 
. A: D:: P: 8, [1ST PART. 


and the theorem can be easily extended to any number 
of magnitudes. 
Hence generally :— 


If there be any number of magnitudes, and as 
many others, which, taken two and two in a cross 
order, have the same ratio, the first shall have to 
the last of the first magnitudes the same ratio 
which the first of the others has to the last. 


PROPOSITION 24. Addendo. 
If A: B:: P: Q, 
and C: B:: R: Q, 
then AC: B:: PR: Q. 
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For B: C:: Q: R, [ INVERTENDO. 
and A: B:: P: Q; [ Hyp. 
SA Mis PER; [Ex 2QUALI. 

.. AC: C:: PR: R. [ComMponenpo. 
But C: B:: R: Q; [ Hyp. 
. AC: B:: PR: &. [Ex ÆQUALI. 


PROPOSITION 25. 


If A. B, C, D be four magnitudes of the same kind such 
that A: B:: C: D, 
and if A be the greatest and consequently D the least of 
them, then ADY BTC. 
„K: B , 
*. A- C: B- D:: A: B. [V. 19. 
But A B, 
*. A—C>B—D. 
Add C+D to each, 
then A+D>B-+C. 
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BOOK VI. 


Der.—The altitude of any figure is the straight 
line drawn from its vertex perpendicular to the 
base. 

3 PROPOSITION 1. THEOREM. 

Triangles and parallelograms of the same altitude are to one 
another as their bases. 
Let the As ABC, ACD and the [gms EC, CF have the 
same altitude, viz. the Lr from A to BD; then 
. (1) BG: GD :: AABC :: AACD; 
(2) BO: CD :: |igm EC: gm CF. 


Produce BD both ways, a; cut 1 any number of st. lines 
BG, GH, each equal to BC, and any number DK, KL, 
LM, MN, each equal to CD. 

Join AG, AH, AN. 
. BOC=BG=GH, 
.. AABC= AABG=AGH ; 
*. CH and AACH are equimultiples of BC and AABC. 
Similarly CN and AACN are equimultiples of CD and 


AACD. 
Now if CH=CN, 


AACH = AACN, [I. 38. 
and it easily follows that if CH>CN, 
AACH > ACN. 
and if CH<CN, 
ACH < AACN ; 
.*. BO: CD:: AABC: AACD. 
[For we have four magnitudes BC, CD, AAB C, AACD, 
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and of the first and third any equimults. CH and AACH, and 
of the second and fourth any equimults. ON and AACN have 


> 
been taken, and it has been found that AACH = AACN 


> < 
according as CH =CN.] 
< 
Again gm EC: gm * AAB C: AACD. V. 11. 
BC: CO. 


CoR. From this it is plain that 3 and parallelograms 
that have equal altitudes are to one another as their bases. 

[Place them so that their bases are in the same straight line 
and the figures on the same side of it; then they will be be- 
tween the same parallels as in the demonstration. ] 


NOTE. 


The ‘two triangles of the same altitude?’ need not have a common side 
as in the figure given. 

The student should vary the figure, giving them for instance a common 
vertex, but not a common side, or taking any two triangles between the 
same parallels as indicated in the Corollary. Observe carefully the force 
of the expression ‘any number of st. lines.’ 

Ex. 678.—Prove VI. 1 by demonstrating first for the parallelograms 
and then deducing for the triangles. 


Ex. 679.—Triangles on the same base are to one another as their 
altitudes. Hence show also that triangles on equal bases are to one 
another as their altitudes. 

Ex. 680.—Show by Ex. 679 and V. 24 that the sum of the perpendiculars 
to the equal sides of an isosceles triangle from any point in the base is 
constant (see Ex. 133). 

Show also that the sum of the perpendiculars from any point within an 
equilateral triangle to the three sides is constant. 

Ex. 681.—ABC, DBC are two triangles on the same base BC: the 
line joining the vertices A and D cuts the base in E. 

Show that a ABD: aADC:: BE: EC. 
Hence find a point O within A ABC, 
such that a AOB = 4 BOC = ACOA. 

Ex. 6$2.—Find a pt. O within or without a given 4 ABC, such that 
A AOB : aBOC: Aa COA :: AB: BC: CA. 


— — ~ x a 
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PROPOSITION 2. THEOREM. 


(1) If a straight line be drawn parallel to one of the sides of a 
triangle, it shall cut the other sides, or those sides produced 


proportionally. 

(2) Conversely :—If two sides of a triangle, or those sides produced, 
be cut proportionally, the straight line joining the points of 
section shall be parallel to the base. 

(1) Let the st. line DE, || to the sides BC of a AABO, cut 
AB, AC, or AB, AC produced in D, E; 
then BD: DA:: CE: EA. 


A 


Join BE, CD. 
ABED=ACED (on same base and between same Is), 
and ADE is another A; 
.. BDE: AADE :: ACDE : AADE. 
But ABDE : ADE :: BD: DA, IVI. 1 
and ACDE : AADE :: CE : EA; 7 
5. BD : DA :: CE: EA. 
(2) Next let DE cut AB, AC or AB, AC produced, 
so that BD: DA:: CE: EA, 
then DE is || to BC. 
Now BD: DA :: ABDE : AADE,) VI 
CE: EA:: ACDE: AA E, / IVI. I. 
but BD: DA: : CE: EA; 
*. BDE: AADE :: AC DE: ADE; 
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DE is || to BC. 
Note that D is on AB or AB produced in all 3 diagrams. 
Students frequently interchange D and E in the third diagram, 
thereby rendering their demonstration inapplicable to it. 


Ex. 683.—Show that in each of the figures for VI. 2 
(1) if DE is || to BC, 
then AB: AD:: AC: AE. 
(2) if AB: AD :: AC: AE, 
then DE is || to BC. 
Using VI. 2 and componendo or dividendo. 


Deduce the same results by VI. 1 independently of VI. 2. 


Ex. 684.—If CD, BE cut in F, show that AF is a median of AABC. 
(Diag. of VI. 2. Use Ex. 681). 


Ex. 685.—Enunciate and prove the converse of the last exercise. 
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PROPOSITION 3. THEOREM. 


(1) If the vertical angle of a triangle be bisected by a straight 
line which also cuts the base, the segments of the base shall 
have the same ratio which the other sides of the triangle have 
to one another. 

(2) Conversely :—If the segments of the base have the same ratio 
which the other sides of the triangle have to one another, the 
straight line drawn from the vertex to the point of section 
shall bisect the vertical angle. 


(1) Let the st. line AD bisect the vertl. 2 BAC of the 
AABC, and meet BC in D; then BD: DC :: 
BA: AC. 


\ 
eee, 
n 


D C 


Through C draw CF || to AD, 
meeting BA produced in F. 


Then 2 ACF Salt. Z CAD. [I. 29. 
= 4 BAD, [ Hyp. 
Sint. L AFC; [I. 29. 
But BD: DC :: BA: AF (. CF is || to AD); 
*. BD: DG:: BA: AC. eae 


(2) Next let AD cut BC, so that 
BDO: DC :: BA: AC; 
then AD shall bisect C BAC. 
With the same construction as in (1) 
BA: AF :: BD: DC (. CF is || to AD), 
: BA: AC; [ Hyp. 
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. . AF CS L ACF 
But 4 BAD int. C AFC, I. 29. 
= ACF, 


Salt. 2 CAD; 
.. AD bisects C BAC. 


Ex. 686.—If in the fig. of VI. 3 we draw DH, CK Lr to AD to meet 
AB in H, K, then 
AB:AK:: HB: KH. 
A useful trigonometrical expression for AD can be deduced from this 
proportion, 
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— 


PROPOSITION A. THEOREM. 


(1) If the exterior angle of a triangle, made by producing one of its 
sides, be bisected by a straight line, which also cuts the base 
produced, the segments between the dividing straight line 
and the extremities of the base shall have the same ratio which 
the other sides of the triangle have to one another. 

(2) Conversely :—If the segments of the base produced have the 
same ratio which the other sides of the triangle have, the 
straight line drawn from the vertex to the point of section 
shall bisect the exterior angle of the triangle. 


(1) Let the st. line AE bisect the exterior 2 CAF of ABAC 
and meet BC produced in E; then BE : EC :: BA: AC. 
Through C draw CK || to AE, meeting BA in K. 

F Then ACK alt. CAE, 
= FAE, [Hyp. 


1 


S j E .. AK=AC. 
But BE: EC :: BA: AK (. AE is || to KC); 
.*. BE: EC:: BA: AC. [V. 7. 


(2) Next let AE cut BC produced in E, 
so that BE : EC :: BA : AC, 
then AE shall bisect ext. 4 CAF. 
With the same construction 
BA: AK :: BE: EC (. AE is || to KC), 
:: BA: AC; (Hyp. 
.*. AK=AC ; [V. 7. 
.. LAK CS L ACK. 
But 2 FAE int. 2 AKC, 
= LACK, 
Salt. 2 CAE; 
.. AE bisects 2 CAF. 
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The student should note that— 
If the internal and external bisectors of the vertical angle 
A cut the base BC of a triangle ABC in D, E, then 


BE: EC:: BD: DC. 
(For each ratio= BA: AC). g 


The line BC thus divided internally and externally in the 
same ratio is said to be harmonically divided. 

It may interest the student to note that in such a case, by 
alternando 


BE:BD:: EC: DC, 
ie. BE: BD :: BE—BC:: BC—BD, 

the lines BE, BC, BD thus satisfying the Algebraical defini- 
tion of Harmonic Progression. 

Hence BC is called the Harmonic Mean of BD and BE. 

The consideration of harmonically divided lines forms an 
important branch of Modern Geometry. Hence a short 
treatise on Harmonic Division will be given among the 
Addenda to Book VI. 


Ex. 687.—Show that ED is the harmonic mean between EB and EC. 

Ex. 688.—If DK be drawn ır to AD to meet AB or AC in K, then 
AK is the harmonic mean of AB, AC (see Ex. 686). 

Show also that if AB and AC are unequal, AK is less than half their sum. 

Draw a parallel to DK through the mid point of BC. 

To what proposition in Algebra does this correspond ? 

Ex. 689.—If through a fixed point D on the internal bisector of an 
angle BAC any straight line BDC be drawn, cutting AB, AC in B, C, 
then the harmonic mean of AB, AC is constant. 

Ex. 690.—State and prove the converse of the last Ex. 

Ex. 691.—A straight line DEF is drawn, cutting the sides BC, CA, 
AB of a A ABC, or those sides produced in D, E, F, and equally inclined 
to AB, AC; then BD: OC :: BF: EC. 

Prove this (1) independently of VI. 3 and VI. A. by means of a 
parallel to DEF through B or C; 

(2) by means of VI. 3 and VI. A. 

Our attention was drawn to this generalisation of VI. 3 and VI. A. by 
Mr. R. Levett, M.A. 
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Drer.—Similar rectilineal figures are those which 
have their several angles equal each to each and the 
sides about the equal angles proportional. 


PROPOSITION 4. THEOREM. 


The sides about the equal angles of triangles which are equi- 
angular to one another are proportionals, those sides being 
homologous which are opposite to equal angles. 


Let cs A, B, C of ABC. Ls D, E, F of ADEF re- 
spectively, 
then BA: AC :: ED: DF, 
AC:CB:: DF: — 
and... BA: CB :: ED: [Ex ÆQUALI. 


4AA 


From AB, AC, produced if necessary, cut of AH, AK equal 
to DE, DF, and join HK. 


Then L AHK= L E, II. 4. 
= 4 B; [ Hyp. 

HK is || to BC; 
* BH : HA : CK: KA; IVI. 2. 


*. AB : AH :: AC : AK; [CouroxENDO. 

. AB: AC:: AH : AK, [ALTERNANDO. 
: DE: DF. 
Similarly AC : CB :: DF : FE, 
and CB: BA:: FE: ED. 
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Cor.—Hence if two triangles are equiangular to 
one another, they are similar. 


NB. The student may easily see by the simple case of a 
square and oblong that the same proposition does not hold 
true for quadrilaterals. 


Der.—If the angles of a rectilineal figure are given, 
and the ratios of its sides also given, it is said to be 
given in species. 

From VI. 4 we see that— 

If a triangle is equiangular to a given triangle, it is ‘given 
in species’ ; 

and hence also that— 

If each of the angles of a triangle be given in 
magnitude, the triangle is ‘given in species’ 
(Euclid’s Data, 43). 


Ex. 692.—If, in the fig. of v1. 3, 2 BAC is double of 2 B, AC is a 
mean propl. between BC and CD. 


Ex. 693.— The chds. AB, DC of a O cross at E. Show that as AED, 
BEC are similar. If AB, CD be produced to meet at F, shew that As 
AFC, BFD are also similar. Find other pairs of similar As in the same 


figure. 
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PROPOSITION 5. THEOREM. 


If the sides of two triangles, taken in order, about each of their 
angles be proportionals, the triangles shall be equiangular to 
one another and shall have those angles equal which are 
opposite to the homologous sides. 


In As ABC, DEF, let BA: AC:: ED: DF, 
AC :CB:: DF: FE, 
and.. BA: CB: : ED: FE, [Ex ÆQ. 
then 2s A, B, C= zs D, E, F respectively. 
From AB, AC, produced if necessary, cut off AH, AK equal 
to DE, DF, and join HK. 


Then BA: AC:: DE: DF, 


*. BA: AH: : AC: AK; 
„. BH: AH :: CK: KA; 
*. HK is || to BC; 
*. AAHK is equiangr. to AABC ; II. 29. 


* .. AH: HK :: AB: BC, IVI. 4. 
DE:; GF; (Hyr. 
But AH=DE; [Const. 

*. HK= EPs 


* The student’s attention is particularly drawn to this use of VI. 4 in 
proving VI. 5. 
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.. AD EF is equiangr. to AH K; II. 8. 
„. ADEF is also equiangr. to AAB GC. 
From VI. 5 we see that 
If the sides of a triangle have to one another the same 
ratios as the sides of a given triangle, the triangle is given in 
species’; and hence also that 


If the sides of a triangle have given ratios to one 


another, the triangle is given in species (Euclid's 
Data, 45). 
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PROPOSITION 6. THEOREM. 


If two triangles have one angle of the one equal to one angle of 
the other, and the sides about the equal angles proportionals, 
the triangles shall be equiangular to one another and shall 
have those angles equal which are opposite to the homo- 


logous sides. 


In As ABC, DEF, let „As , D, 
and let BA: AC :: ED: DF; 
then BS L E, 
and CS LF. 


From AB, AC, produced if necessary, cut off AH, AK 
equal to DE, DF respectively, and join HK. 


Then cs AHK, AKH = Ls E, F. I. 4. 
But BA: AC:: ED: DF, 
:: AH: AK; 


*. BA: AH :: AC: AK; [ALTERNANDO. 
*. BH: AH :: CK: AK; [DIvIpEN DO 
*. HK is || to BC; 
| . BS AH K, 
SAE. 


Similarly 2 C= L F. 
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From VI. 6 we see that— 


If one of the angles of a triangle be given, and 
if the sides about it have a given ratio to one 
another, the triangle is given in species (Euclid’s 
Data, 44). 


Ex. 694.—If, in the fig. of v1. 3, AC is a mean propl. between BC 
and CD, 4 BAC is double of CB. 
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PROPOSITION 7. THEOREM. 


If two triangles have one angle of the one equal to one angle 
of the other, and the sides about two other angles proportionals, 
then if each of the remaining angles be acute, or each 
obtuse, or if one of them be a right angle, the triangles shall be 
equiangular, and shall have those angles equal about which the 
sides are proportional. 

In As ABC, DEF, let LA = D, 
and let AB: BC :: DE: EF; 
then if C and F are each acute, or each obtuse, or if either 
Cor F is a right , 
AABC is equiangr. to AD EF 


A D 
-AD 
9 ~ É FE 
8 B C 


From AB, AC, produced if necessary, cut off AH, AK equal 
to DE, DF, and join HK. 
Then AAHK= ADEF in all respects. II. 4. 
Now if HK is || to BC, 
CS AKN, 
2 
But if HK is not || to BC, draw HL || to BC, 
Then AAHL is equiangr. to A ABC ; 
. AH.: HL :: AB: BC, [VI. 4. 
= DE s EF, 
but AH = DE; 
* KMF 
= HK; 
5. L HKL= 2 HLK, 
= . G. 
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But 2 AKH LF; 
Ls C, F= Ls HKL, AKH 
= 2 kt. ZS. 
Now if s C and F are both acute, or both obtuse, this is 
impossible; . HK will be || to BC; 
and.. CS F. 
Also if either 2 C or J F is right, the other must be, for if not 
neither C= L F, 
nor Zs C, Fart. Ls. 
Hence C= L F; 
and .. As ABC, DEF are equiangr. 


NOTES. 


We have really demonstrated the following proposition, which includes 
Euclid’s :— 

If two triangles have one angle of the one equal to one angle of 
the other, and the sides about one other angle in each proportional, 
so that the sides opposite the equal angles are homologous, the triangles 
have their third angles either equal or supplementary, and in the 
former case the triangles are similar. 

Cor.—Two such triangles are similar 

(1) If the two angles given equal are right angles or obtuse 
angles. 

(2) If the angles opposite to the other two homologous sides are 
both acute or both obtuse, or if one of them is a right angle. 

(3) If the sides opposite to the equal angles are respectively not 
less than the other pair of homologous sides (Syllabus). 


Note that the enunciation of VI. 7 requires the insertion of the quali- 
fication in italics to render it true. 

Note also that just as VI. 5 is a generalisation of I. 8, and VI. 6 is a 
generalisation of I. 4, so VI. 7 is a generalisation of the theorem given as 
Ex. 166. 

From VI. 7 we see that if the sides of a right-angled triangle 
about one of the acute angles have a given ratio to one another, 
the triangle is given in species (Euclid, Data, 46). 


— — — 1 * 
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PROPOSITION 8. THEOREM. 


In a right-angled triangle, if a perpendicular be drawn from the 
right angle to the base, the triangles on each side of it are 
similar to the whole triangle and to one another. 


Let AABC have the 2A a rt. L, and draw AD ir to BC; 
then As BDA, DAC shall be similar to the AABC and 
to one another. 

In As BDA, BAC, rt. LBDA=rt z BAC, 
and B is common; 
third 4 BAD S third L ACB ; 
. ABAD is equiangr. to ABAC. 


A 


N 


B D C 


Similarly ACAD is equiangr. to ABAC ; 
. ABAD is equiangr. to ACAD. 
And since they are equiangular, they have the sides about the 
equal angie proportionals ; 
. they are similar to one nies 
Cor. (1).—BD : DA :: DA: DC (. AABD is equiangr. 


to AADC). 

(2).—CB : BA:: BA: BD (. AABC is equiangr. 
to AABD). 

(3).—_CB : CA:: CA: CD (. AAB is equiangr. 
to AACD). 


i.e. (1) The perpendicular DA is a mean proportional 
between the segments of the base. 


(2) and (3) Each of the sides BA and AC isa mean 
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9 


proportional between the hypothenuse and its pro- 
jection on the hypothenuse. 


These corollaries are very important, and should be care- 
fully remembered by the student. 


Ex. 695.— If in a A ABC, AD is drawn meeting BC in D, such that 
4 BAD= LC, show that AB is a mean proportional between CB, BD. 


Ex. 696.—BA is a tangent to a circle ADC, and BDC is a secant; 
show that AB is a mean proportional between CB, BD. 
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PROPOSITION 9. PROBLEM. 
From a given straight line to cut off any part required. 


Let AB be the given st. line; it is reqd. to cut off any part 
from it. 


Draw any st. line AD from A not in the same st. line with 
AB, and produce it to C, such that AC contains AD the 
same number of times as AB is to contain the part reqd. 
Join BC, and through D draw DE || to BC; then AE is 
the part reqd. 

BE: EA:: CD: DA (. DE is || to BC); 
.*. BA: AE :: CA: AD, [Comp. 
hence BA contains AE the same number of times that 
CA contains AD (i. e., AE is the part reqd.). 

Note that the word ‘part’ is used in the sense of ‘sub- 
multiple’ or ‘aliquot part,’ such as one-third, one-fourth. 

The construction could easily be extended to any fractional 
part whatever, such as four-sevenths or five-ninths, and the 
demonstration could be effected dy means of Book J. only. We 
leave these to the student as exercises (see Ex. 251). 
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PROPOSITION 10. PROBLEM. 


To divide a given straight line similarly to a given divided straight 
line, that is, into parts which have the same ratio to one 
another that the parts of the given divided straight line have. 


Let AC be ast. line divided in D, E, and AB a st. line which 
it is reqd. to divide similarly, placed with one end 
common, but not in the same st. line. 


Join BC. Through D, E draw DF, EG || to BC. 
Then AB is divided in F and G as reqd. 
| Join DB, cutting EG in H. 
Then BG: GF:: BH: HD (. GH is || to FD), 
:: GE: ED (. HE is || to BC). 
And GF: FA :: ED: DA (. DF is || to EG); 
*. BG: FA:: CE: DA [Ex QUALI. 


NOTE. 


We have here demonstrated that— 

If two straight lines are cut by three parallel straight lines, the 
intercepts on the one are to one another in the same ratio as the 
corresponding intercepts on the other (Syllabus). 
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The student should apply the method of VI. 10 to the ſollowing 
problems :— 

(1) To divide a straight line into two parts which are to one 
another in the ratio of two given straight lines. 

(2) To produce a straight line so that the whole line thus produced 
and the part produced shall be to one another in the ratio of two 
given straight lines. 


Ex. 697.—A and B are two fixed odiis and P any point such 
that AP : PB is a given ratio of inequality. Show that P lies on 
a fixed circle. 

Suppose the ratio of greater inequality. 

Find points C and D in AB and AB produced, such that AC: CB 
and AD: DB in the given ratio of AP: PB. 

Then use VI. 3 and VI. A. to show that angle CPD is a right angle 
(see Ex. 16). 
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PROPOSITION 11. PROBLEM. 
To find a third proportional to two given straight lines. 


Let A, B be the two given st. lines; it is reqd. to find a 
third propl. to them. 


. 


From any pt. D draw two st. lines DHL, DGM not in the 
same st. line, and such that DH =A, and HL = DGS B. 
Join HG. Through L draw LM || to HG. 

GM is the propl. reqd. 

. HG is || to LM; 
*. DH: HL:: DG: GM; DVI. 2. 

.. A: B :: B: GM; 
t.e. GM is a third propl. to A, B. 


TX. 698.— Use VI. 8 to get another construction for a third proportional. 


Ex. 699.— A circle is described to pass through B and C, and touch 
AC at C. If it cuts AB again at K, show that AK is a third pro- 
portional to AB, AC. ¢ 


Ex. 700.—At the point C make ACK = L ABC, and let CK meet 
AB, produced if necessary, at K; then AK is a mean proportional 


between AB, AC. 
2 E 
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PROPOSITION 12. PROBLEM. 
To find a fourth proportional to three given straight lines. 


Let A, B, C be the three given straight lines; it is reqd. to 
find a fourth proportional to them. 


DO __ ___H ata 
ae 5 . 
. 


A / 9 


M 


From any pt. D draw two st. lines DHL, DGM not in the 
same st. line, so that DH =A, Hl. B, DG=C. 
Join HG. Through L draw LM || to HG. 
GM is the propl. reqd. 
. *.° HG is || to LM, 
*. OH: HL :: DG: GM; IVI. 2 
.. A: B:: C: GM, | 
i. e. GM is the fourth propl. to A, B, C. 
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PROPOSITION 13. PROBLEM. 
To find a mean proportional between two given straight lines. 


Let AB, BC be two given st. lines; it is reqd. to find a mean 


propl. between them. 
Place them so that ABC is a st. line. 


ao” >`. 
a 


1 
W 
an S 


7 r 
fy” ‘ 
B C 


On AC describe a semi-© ADC. 


Draw BD ır to AC. 
BD is the propl. reqd. 
Join AD, DC. 
Then 4 ADC is art. 2, and BD is L to AC; 
.*. AB: BD :: BD: BC, [VI. 8. Cor. 


r.e. BD is a mean propl. between AB, BC 
A tangent AP is drawn to any 


Ex. 701.—-ABC is a straight line. 
circle through B and C. Show AP is a mean propl. between AB and 


AC. 
Join BP, CP, and use J11. 32 and V. 4. 
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Der.—Reciprocal figures, viz. triangles and paral- 
lelograms, are such as have their sides about two of 
their angles proportionals in such a manner that a 
side of the first figure is to a side of the other as the 
remaining side of this other is to the remaining sige 
of the first. - 


PROPOSITION 14. THEOREM. | 


(1) Equal parallelograms which have one angle of the one equal 
to one angle of the other have their sides about the equal 
angles reciprocally proportional. 

(2) Conversely :—Parallelograms which have one angle of the one 
equal to one angle of the other and the sides about the equal 
angles reciprocally proportional are equal. 


(1) Let AB, BC be equal ||gms, having their Cs at B equal; 
then DB: BE:: GB: BF. 


Let DB, B E be placed in the same st. line; then GB, BF are 
in the same st. line. [I 14. 
Complete the gm EF. 
. gm AB gm BC; | 
. gm AB: gm EF :: |gm BC: Igm EF. [V. 7. 
But gm AB : gm EF :: DB: BE, IVI. 1 
and ||gm BC : gm EF :: GB: BF; f ans 
„. DB: BE:: GBG: BF. [V. 11. 
(2) Next let Igms AB, BC have their Ls at B equal, and let 
DB: BE:: GB: BF; 
then gen AB =|jgm BC. 
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With the same construction 
gm AB: gm EF :: OB: BE, 
and [gm BC: gm EF :: GB: BF. 
But DB: BE x GB: BF; 
. gm AB: [gm EF :: gm BC: = EF; 
. gm AB gm BC. V. 9. 


Alternative Proof 


(1) Let AB, BC be equal ||gms having their Cs at B equal ; 
then DB : BE :: GB : BF. 


IVI. I. 


D 
Let DB, BE be placed in the same st. line, then GB, BF are 
in the same st. line. [I. 14. 
Jom EF, FD, DG, GE. 
„gm AB=|lgm BC; 
“s ADBF = AGBE; 
„ ADEF =-AGFE; 
„ EF is || to DG; 
„ DE? EB FB; [VI. 2. 
<. DB: BE:: GB: BF. [Divipenpo. 
(2) Next let gms AB, BC have their Cs at B equal, and 
let DB: BE:: GB: BF, 
then [gm AB gm BC. 
With the same construction 
„DB: BE GB BF; 
.. DE: EB :: GF : FB; [CouroNEN DO. 
.*. EF is || to DG; 
“> MDEF=]AGFEs 
. gm AB gm BC. 
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NOTE. 


With reference to the definition of Reciprocal Figures, Simson remarks 
that it seems to be due to some unskilful editor.—‘ For there is no 
mention made by Euclid, nor, as far as I know, by any other geometer, 
of reciprocal figures.’ 


Ex. 702.—Show that B lies on the diagonal of the parallelogram 
formed by producing AF, CE, CG, AD to meet, and hence demonstrate 
each part of VI. 14. 


Ex. 703.—(i.) If the rectangle contained by two adjacent sides of one 
parallelogram be equal to the rectangle contained by two adjacent sides 
of another which is equiangular to it, the parallelograms shall be equal to 
one another. 

(ii.) Conversely :—If two equiangular parallelograms be equal to one 
another, the rectangle contained by two adjacent sides of one of them will 
be equal to that contained by two adjacent sides of the other. 


Ex. 704.—Equal parallelograms which have the sides about an angle 
in each reciprocally proportional are equiangular to one another. 


Ex. 705.—In the fig. of VI. 14, B and the mid points of EF and DG 


are collinear, 


Ex. 706.— In the fig. of VI. 14, if AC cuts DF and GE in H and K, 
AH=CK. 
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PROPOSITION 15. THEOREM. 


(1) Equal triangles which have one angle of the one equal to one 
angle of the other have their sides about the equal angles 
reciprocally proportional. | 

(2) Conversely :—Triangles which have one angle of the one equal 
to one angle of the other and their sides about the equal 
angles reciprocally proportional are equal to one another. 


(1) Let ABC, ADE be equal As, having their Ls at A 
equal; then CA: AD:: EA: AB. 


Let CA, AD be placed in the same st. line; then EA, 
AB are also in a st. line. [L 14. 
Join BD. 
: . AABC=AADE; 
.*. ABC: AABD:: AADE : AABD. [V. 7. 
But AABC : AAB D:: CA: AD, IVI. 1 
and AADE: AABD:: EA: AB; 
*. CA: AD :: EA: AB. IV. 11. 
(2) Next let As ABC, ADE have their Ls at A equal, and 
let CA : AD :: EA: AB; 
then AABC= AADE. 
With the same construction, l 
AABC : AABD :: CA: AD, IVI. 
and ADE: AAB D :: EA: AB. 7 
3 But CA: AD:: EA: AB; [ Hyp. 
.*. AABC : AABD:: AADE : AABD; 
.*. ABC SHADE. IV. 9. 


— — ~ 
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Alternative Proof— 

(1) Let ABC, ADE be equal As, having the Cs at A equal; 
then CA: AD:: EA: AB. 

Let the As be placed so that CA, AD are in a st. line; then 
EA, AB are also in a st. line. II. 14. 


Join BD, CE. 
- ABAC= ADAE; 
.. ABDC=ADBE; 
. CE is || to BD; 
. CD: DA :: EB: BA; IVI. 2. 
CA: AD :: EA: AB. [DivipENpo. 
(2 Next let As ABC, ADE have the angles at A equal, and 
let CA: AD :: EA: AB; 
then AABC=AADE. 
With the same construction 
. CA: AD :: EA: AB; 
.*. CD: DA :: EB: BA; [COMPONENDO. 
.. CE is || to BD; 
„. ABDC=ADBE; 


Ex. 707.—Demonstrate VI. 15 by means of VI. 14. 


Ex. 708.—(i.) If two triangles have one angle of the one equal to one 
angle of the other, and the rectangle contained by the sides about one 
of these angles equal to the rectangle contained by the sides about the 
other, the triangles are equal. 

(ii.) Conversely :—If two triangles have one angle of the one equal to 
one angle of the other, the rectangle contained by the sides about one 
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of those angles is equal to the rectangle contained by the sides about the 
other. 


Ex. 709.—Equal triangles which have the sides about one angle in 
each reciprocally proportional have those angles either equal or supple- 
mentary. | 


Ex. 710.—In the figure of VI. 15, draw through A a parallel to BD, 
meeting BC, DE in H, K; and show that HA=AK, both with and 
without the use of proportion, 


Ex. 711.—In the figure of VI. 15, A and the mid points of BD and CE 
are collinear. 
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PROPOSITION 16. THEOREM. 


(1) If four straight lines be proportionals, the rectangle contained 
by the extremes is equal to the rectangle contained by the 


means. 

(2) Conversely :—If the rectangle contained by the extremes be 
equal to the rectangle contained by the means, the four 
straight lines are proportionals. 


(1) Let A, B, C, D be four st. lines, such that A: B:: C: D, 
then rect. A, D=rect. B, C. 


G 
— OS® — 2 FD A — e a Å se 
| | 
a 
E ‘ 
L 


—— — 
= 


Draw two st. lines EF, EG tr to one another and equal to 
A, D respectively, and two st. lines HK, HL + to one 
another and equal to B, C respectively, and complete 
the rects. FG, KL. 

tr ASB CoD; 
EF: HK & HL EG, 

and rt. . E rt. IH; 

e 
1. e. rect. EF, EG=rect. HK, HL; 
.. rect. A, D rect. B, C. 
(2) Let rect. A, D=rect. B, C, 
then A: B:: C: D, 
With the same construction 

. rect. A, OS rect. B.C; 
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.. rect. EF, EG=rect. HK, HL, 
ie FG=KL, 
and rta EB=tt..2 A; 
AEF: AK: HLA EG? 
2A? B eC 2 D, 


Ex. 712.— Through any point O draw straight lines POS, QOR such 
that 
OP, OQ, OR, OS=A, B, C, D, 
and deduce VI. 16 by showing (1) that 
if A: B:: C: D, 
As OPQ, OSR are equiangr. (VI. 6. 
Hence P, Q, R, S are concyclic, 
and rect. OP, OS=rect. OQ, OR; 
(2) if A, D=B, C, 
P, Q, R, S are concyclic. 
Hence As OPQ, OSR are equiangr. 
| and OP: OQ :: OR: OS. 
Also prove when OS, OR are taken along OP, OQ. 
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PROPOSITION 17. THEOREM. 
If three straight lines be proportionals, the rectangle contained 
by the extremes is equal to the square on the mean. 
Conversely :—If the rectangle contained by the extremes is equal to 
the square on the mean, the three straight lines are proportionals. 


(i.) Let A, B, C be three st. lines, such that 
A: B:: B: G, 
then rect. A, G= on B. 
Draw a st. line D equal to B. 


A 
B 
D- 
C= 
A: B:: B: G; 
. A: B:: D: C; 
e, rect. A, Gene B, D, 
=sq. on B. 


(ii.) Let rect. A, C=sq. on B, 
then A: B:: B: C. | 
With the same construction 
rect. A, G sq. on B, 
=rect. B, D; 
. A: B:: D: G; 
. A: B:: B: C. 


Ex. 713.— From any point O draw two lines OPS, OQ, not in the 
same st. line, such that OP, OQ, OS=A, B, C, 
and demonstrate VI. 17 by showing 
(1) that if A: B:: B: C, 
As OPQ, OQS are equiangr. 
Hence OQ touches circum- © of a PQS, 
and rect. OP, OS sq. on OQ; 
(2) that if rect. A, C=sq. on B, 
OQ touches circum- ©of A PQS. 
Hence 4s OPQ, OQS are equiangr. 
and OP : OQ :: OQ : OS. 
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Der.—If two straight lines are homologous sides 
of two similar rectilineal figures, the figures are 
said to be ‘similarly situated’ or ‘similarly de- 
scribed’ on those straight lines. 7 


| PROPOSITION 18. PROBLEM. 
Upon a given straight line to describe a rectilineal figure similar 
and similarly situated to a given rectilineal figure. 
Let ab be the given st. line, and ABCD the given rectilineal 
figure; it is reqd. to describe upon ab a fig. similar and 
similarly situated to ABCD. 
Join AC, and at a,b make the zs bac, abc equal to zs 
BAC, ABC resp., then ( bea + BCA. II. 32. 
At a, c make Ls cad, acd | 
equal to czs CAD, 
ACD resp., then 
„d. D, [I. 32. 
then fig. abcd is similar and 
similarly situated to fig. 
ABCD. 


“As abc, ABC are equiangr. ; 
. Ab: ac :: AB: AC. 
Similarly ac: ad:: AC: AD, } [VI. 4. 
*. ab: ad: AB: Ao. [Ex xoALI. 
Similarly bo: cd :: BC: CD. 
Also ab: bc :: AB: BG, 
and cd : da :: CD: DA. IVI. 4. 
Again . Ls bac, cad= +s BAC, CAD; 
*. £bad= L BAD. 
Similarly bed 2 BCD ; 
. Ls at a, b, c, d=corresp. Cs at A, B, C, D, 
and sides about a, b, c, d are propl. to sides about A, B, C, D. 
*. abcd is similar to ABCD, and is situated on ab 
similarly to ABCD on AB. 
The method can easily be extended to figures of five or 


more sides. Simson added an extension to pentagons, We 
fall ace P.. I: A ina lanwina then 44 tha 4. 4 
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PROPOSITION 19. THEOREM. 


Similar triangles are to one another in the duplicate ratio of their 
homologous sides. 


Let As ABC, DEF have Ls A, B, C equal to zs D, E, F 
respectively, so that BC is homologous to EF ; 
then AABC : ADEF in the duplicate ratio of BC: EF. 


D 


LA 


B G C E F 


On BC take BG, such that BC : EF :: EF : BG, IVI. rr. 
and.. BC : BG in duplicate ratio of BC: EF. [V. Der. 10. 


Now AB: BC:: DE: EF; [VI. 4. 
. AB: DE:: BC: EF, [ ALT. 
2 EF: BG.” 
But BS LE; 
. ABG SA DEF; IVI. 15. 
. AABC : ADEF :: ABC: AABG, 
: BC: BG, IVI. I. 


fe. AABC : ADEF in duplicate ratio of BC: EF. 
Cor.—From this it is plain that 
If three straight lines be proportionals, as the frst is 
to the Mira, so is any triangle upon the rst to the 
similar and similarly described triangle upon the 
second. 


NOTE. 


It may be easily deduced that :— 
Similar triangles ABC, DEF are as the squares of their homolo- 
gous sides BC, EF. 
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Let BG be a third propl. to BC, EF as in VI. 19. 
On BC describe a sq. BONL, and draw GM || to BL or CN. 
Then BM=rect. BL, BG, 
=rect. BC, BG, 


=sq. on EF. 
A 
D 
B Gi IC E. F 
i i , 4 

| } | | 
i l 
i d 
| | | | 
0 1 0 — eee 
SORE: E: 4 
L "M N 


Now AABC: A DEF :: BC: BG, 
:: BN: BM, 
: sq. on BC : sq. on EF. 
Hence X and Y be two straight lines, the ‘duplicate ratio of X to Y’ 
may always be taken as that of ‘the square on X to the square on Y.’ 


N. B. — The student must be careful not to confuse the term similarly 
situated’ or similarly described with the term ‘similarly placed’ which 
has a much more restricted meaning (see p. 450). 


Ex. 714.—In the fig. of vi. 8, BD: DC :: sq. on BA: sq. on AC. 
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PROPOSITION 20. THEOREM. 


Similar polygons may be divided into the same number of similar 
triangles which are to one another in the same ratio as the 
polygons are; and the polygons are to one another in the 
duplicate ratio of their homologous sides. 


Let OABCD, oabcd be similar polygons, and let OA be 
homologous to oa; then OABCD, oabcd may be 
divided into the same number of similar As which are to 
one another in the same ratio as OABCD to oabcd; 
and OABCD : oabcd in the dupl. ratio of OA to oa. 


Join OB, OC, ob, oc. 
".* OABCD, oabcd are similar; 
.. £OAB= zoab, 
and OA: AB:: oa: ab; 
. OAB, oab are similar triangles such that 
4 OBA= < oba, i [VI. 6 
and OB : BA:: ob: ba. SF 
But L ABC = , abc, . OABCD, 
and AB: BC :: ab: bo; } oabcd are similar ; 
. remg. 2 OBC=remg. L obc, 
and OB: BC :: ob: be; 
.*. OBC, obc are similar As. 
Similarly OCD, ocd are similar As. 
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Again AOAB : Aoab in dupl. ratio of OB: ob, 
and AOBC: Aobc in dupl. ratio of OB : ob; 
. AOAB : Aoab :: AOBC : Aobce. 
Similarly AOBC : Aobe :: OCD: ocd; 
. sum of As OAB, OBC, OCD: sum of As oab, obc, 
ocd :: AOAB : oab, [V. 12. 
i. e. OABCD : oabcd :: AOAB : Aoab, 
1.6. in dupl. ratio of OA: oa. 


Cor. i—Similar rectilineal figures are to one 
another in the duplicate ratio of their homologous 
sides. 


Cor. ii.—If to the homologous sides BC, EF of two 
similar rectilineal figures P and Q a third proportional BG be 
taken, as in VI. 19, 


BC : BG in the dupl. ratio of BO: EF; 
.. BC: BG: P: Q. 


Hence generally :— 


If three straight lines be proportionals, as the first 
is to the third, so is any rectilineal figure on the first 
to the similar and similarly described rectilineal 
figure on the second. 


Cor. iii. Similar rectilineal figures are to one 
another as the squares on their corresponding sides. 


Ex. 715.—oabcd can be applied to OABCD, so that oa, ob, oc, 
od fall along OA, OB, OC, OD, while ab, bc, cd are parallel to 
AB, BC, CD. 

This exercise is important as the forerunner of a more general theorem, 
viz.— 

If two similar rectilineal figures be placed with their homologous 


1 This has important applications in Practical Geometry. 
2 F 
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sides parallel, the lines joining their corresponding corners are 
either parallel or concurrent. 

Some attention will be given to this in an appendix on Similarity, 
p. 448. 

Its application is of great use in Practical Geometry. 

Ex. 716.—A trapezoid is divided into two similar trapezoids by a I to 
its sides. Show that they are equivalent respectively to the two As 
into which the whole trapezoid is divided by either diag]. 
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PROPOSITION 21, THEOREM. 


Rectilineal figures which are similar to the same rectilineal figure 
are also similar to one another. 


Let each of the rectl. figs. H, h be similar to the rectl. fig. X; 
they shall be similar to one another. 


B Q 


Let the sides AB, BC of H, and the sides ab, bc of h be 
homologous to the sides PQ, QR of X. 
Then BS LA 
sip, 
and AB : BC :: PQ : QR, 
:: ab: be. 
Similarly the other 2s of H and h are equal, and the sides 
about them are propl. ; 


„„ H and h are similar to one another. 
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PROPOSITION 22. THEOREM. 


(1) If four straight lines be proportionals, the similar rectilineal 
figures similarly described upon them shall also be propor- 
tionals. 

(2) Conversely :—If the similar rectilineal figures similarly described 
upon four straight lines be proportionals, those straight lines 
shall be proportionals. 


(1) Let the four straight lines AB, CD, EF, GH be such 
that AB: CD:: EF: GH; 

Let P and Q be similar rectl. figs. similarly described on 
AB, CD, and let R and S be similar rectl. figs. similarly 
described on EF, GH; 

then P: Q:: R: 8. 


„ 


To AB, CD take a third propl. X, 
and to EF, GH take a third propl. V. 
Then CD: X:: AB: CD, 


but AB: CD:: EF: GH; 
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“AB: X:: EF: V. [Ex QUALI. 
Again AB: X:: P: Q, 8 
ae EF: VI R: S IVI. 20, Cor. ii. 
.. P: Q:: R: 8. 
(2) Next, the figs. P, Q, R, S being described on AB, CD, 
EF, GH as in (1), let P: Q:: R: S, then AB: CD:: 
EF : GH. | 
Take a fourth propl. KL to AB, CD, EF, and on KL describe 
a rectl. fig. T similar and similarly situated to R or S. 
. AB: CD:: EF: KL; 


.. AB: CD:: EF: GH. 
NOTES. 


(1) We have demonstrated a more general proposition than VI. 22. 
(2) An assumption has been made in the demonstration of (ii). We 


leave it to the student to enunciate generally the proposition as- 
sumed, and to demonstrate it. 
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PROPOSITION 23. ‘THEOREM. 


Equiangular parallelograms have to one another the ratio which 
is compounded of the ratios of their sides. 


Let AC, CF be equiangr. gms such that BCD = L ECG; 
then gm AC: gm CF in the ratio a “id the 
ratios BC : CG and DC: CE. 


Let BC, CG be — in a st. line; then DC and CE are 
also in a st. line. ae i 
Complete the [gm DG. 
Take any st. line K and two others L, M, 
such that BO: CG:: K: L, 
and DC : CE: : L.: M; 
then the ratio K: M is compounded of the ratios BG: CG, 
and DC : CE (Def. of Comp. Ratio). 
Now II gm AC: gm DG:: BC: CG, IVI. 1. 
K: . 


— lgm DG: gm CF :: L:M; 
. gm AC : gm CF :: K: M, [Ex ÆQUALI. 
i.e. in the ratio compounded of the ratios 


BC : CG and DC: CE. 
NOTE. 
Since all rectangles are equiangular parallelograms,’ it follows that 


‘Rectangles are to one another in the ratio compounded of the 
ratios of their sides.’ 
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Hence :—J/ A, B, X, Y le four straight lines, the ratio compounded 
of the ratios A: X, B: Y is that of rect. A, B: rect. X, Y. 

Hence also if ABCD, ECGF be equiangular parallelograms as in VI. 
23, [gm AC: gm CF :: rect. BC, CD: rect. EC, CG. 


Ex. 717.—Triangles which have one angle of the one equal to 
one angle of the other are to one another in the ratio compounded 
of the ratios of the sides containing the equal angles. 


Ex. 718.—Triangles which have one angle of the one supplemen- 
tary to one angle of the other are to one another in the ratio com- 
pounded of the ratios of the sides containing the supplementary 
angles. 


Ex. 719.—If ABC + L DEF=2 rt. Cs, show that 
A ABC: ADEF :: rect. AB, BC: rect. DE, EF. 


Ex. 720.—O is the centre of the in-© of AABC; L, M, N its pts. 
of contact with BC, CA, AB; show that 
AMON: ANOL: A LOM :: BC : CA: AB. 
Compare each with the whole à ABC. 


Ex. 721.—If L ABC= LDE, show that 
AABC : aA DEF :: rect. AB, BC: rect. DE, EF. 
Hence deduce VI. 19. 


Ex. 722.—Deduce VI. 14 from VI. 23. 


EX. 723.— If in the figure of VI. 23 AB, HC are produced to meet in 
P, show that [gm AC: {gm CF :: BP: CE. 
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PROPOSITION 24. THEOREM. 


The parallelograms about the diameter of a parallelogram are 
similar to the whole and to one another. 


Let EG, HK be |lgms about the diagl. AC of the |igm ABCD; 
they shall be similar to gm ABCD and to one another. 


. GH is || to DC; 
.. ext. L AGF int. L D. 
Similarly ext. 4 AEF =int. C B. 
Also . EFG=opp. 4 EAG, 
=opp. BCD; 
. gms. EG, BD are equiangr. 
Again. AGF L O, 
and 4 GAF is common to As AGF, ADC; 
*. they are equiangr. ; 
.. AG: GF:: AD: DC; 
kr FG i BO ; CD,( OPP- sides of lems 
and AG : AE :: AD : AB; — 
*. gm EG is similar to gm BD. 
Similarly gm H K is similar to |gm BD; 
. also |Igms EG, HK are similar to one another. 
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NOTE. 


A particular case of this proposition has been demonstrated in II. 4, 
and is stated as a corollary. See p. 130. 


Ex. 724.—Prove that parallelogram HK is similar to parallelogram 
EG by ‘dividendo.’ 


Ex. 725.—Prove first that parallelogram EG is similar to parallelogram 
HK, and hence by ‘componendo’ to parallelogram BD. 
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PROPOSITION 25. PROBLEM. 


To describe a rectilineal figure which shall be similar to one and 
equal to another given rectilineal figure. 


Let it be reqd. to describe a rectl. fig. similar to P and equal 


to D. 
i F G H 
— eo 


To the side BC of P apply the rectangle BCEL 
equal to P; and to CE apply the rectangle f. 45, Cor. 
CEMF equal to D. 

Then BC, CF are in a st. line, and also LE, EM. 

Find a mean propl. GH between BC, CF, and on GH describe 
a rect. fig. Q similar and similarly situated to P. Q is the 
rectl. fig. reqd. 

Now BE: CM :: BC: CF, 
2: P: Q. [VI. 20, Cor. ii. 
But PS BE; 
*. Q=CM, 


and Q is similar to P; 
*. Q is the rectl. fig. reqd. 


NOTE. 
VI. 23 might be enunciated in more familiar language, thus :— 
To describe a rectilineal figure of the same shape as one given recti- 
lincal figure and of the same size as another. 
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Or more briefly :— 

To describe a rectilineal figure of given shape and size. 

Such problems as ‘ To describe an equilateral triangle equal to a given 
square’ are merely special cases of the general proposition, and may be 
solved by Euclid’s method. It sometimes happens that a special solution 
may be obtained shorter than this. For example: 


Ex. 726.— Two triangles ABC, ABG have a common angle B and a 
common side AB ; required to draw a triangle similar to ABC and equal 


to ABG. | 
Find a mean propl. EF between BC and BG, and describe a A DEF on 


tt similar to ABC. 


Ex. 727.—Construct an isosceles triangle equal in area to a given 
scalene triangle, and having a common vertical angle. 


Ex. 728. — Bisect a triangle by a straight line drawn parallel to its base. 


Itis worthy of notice that VI. 25 contains the solution of the following :— 


Ex. 729.—To find two straight lines which have the same ratio 
to one another as two given rectilineal figures. 
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PROPOSITION 26. THEOREM. 


If two similar parallelograms have a common angle and be 
similarly situated, they are about the same diagonal. 
Let the gms ABCD, AEFG be similar and similarly situated, 


and have 2 DAB common; then they are about the same 
diamr. 3 


D 


Join AC, AF. 
In As AGF, ADC, 


L AGF = ADC, Hyp 
and AG : GF :: AD : DC; — 
„ CAF DAC; VI. 6. 


.. AF falls along AC, 
i.e. Iams AEFG, ABCD are about the same diamr. 


NOTE. 


This is a particular case of the more general proposition given on p. 392. 

The straight lines drawn through the pairs (B, E), (D, G) of correspond- 
ing points’ of the similar and similarly situated figures ABCD, AE FG meet 
in a point A; hence the straight line drawn through the other pair (C, F) 
of corresponding points also passes through K. 


In such a case the point of concurrence, A, of the straight lines drawn 


through corresponding points is called a centre of similitude of the two 
similar figures. 


Ex. 730.—Show that in the figure of VI. 26 the other diagonals EG, 
BD are parallel. 


Ex. 731.— Two similar triangles EFG, BCD are placed with the sides 
EF, FG, GE of the one parallel to the corresponding sides BC, CD, DB 
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of the other. If BE, DG, when produced, meet in A, show that the 
straight line through C, F also passes through A (i. e. that A is a centre 
of similitude of the two similar triangles). 

Prove by ex equali that AG: GF :: AD: CD, and then proceed as in 
VI, 26. 


Ex. 732.— What other converse has VI. 24 besides VI. 26. Adapt the 
demonstration of VI. 26 to it. 


Ex. 733.—If in the fig. of VI. 26 a straight line APQ be drawn, 
cutting EF, BC, or FG, CD in P, Q; show that the ratio AP : AQ is 
the same for all directions of the line APQ. How could you extend this 
to the figure of Ex. 731. 


Ex. 734.—Prove VI. 26 indirectly (Euclia’s own method). 


It is usual to omit VI. 27, 28, 29 from the student’s course of reading. 
The subjoined enunciations as given by Simson may perhaps suggest a 
reason for the omission. 

27. Of all parallelograms applied to the same straight line and deficient 
by parallelograms similar and similarly situated to that which ts described 
upon the half of the line, that which is applied to the half and is similar to 
its defect is the greatest. 

28. To a given straight line to apply a parallelogram equal to a given 

rectilineal figure and deficient by a parallelogram similar to a given paral- 
 lelogram: but the given parallelogram to which the parallelogram to be 
applied is to be equal must not be greater than the parallelogram applied to 
half of the given line, having tts defect similar to the defect of that which 
ts to be applied; that is, to the given parallelogram. 

29. To a given straight line lo apply a parallelogram equal lo a given 
rectilineal figure exceeding bya parallelogram similar to another given. 

The following exercises, which are special cases given by Simson, may 
help the student to understand these somewhat obscure enunciations. 


Ex. 735.— To find a point D in a given straight line AB such that 
rect. AD, DB =a given square which is not greater than that on half AB. 

If, using the fig. of II. 5, D were the reqd. point, AH would be equal 
to the given square, and the problem stated in Euclid’s way would be :— 

To a given straight line (AB) to apply a rectangle (AH) equal to a 
given square not greater than that on half the line (CF) deficient by a 
square (DM). l 

For the solution use IJ. 5 aud J. 4. 


Ex. 736.— To find a point in a given straight line such that the rect - 
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angle contained by its segments shall be equal to a given rectangle ‘not 
greater than the square on half the line. | 
Enunciate this in Euclid’s manner. 
For the solution use II. 14,. II. 5, and I. 47. 


Ex. 737.—To produce a given straight line AB to a point D, . that 


rect. AD, OB =a given rectangle. 
With the fig. of II. 6 the problem could be stated in Euclid’s way, 


thus :— 
` To a given straight line (AB) to apply a rectangle (AM) equal to a 


given rectangle exceeding by a square (BM). 
For the solution use II. 14, II. 6, and I. 47. See Ex. 50g. 
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Der.—A straight line is said to be cut in extreme 
and mean ratio, when the whole is to the greater 
segment as the greater segment is to the less. 


PROPOSITION 30. PROBLEM. 
To cut a given straight line in extreme and mean ratio. 


Let AB be the given st. line; it is reqd. to cut it in extreme 
and mean ratio. 


Q 
A B 


Divide AB at C so that rect. AB, BO=sq. on AC. III. 1 I. 
Then AB is cut at © in extreme and mean ratio. 
. rect. AB, BO=sq. on AC; 
.*. AB: AC :: AC: BC, [VI. 17. 


z.e. AB is cut in extreme and mean ratio. 


Ex. 738.— If, in the figure of VI. 13, AC is divided in extreme and 
mean ratio at B, and AD, produced to mect the tangent at C in F, show 
that CF is a mean proportional between AC, CD. 


Ex. 739.—Construct a right-angled A BAO (fig. of VI. 8), so that 
AC, one of the sides containing the rt. C, may be equal to the segt. 
BD of the hypotenuse BC cut off by the perpr. AD. ~ 

Hence describe a right-angled A whose sides shall be in continued 
proportion. 
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PROPOSITION 31. THEOREM. 


In a right-angled triangle any rectilineal figure described upon the 
side opposite the right angle is equal to the similar and simi- 
larly described figures upon the sides containing the right 
angle. 

Let P, Q, R be similar rectl. figs. similarly described on the 
sides BC, CA, AB of a AABC, having + BAC a rt. 
then Q, R together=P. 

Draw AD irto BC; 
then BC: BA:: BA: BD; [VI. 8, Cor 


EN 
ey, 


.. P: R:: BG: BD; 
„ Re Pa BD: BC. 
Similarly Q: P:: DC: BC; 
.. R, Q together: P:: BD, CD together: BC. 
But BD, CD together BC. 
.*. Q, R together=P. 


Alternative Proof— 


R: P in dupl. ratio of BA: BC, 
and sq. on BA: sq. on BC in dupl. ratio of BA: BC; 
.. R: P:: sq. on BA: sq. on BC. 
Similarly Q: P:: sq. on AC : sq. on BC; 
.. R, Q together: P:: sqs. on BA, AC : sq. on BC. 
But sqs. on BA, AC=sq. on BC; 
.. Q, R together P. 
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NOTE. 


This theorem is a generalisation of I. 47. Special cases, capable of 
special demonstrations, will perhaps suggest themselves to the student as 
exercises. 

As an example, we give the following theorem discovered by Torricelli : 
Ignorans adhuc universalem propositionem trigesimam primam de simili- 
bus figuris ab Euclide in Elementorum libro VI. allatam’ (1668) :— 


Ex. 740.—The equilateral triangle described on the hypotenuse of a 
right-angled triangle is equal to the sum of the equilateral triangles 
described upon the other two sides. 


Zet BLC, CMA, ANB be the equilateral As described externally ; O the 
mid pt. of the hypotenuse BC. Then it is easy to show that ON is || 
to AC, and hence that guadl. ANBO= 4 BNC. {Comp. Ex. 78. 
= A ABL. {Comp. I. 47. 
Similarly guadl. CMAO= ô ACL. 
Add equals and take away A BAC. 


The same demonstration applies to isosceles triangles, with equal vertica. 
angles, described on BC, CA, AB as bases. 


Ex. 741.—If similar triangles BLC, CMA, ANB be similarly described 
on the sides of the right-angled triangle BAC (fig. VI. 31), and L be joined 
to the foot D of the perpendicular AD; show that triangle ANB = triangle 
BLD. 

When the triangles BLC, CMA, ANB are equilateral, it will be an in- 
teresting exercise for the student to try to demonstrate the above property 
as Torricelli did, without the use of proportion, 

As in Ex. 740 quadl. ANBO= A ABL; 
*. AANB =guadi. AOBL. 
= A BDL 


2 G 
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PROPOSITION 32. THEOREM. 


If two triangles which have two sides of the one proportional to 
two sides of the other be joined at one angle, so as to have 
their homologous sides parallel to one another, the remaining 
sides shall be in a straight line. 


Let FGA, ABC be two As such that 
FG:GA:: AB: BC, 
and let FG, GA be || to AB, BC respectively ; 
then FA, AC are in the same st. line. 


Produce BA to meet the || through F to GA or BC in E; 
then 2 AEF alt. L ABC. 
Also AE: EF :: FG: GA, 


: AB: BC; [Hr. 

.. LEAF = L BAC; [ VI. 6. 

*. FA is in a st. line with AC. II. 14. 
NOTES. 


This proposition is condemned by some writers as useless. 

Mr. Todhunter points out that it is only true when the bases FA, AC 
lie on corresponding sides of the parallels. 

Possibly Simson is right in his conjecture that VI. 32 was used to 
demonstrate the following proposition, which includes VI. 26 :— 


Ex. 742.—If two similar and similarly placed parallelograms have an 
angle common to both, or vertically opposite angles, their diameters are 
in the same straight line. | 

Demonstrate by means of VI. 32. 
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It may be noticed that we have here another special case of the general 
theorem given on p. 392. 

For if we complete the parallelogram ABCD, it can be shown that it is 
similar to AE FG, and A is a centre of similitude of the two similar recti- 
lineal figures ABCD, AEFG. 

Here any two corresponding points lie on opposite sides of A, and A is 
called an internal centre of similitude. 

In VI. 26 any two corresponding points lie on the same side of A, and 
A is called an ‘external centre of similitude’ of the similar parallelograms 


ABCD, AEFG. 


Ex. 743.—Two similar triangles EFG, BCD are placed with the sides 
EF, FG, GE of the one parallel to the corresponding sides BC, CD, DB 
ofthe other. If BE, DG cross at A, show that CF passes through A 
(1. e. that A is an internal centre of similitude of the two similar triangles. 
Comp. Ex. 731). 


Ex. 744.—Demonstrate VI. 32 by producing the arms of the angles 
GFE, BCD to meet in H, K, and showing that parallelograms EG, BD 
are similar, Compare Exx. 724, 725. 
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PROPOSITION 33. THEOREM. 


In equal circles, angles, whether at the centres or circumferences, 
have the same ratio which the arcs on which they stand have 


to one another; so also have the sectors. 


Let ABC, DEF be equal Os; BGC, EHF Ls at their centres 
G, H; BAC, EDF 4s at their circumferences; then 
(1) arc BC: arc EF :: BGG: 4 EHF, 
: BAC: cEDF. 


(2) arc BC : arc EF :: sector BGC : sector EHF. 


E F 


(1) Take any number of arcs CK, KL along Oce of © ABC, 
each equal to BC; and any number of arcs FM, MN, 
NX along Oce of © DEF, each equal to EF. Join 
GK, GL, HX, 
. arc BG S arc CK=arc KL; 
. «£BGC=zCGK=zKGL; 
*. arc BL and 4 BGL are equimultiples of arc BC and 2 BGC. 
Similarly arc EX and 2 EHX are equimultiples of arc EF 
and L EHF. 
Now if arc BL=arc EX, 
then BGL. + EHX, 
and it easily follows that 
if arc BL<arc EX, 
BGL S EH; 
and if arc BL > arc EX, 


IIII. 27. 
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t BGL >L EHX; 
*. arc BC: arc EF:: 2 BGC: 2 EHF, IV. Der. 5. 
:: 2 BAC: c EDF. 


aon mom 
we ~~. 


(2) Describe a © PQR with rad. OP equal to GB or HE, 
and make 4 POQ equal to 2 BGC. 
Apply © ABC to © PQR, so that G falls on O and GB 
along OP, 
then GC falls along OQ (. BGG S + POQ), 
and © falls on Q G. GCS Od), 
and arc BC falls along arc PQ (. © ABC SO PQR); 
.. sector BGC coincides with sector POQ, and is equal to it. 
Similarly each of the sectors CGK, KGL=sector POQ; 
.*. sector BGC sector CGK =sector KGL ; 
arc BL and sector BGL are equimults. of arc BC and 
sector BGC. 


Similarly arc EX and sector EHX are equimults. of arc EF 
and sector EHF. 
Now if arc BL=arc. EX 
then 4 BGL= C EHX, 
and .. sector BGL sector EHX, 
and it easily follows that 
if arc BL<arc EX, 
sector BGL <sector EHX, 
and if arc BL > arc EX, 
sector BGL > sector EHX; 
.. arc BC: arc EF :: sector BGC : sector EHF. 


Cor.—In the same circle, angles, whether at the 
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centre or at the circumference, have the same ratio 
which the arcs on which they stand have to one 
another; so also have the sectors. 


NOTES. 


This proposition may be enunciated as follows :— 
In a circle of given radius 


(i) an angle at the centre is proportional to 
(ii) an angle at the circumference | the arc on which 
(iii) a sector it stands. 


Similarly VI. 1 may be enunciated thus :— 

The area of a triangle or parallelogram of given altitude is pro- 
portional to its base. i 

No limit is assigned in the demonstration to the magnitude -of the 
angles BGL, EHX : they may be straight angles, or major conjugates, 
or even greater than four right angles. 


EX. 745.—Prove from V. Def. 5, and III. 27 that 
arc BOC: arc EF :: 4 BAC: 4L EDF, 
without finding the centre. 
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PROPOSITION B. THEOREM. 


If an angle of a triangle be bisected by a straight line which like- 
wise cuts the base, the rectangle contained by the sides of the 
triangle is equal to the rectangle contained by the segments of 
the base, together with the square on the straight line bisecting 
the angle. 


Let 2 BAC of A BAC be bisected by AD, meeting BC in D; 
then rect. BA, AC=rect. BD, DC with sq. on AD. 


E 
Describe the circum-O of A BAC, and produce AD to cut it 
at E. Join EC. 
Then 2 BAD= L CAD, [ Hyp. 
and . ABD L AEC in same segt. ; 
*. As ABD, AEC are equiangr. ; I. 32 


.*. BA: AD :: EA: AC; 
*. rect. BA, AC rect. EA, AD, 
=rect. ED, DA with sq. on AD, III. 3. 
=rect. BD, DC with sq. on AD. [III. 35. 


NOTE. 


If AD were the ‘external bisector’ of 2 BAC, with the same construc- 


tion we should have 
L BAD= L EAC, 
and as in VI. B, 
rect. BA, AC rect. EA, AD; 
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. rect. BA, AC with sq. on AD rect. EA, AD with sq. on AD. 
=rect. ED, DA, [II. 3. 
=rect. BD, DC. [III. 36, Cor. 


Ex. 746.—In each figure E is the mid point of the are BEC. 
Ex. 747.—In each figure rect. ED, EA=sq. on EC. 


Ex. 748.—In each figure the circle ABC is an inverse of the straight 
line BC with respect to E. 


Ex. 749.—In each figure show that rect. AB, EC=rect. AE, BD. 
Also if EB be joined, that rect. EB, AC=rect. AE, CD. 


Ex. 750.—In each figure, if angle A is a right angle rect. EA, AD= 
twice triangle ABC. 


Ex. 751.—Include ‘ VI. B’ and the extension given in the note in one 
enunciation. 
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PROPOSITION ©. THEOREM. 


If from any angle of a triangle a perpendicular be drawn to the 
base, the rectangle contained by the sides of the triangle is 
equal to the rectangle contained by the perpendicular and the 
diameter of the circle described about the triangle. 


In AABC let AD be drawn ır to BC, then rect. BA, AC = 
rect. contained by AD and the diamr. of the circum-© 
of A ABC. 

Describe the © ABC about the A ABC, and draw its diamr 
AE. Join EC. 


E 


Then rt. L ADB= 2 ACE (. AE is a diamr.), 
mt ABD S CAE C in same segt. ; 
As ABD, AEC are equiangr. ; 
BA: AD : EA: AC; 
rect. BA, AC=rect. EA, Ab. 


NOTE. 


This proposition is oſten useſul in affording a geometrical proof of 
theorems whose solution at first sight appears to require the use of 
Trigonometry. 

It is the geometrical equivalent of a formula ſor the diameter (2R) of 
the circum- circle of a triangle, of which indeed it affords an easy proof. 

It may be expressed symbolically thus 

2 R. pi be. 
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The student should notice that since C EAC = L BAD, 

EA and AD are a pair of ‘ isogonal lines’ (see Ex. 439); and that the 
property (rect. EA, AD=rect. BA, AC) is true not only for the diameter 
and the perpendicular, but for any other pair of isogonal lines.’ 

An instance of this occurs in the preceding proposition B, where AD 
falls along the line EA, which is ‘isogonal’ with it. In the note to pro- 
position B,’ EA is in the same straight line with its isogonal.’ 

Ex. 752.—If, in the figure of ‘VI. C, EA cuts BC in H, and AD 


is produced to meet the circum-circle in K, then 
rect. HA, AK = rect. BA, BC. 


Ex. 753.—Any side of a triangle is to the diameter of its circum · circle 
as twice its area is to the rectangle contained by the other two sides. 


Ex. 754.—In the fig. of VI. C, show that 
rect. AB, EC=rect. AE, BD. 


Ex. 755.—In the fig. of VI. C, join EB, and show that 
rect. AC, EB=rect. AE, CD. 
Show also that the theorem and that given in the preceding exercise are 
true if AD, AE are any pair of isogonal lines. 


Ex. 756.—In triangle ABC, AB=AC, and D is any point in BC, or 
BC produced; show that the circum-circles of triangles DAB, DAC are 
equal. 

Ex. 757.—If im the solution of the problem given as Ex. 165 (the 
‘ambiguous case’) we obtain two triangles satisfying the given conditions, 
show that their circum-circles are equal. 
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PROPOSITION D. THEOREM. 


The rectangle contained by the diagonals of a quadrilateral in- 


scribed in a circle is equal to the sum of the rectangles contained 
by its opposite sides. 


Let ABCD be a cyclic quadl., AC and BD its diagls.; then 
rect. AC, BD=rect. AB, CD with rect. AD, BC. 


Make 2 ABE equal to 4 CBD. 
Then remg. 2 CBE=remg. 2 ABD. 
and ¿ ADB= BCE in same segt. ; 
*. As ABD, CBE are equiangr. ; I. 32. 
D DBE : CB: 
. rect. AD, CBS rect. EC, DB. 
Similarly rect. AB, CD=rect. AE, DB; 
. rect. AB, CD with rect. AD, CB=rect. AE, DB with rect. 
EC, DB, 
=rect. AC, DB. 


NOTE. 


This proposition is sometimes called Ptolemy’s Theorem. It has im- 
portant applications in Geometry and Trigonometry. The student should 


acquaint himself with the following extension of it to quadrilaterals which 
are not cyclic. 


418 Euclid’s Elements. 


If a quadrilateral cannot have a circle described about it, the 
rectangle contained by its diagonals is less than the sum of the 
rectangles contained by its opposite sides. 

Let ABCD be a quadl. which is not cyclic, then rect. AC, BD < rect. 
AB, CD with rect. AD, BC. 
At B make 2 ABE equal to 4 CBD, 
and.. remg. 4 CBE equal to 2 ABD, 
and at A make 4 BAE equal to 2 BDC. 


Then As ABE, CBD are equiangr. II. 32. 
*. BA: AE :: BD: DC; IVI. 4. 
.. rect. AB, OGS rect. AE, BD. 
Also AB: BE :: DB: BC; 


.. AB: BD :: BE: BC, IVI. 4. 
and . ABD L CBE; [CONST. 
. AD: DB:: EG: CB; IVI. 6. 


. rect. AD, BC rect. EC, BD. 

But rect. AB, DG rect. AE, BD; 
. rect. AB, DC with rect. AD, BCG rect. AE, BD, with rect. EC, BD, 
=rect. contd. by BD and the sum of AE, EC. III. 1. 

But since ABCD is not cyclic 
4 BAC is not equal to 2 BDC; 
.. E is not on AC; 
.°. sum of AE, EC > AC; 
.. rect. AB, DC with rect. AD, BC > rect. AC, BD. 


It is not difficult to adapt this demonstration so as to apply at once to 
Ptolemy’s theorem and its extension, and to show at once that 


The rectangle contained by the diagonals of a quadrilateral is 
equal to or less than the sum of the rectangles contained by its 
opposite sides according as the quadrilateral is cyclic or not. 

We leave this as an exercise to the student. 


Ex. 758.—If the rectangle contained by the diagonals of a quadri- 
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lateral is equal to the sum of the rectangles contained by its 
opposite sides, a circle can be described about it. 


Ex. 7§9.—Enunciate the contrapositive of Ptolemy's theorem (see p. 
171). 

Ex. 760.—In the fig. of VI. D, show that rect. EB, BD equals rect. 
AB, BC. 


Ex. 761.—In the fig. of VI. B, show that the ratio of EA to the sum 
of BA, AC is independent of the position of A on the arc BAC. See 


EX. 749. 
Ex. 762.—An equilateral triangle BEC is inscribed in a circle ABC. 


A is any point on the minor arc BC. Show dy Plolemy's theorem that 
EA=the sum of BA, AC. See Ex. 521. 
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DEFINITIONS. 
Book VI. 


1. ‘Similar’ rectilineal figures are those which have their 
several angles equal, each to each, and the * about the equal 
angles proportionals. 


2. ‘Reciprocal’ figures, viz. triangles and parallelograms, are 
such as have their sides about two of their angles proportional in 
such a manner that a side of the first figure is to a side of the other 
as the remaining side of this other is to the remaining side of the 
first. 


3. A straight line is said to be cut in ‘extreme and mean ratio’ 
when the whole is to the greater segment as the greater segment 
is to the less. 


4. The ‘altitude’ of any figure is the straight line drawn from its 
vertex perpendicular to the base. 


In the exercises and addenda which follow, the word ‘segment’ will 
frequently be used in the sense assigned to it by the following definition 
from the Syllabus :— 

A point in a straight line is said to divide it ‘internally,’ and a 
point in the line produced is said to divide it ‘externally.’ In either 
case the distances of the point from the ends of the line are called 
‘segments of the line.’ 
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MISCELLANEOUS EXERCISES. 
Book VI. 


Ex. 763.—S, s are the circum-centres of the similar triangles ABC, abc. 
Show that triangles BSC, CSA, ASB are similar respectively to triangles 
bsc, csa, asb. 


Ex. 764.—-T, t are the ortho-centres of the similar triangles ABC, abc. 
Show that triangles BTC, CTA, ATB are similar respectively to triangles 
btc, cta, atb. 

Enunciate and prove similar theorems for the centroid, the mid-centre, 
and the symmedian point. 


Ex. 765.—From the vertices A, a of the similar triangles ABC, abc, 
perpendiculars AD, ad are drawn to the opposite sides. Show that 
AD :ad :: BC: be. 


Ex. 766.—The circum-radius and in-radius of any triangle have the 
same ratio as the circum-radius and in-radius of any triangle similar to it. 
Extend the theorem to other pairs of corresponding lines. 


In the next six exercises, taken from Euclid’s Data, the following 
definitions will be required :— 

Spaces, lines, and angles are said to be ‘given in magnitude’ when 
equals to them can be found. 

A ratio is said to be given when a ratio of a given magnitude to a given 
magnitude which is the same ratio with it can be found. 


Ex. 767.—If a triangle has one angle given, and if the ratio of the sum 
of the sides containing it to the third side be also given, the triangle is 
given in species (sce p. 363). 


Ex. 768.—If from the vertex of a triangle given in species a straight 
line be drawn to make a given angle with the base, it shall have a given 
ratio to the base. 


Ex. 769.—Rectilineal figures given in species may be divided into 
triangles which are given in species. 

Ex. 770.—If two rectilineal figures given in species have a given ratio 
to one another, their sides shall likewise have given ratios to one another. 

Ex. 771.—If a triangle have one angle given and the ratio of the rect- 


angle of the sides which contain it to the square of the third side be given, 
the triangle is given in species. 
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Ex. 772.—If the sides about an angle of a triangle have a given ratio 
to one another, and if the perpendicular from that angle to the base has a 
given ratio to the base, the triangle is given in species. 


Ex. 773.—Prove III. 35, III. 36, and III. 37 by VI. 16. 


Ex. 774.—Chords AB, AC drawn from a point A on a circle ABC are 
produced to meet the tangent at the other end of the diameter through 
Ain D, E. Show that triangles AED, ABC are similar. 


Ex. 775.—BD is the perpendicular from B to the internal bisector of 
angle BAC of triangle ABC. 

If BA=3 AC, show that AD is bisected by BC. 

Froduce BD, AC to meet in E, and show by VI. 1 ABDC=aDEC 
S220 ACD Sn guad. ABDC. 


Ex. 776.—O is any point within or without triangle ABC. From A, O 
are drawn AD, OP parallel to one another, and meeting BC in D, P. 
Show that AOBC : ABC:: OP: AD. 


Ex. 777.—D, E, F are points in the sides BC, CA, AB of triangle ABC 
such that AD=BE=CF. From any point O within triangle ABC, OP, 
OQ, OR are drawn parallel to AD, BE, CF to meet BC, CA, AB in P, 
Q, R. Show thatOP+0O0Q+OR=AD. (Bland’s Geometrical Problems.) 

Use last Exercise and V. 24. 


Ex. 778.—From two given points A, O are drawn any two parallel 
straight lines AD, OP, meeting a given straight line in D, P. Show that 
the ratio AD : OP is fixed. 


Ex. 779.—If each side of one triangle be perpendicular to one of the 
sides of a second triangle, show that the two triangles are similar. 


Ex. 780.—The internal bisector of angle BAC meets BC in D. Show how 
to construct the triangle BAC, having given the lengths of AB, AC, AD. 
See Ex. 747. 


Ex. 781.—Being given the base of a triangle and the position of the 
bisector of the vertical angle, show how to construct the triangle; and 
explain the case where the solution fails. 


Ex. 782.—In the fig. of VI. B,’ show that the square on AD is a mean 
proportional between the difference of the squares on AB, BD and the 
difference of the squares on AC, CD. 


Show that BA?— BD? : AD? :: EA?—EC? : AO, 
:: BA: AC. 
or use BA. AC - BD. OC AD», 
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Ex. 783.—Adapt the enunciation of the last exercise to the external 
bisector, and prove the theorem. 


Ex. 784.—D is a given point in a given straight line BC; it is required 
to find a point A such that AB, AC may be together equal to a given 
straight line, and.such that AD bisects angle BAC. 


Ex. 785.—Straight lines AOB, COD intersect in O so that AO: OB :: 
CO:OD. If P, Q are mid points of AB, CD, show that PQ is 
parallel to AC and BD. 


Ex. 786.—An angle A of given magnitude subtends the chords BC in 
a circle ABC. Show that the ratio chord BC : diameter of circle ABC is 
independent of the size of the circle ABC. 


Ex. 787.—In triangle ABC angle B=angle C. On BC as base 
construct a triangle similar to triangle ABC such that its vertical angle= 
either B or C. 


Ex. 788.—Straight lines AOD, BOE cut at O, making AO=2 OD 
and BO=2 OE. If AE, BD are produced to meet in C, show that AC, 
BC are bisected at E, D. 


Ex. 789.—The perpendicular bisector of one of the equal sides AC of 
an isosceles triangle meets the base AB in D. Show that AC is a mean 
proportional between AB, AD. 


Ex. 790.—-From any point within a regular nonagon is let fall a perpen- 
dicular on each of the sides. Show that the sum of these perpendiculars 
is equal to the in-radius of an nonagon, each of whose sides is equal to the 
perimeter of the first. 


Ex. 791.—D is any point in the base AC of an isosceles triangle ABC ; 
DE, DF are straight lines, making equal angles with AC, and meeting 
BC and AB in E, F. Show by VI. 15 that triangles AED, CDF are 
equivalent. 

Ex. 792.—ABC is a triangle having angle B right ; BD is drawn perpen- 
dicular to AC, and produced to E, so that DE is a third proportional to 
BDand DC. Show that triangles ADE, BDC are equivalent. 


Ex. 793.—Two circles cut one another orthogonally (see Ex. 307). O 
is the centre of one of them and X a point on its circumference. Through 
O a straight line is drawn, cutting the other circle in P, Q; and XP, XQ 
cut that other circle in Y, Z. Show YZ is parallel to OX. 

Ex. 794.—Find a point C in a given arc ACB of a circle such that the 
chord AC is double of the chord CB. 

2H 
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Ex. 795.—A Series of circles have their centres on a given straight line 
and their radii proportional to their distances of the corresPending centres 
from a given point in that line. Find the envelope of the circles. 


Ex. 796. — The in-radius of an isosceles triangle has the same ratio to 
one of the two equal ex-radii as the base of the triangle has to ils peri- 
meter. 


Ex. 797.—In triangle ABC, AB=AC, and the circle with centre B and 
radius BC cuts AC in D. Show that BC is a mean proportional between 


Ex. 798.—IJf D and E are points on the base BC of a triangle ABC 
such that AB, AC are respectively mean proportionals between BC, BD 
and BC, CE, show that AD, AE are each a mean proportional between 
BD and CE. 


Ex. 799.—D, E, F are the mid points of the sides BC, CA, AB of 
triangle ABC. Show that a triangle can be made with its sides equal 
and parallel to AD, BE, CF. 


Ex. 800.—A and B are two points external to a given circle DEF, and 
C is a point on AB such that the tangent from A to circle DEF is a mean 
proportional between AB, AC. If CD touches circle DEF, and AD, 
BF intersect on the circle at E, show that DF is parallel to AB. 


Ex. 801.—The diagonals of the quadrilateral ABCD are perpendicular 
to one another, and E, F are the projns. of C on AB, AD. Show that 
triangles AEF, ADB are similar. 


Ex. 802.—ABCD is a square, P any point on the minor arc AB of its 
circum-circle. Show that rect. a PD=rect. PA, PB+rect. PB, PC 
+rect. PD, PA. 

Show that A PCD - aA PAB= A PBC + A PDA, and then that As are 


in same ratio as corresponding rectangles. 


Ex. 803.—If two circles are drawn, one touching the sides of an equi- 
lateral triangle at the ends of the base, the other cutting the first ortho- 
gonally at the same points, either common tangent is equal to the chord 
of contact of the first circle, and is a mean proportional between its 
diameter and a side of the triangle. 


Ex. 804.—The Simson lines of a triangle with respect to the ends of a 
diameter are perpendicular to one another. 


Ex. 805.—The Simson lines of any two points P and Q on the circum- 
circle of triangle ABC are inclined to one another at an angle equal to that 
which PQ subtends at the circumference. 
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Ex. 806.—If three straight lines be propoitionals representing the first 
three terms of a decreasing series, find by a geometrical construction a 
straight line equal to the sum of the series ad infinitum. 

Ose V. 12. 


Ex. 807.—-Similar triangles are to another as the squares of their 
(i) circum-radii, (ii) in-radii, (iii) corresponding ex-radii, (iv) correspond- 
ing altitudes. 


Ex. 808.—In triangle ABO angle BAC is obtuse; AD, AE are drawn 
to meet BC in D, E, so that angle ADB=angle BAC=angle AEC. 
Show that triangles ABD, AEC, ABC are to one another as the squares 
on the sides of triangle ABC. 


Ex. 809.—Make a square that shall bear a given ratio to a given 
square. 


Ex. 810.—Make a rectilineal figure similar to a given rectilineal figure 
and bearing a given ratio to another given rectilineal figure. 


Ex. 811.—If in the fig. of IV. 10, AE and BD are produced to meet in 
F, show that BF is divided at D in extreme and mean ratio. 

Show also that the internal bisector of angle BAD divides CD in ex- 
treme and mean ratio. 


Ex. 812.—ABCD is a parallelogram ; E a point in AB such that AE 
is less than EB; CF, equal to AE, is drawn perpendicular to DC on side 
remote from AB; and FG, equal to EB, is drawn to meet DC produced 
inG. If GE, DA meet when produced in H, show that triangle HDG= 
parallelogram ABCD equal to angle PAQ. 


Ex. 813.—E, F, G, H are points in the sides AB, BC, CD, DA of a 
square ABCD such that AE=4AB, BF =I BC, CG=} CD, DH =} DA. 
Show that quadrilateral EFGH is equivalent to the square on GD. 


Ex. 814.—The sides of a cyclic quadrilateral taken in order are in pro- 
portion. Show that one of its diagonals bisects the other. 


Ex. 815.—If one diagonal of a cyclic quadrilateral bisects the other, 
show that the sides taken in order are in proportion. 


Ex. 816.—Deduce III. 4 from Ex. 815. 


Ex. 817.—The equal sides AB, AC of an isosceles triangle are pro- 
duced to E, F, so rect. BE, CF square on AB. Show that EF passes 
through a fixed point. 
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Complete the parallelogram ABDC, and shew ly VI, 32 that ED, DF 
are in the same straight line. 
Also prove without the use of VI. 32. 


Ex. 818.—If in the fig. of ‘VI. C' the tangent at A be drawn to meet 
BC produced in F, the diameters of the circum-circles of triangles ABF, 
ACF are in the ratio AF : CF. 


Ex. 819.—If in the figure of ‘VI. C’ AD is produced to cut the circle 
in F and AH drawn parallel to CF to meet BC, or BC produced in H, 
show that rect. AH, FB=rect. BA, AC. 
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ON LOCI, 2. See p. 107. 


PROPOSITION 1. 


The locus of a point whose distances from two given intersecting 
straight lines are in a constant ratio is a pair of straight lines 
passing through the cross of the two given straight lines. 


Let AB, CD be the two given st. lines intersecting at O, and 
let the given ratio be that of the given st. line X to the 
given straight line V; then the locus of a point whose 
distances from AB and CD are in the ratio X: Y is a 
pair of st. lines through O. 


Find points P, Q within 2s AOC, AOD, whose distances 
from AB, CD=X, Y (see p. 109). 
Join PO, QO, and produce the joining lines indefinitely : 
these form the locus. 
(i) Let p be any pt. on the st. line through P, O; draw ph, 
PH Ar to AB; pk, PK Lr to CD. 
Then As ohp, OHP are equiangr. ; 
*. ph: pO:: PH: PO. 
ia- pO: pk:: PO: PK; 
ph: pk :: PH: PK. [Ex QUAL. 
* V, 


i.e. distances from p to AB, CD are in ratio X: Y. 
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Similarly distances from any point in st. line through Q, O 
are in ratio X: Y. 
(ii) Let distances ph, pk of any pt. p within 2s AOC, BOD 
to AB, CD be in ratio X : V. 
Join HK, hk. 
In quadls. pkoh, PKOH, ~ 
s pko, koh, ohp= zs PKO, KOH, OHP; 
| *. fourth 4 hpk=fourth HPK. [I. 32, Cor. 
But hp: pk :: X: V. 
:: HP: PK; 
*. ph: hk :: PH: HK, 
and 2 phk= L PHK. } ae 
But rt. 2 phO=rt. 4 PHO; 
. ckhO=zKHO; 
. As khO, KHO are equiangr. ; 
„. hk: hO:: HK: HO. 
But ph: hk:: PH: HK; 
*. ph: hO :: PH: HO. 
But rt. 2 phO=rt. 2 PHO; 
*. LpOh= 2 POH; 
.*. p is on the line through P, O. 
Similarly if the distance of any pt. within the ¿s AOD, BOC 
are in the ratio X: Y, the pt. lies on the line through 


Q, O. 


NOTE. 


The theorem is a generalisation of 4, p. 107 (see diagram on p. 51). 

The demonstration applies equally well to the case in which ph, pk, 
instead of being drawn perpendicular to AB, CD, are drawn in any given 
directions, e.g. parallel to two given straight lines. 

A limiting case of the general proposition thus indicated is that in 
which ph, pk are in the same straight line drawn in a given direction, of 
which we give a separate demonstration below. 
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PROPOSITION 2. 


The locus of a point which divides into segments having a given 
ratio to one another the intercept made by two given inter- 
secting straight lines on a parallel to a third given straight line 
is zn general a pair of straight lines passing through the cross 
of the two given intersecting straight lines. 


Let HK be an intercept made by the two given st. lines AB, 
CD crossing at O on a parallel to a given st. line L, and 
P a point dividing HK internally; then 
(i) If P lies on a fixed st. line through O, 
HP : PK in a constant ratio. 
(ii) If HP: PK in a constant ratio, 
P lies on a fixed st. line through O. 


(i) Let P lie on a fixed st. line through O, 

. 2s of A OHP are constant; 
.. ratio HP: OP is constant. (VI. 4. 
Similarly ratio OP: PK is constant; 

„ratio HP: PK is constant. 

(ii) Let ratio HP: PK be constant, | 
. ratio HP: PK is constant; 
.*. ratio HP: HK is constant. 

But Ls of A OHK are constant, 

. ratio HK: OH is constant; 

. ratio HP : OH is constant; 
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but 2 OHP is constant ; 
.. 4 HOP is constant; IVI. 6 
.. Plies on a fixed st. line through O. 

Similarly for a point of external division of HK ; and as for 
all ratios except that of equality one external as well as one 
internal pt. can be found (see p. 274), the locus in general 
consists of a pair of straight lines. See Ex. 109. 

Contrast the method of proof used for Prop. 2 with that 
used for Prop. 1. 

It would be a useful exercise for the student to demonstrate 
Prop. 1 by the method used for Prop. 2, and vic versd. 

The method of Prop. 2 is frequently adopted to save the 
construction of a complicated figure. 


Ex. 820.—To find a point whose distances from the three sides of a 
given triangle are to one another as three given straight lines. 

Note that there is only one such point within the triangle, and there are 
three without. Compare p. 107, Intersection of Loci, 2. 


Ex. 821.—A circle cuts the side BC of a triangle ABC in a, A; CA in 
B, u, and AB in y, » Show that if By, u intersect in P, ya, x in Q; 
and aß, Au in R; then AP, BQ, CR are concurrent. 

They meet at a point whose distances from the sides are proportional to ah, 
Bu, y». Show ratio of perpendiculars from P by — of triangles 
PBu, Pyr. 


PROPOSITION 3. 


The locus of a point which divides into segments having a given 
ratio to one another the intercept made by two given parallel 
straight lines on any third straight line is a pair of straight 
lines parallel to the two given ones. 


Let AB and CD be the two given || st. lines; HK the inter- 
cept made by them on any third st. line. 
P any point on HK or HK produced. 
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Show (i) that if P lies on a || to AB, CD, the ratio HP: PK 


remains constant, 


(ii) that if the ratio HP : PK remains constant, P lies on 
one of two s to AB, CD. 


For the method of proof, see VI. 10, where FD, BC repre- 
sent the two given || straight lines, BF and CD the intercepts on 
any other two straight lines. 


PROPOSITION 4. 


O is a given point in a given straight line AB; E any other point 
in AB. Show that the locus of the end of a straight line 
drawn from E ina given direction, and bearing a constant 
ratio to OE, is a pair of straight lines through O. 


Let the given direction be that of the st. line COD through 
O, and let EP be || to CD on the same side of AB as C 
is. See p. 427. 
First let P lie on a st. line through O, 
then Ls of A OEP are constant; 
.. OE: EP is constant. 
Next let OE : EP be constant; 
then. 2 OEP is also constant, 
. L AOP is constant; 
*. P lies on a fixed st. line through O. 
Similarly when P is on the opposite side of AB. 


Ex. 822.—AB, DC are parallel sides of a trapezoid ABCD; PQ any 
points on AB, DC, such that PQ passes through a given point O on the 
join EF of the mid points E, F of AD, BC. Show that 

APD: PBCQ :: EO: OF. 
First, let PQ, AB, DC be concurrent, and then remove the restriction. 
Solve also when the trapezoid is a parallelogram. 
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PROPOSITION 5. 


The locus of a point whose distances from two given points are in 
a constant ratio of inequality is a circle. 


Let A and B be the two given pts.; C, D the pts. which 
divide AB internally and externally into segments which 
have to one another the given ratio of inequality ; then. 

(i) if a pt. P be such that AP: PB in the given ratio, P lies 
on the © described on CD as diamr. 

(ii) if P lies on the © described on CD as diamr. AP: PB 
in the given ratio. 


(i) Let AP : PB in the ratio. 
Join CP, PD. 
AP: PB :: AC: CB; , 
. CP is the intl. bisector of 2 APB. (VI. 3. 
Similarly DP is the extl. bisector ; [VI. A. 
*. £CPD is art. £; 
P lies on the © described on CD as diamr. 
(ii) Let P be any pt. on the © described on CD as diamr. 
Join CP, PD. 
Through C draw GCH || to PD, meeting AP, BP in G, H. 
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Then As ACG, ADP are equiangr. ; 
.*. CG: AC:: DP: AD; 
but AC: CB :: AD: DB; 
. CG: CB :: DP: DB, 
: CH: Ga (. As DPB, CHB are equiangr.) ; 
. CG=CH. 
But GH is Lr to CP; 
. CP bisects C APB; 
*. AP: PB :: AC: CB. 


Ex. 823.—A, B, C, D are four points in a straight line ABCD. 

Find a point P such that angle APB=angle BPC=angle CPD. 

A solution of this problem appeared in an article in the Acta 
Eruditorum for 1702, reviewing a work by Ceva. It seems to have 
been previously given in Ozanam’s Mathematical Dictionary (1690). 


Ex. 824.—Find a point whose distances from three given points shall 
be to one another as three given straight lines. 


Ex. 825.—Find the locus of a point such that if a pair of tangents 
be drawn from it to each of two given circies; the angles contained by 
each pair shall be equal. 


Ex. 826.—Find a point such that if a pair of tangents be drawn from 
it to each of three given circles, the angles contained by each pair shall 
be equal. 


PROPOSITION 6. 


If O is a given point, and P any point on a given straight line, the 
locus of a point p, such that Op falls along OP and bears a 
given ratio to it, is a parallel to the given straight line. 


Draw OA ır to the given st. line, and on OA, produced if 
necessary, take a such that Oa : OA in the given ratio; 
then 
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(i) if OP, or OP produced, meets the || through a to the 
given st. line in p, Op : OP in the given ratio. 
(For Op : OP :: Oa: OA.) 
(ii) If p be taken on OP, or OP produced, such that 
Op : OP in the given ratio, ap is || to AP. 
(For Op: OP:: Oa: OA.) 


oS 
. 
a 
m” 
S 


The demonstration might easily be adapted to the case. in 
which Op falls in the same straight line with OP on the 
opposite side of O, ie. when Op makes a straight angle’ 
with OP. This is a limiting case of Prop. 7. 


PROPOSITION 7. 


If O is a given point, and P any point on a given straight line, the 
locus of a point p, such that Op makes a given angle in a 
given sense with OP and bears a given ratio to it, is a straight 
line. 


Let the circum-© of A Op cut the given st. line PH again 
at C. | 
Then. Op: OP in a constant ratio, 
and /. POp is constant, 
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., L OpP is constant; 
*. L OCP in the same segment is constant; 
*. C is a fixed point. 


Also ext.2 pCH of cyclic quadl. OpCp= L POp, and is 
. constant; 
*. p lies on a fixed st. line through C. 
The demonstration of the converse is leſt to the student. 


= 


PROPOSITION 8. 


If O is a given point and P any point on a given circle, the locus of 
a point p, such that Op falls along OP and bears a given ratio 
to it, is a circle. 


Let A be the centre of the given ©, and let a be taken on 
OA, or OA produced, such that Oa: OA in the given 
ratio. Join ap. 

Then Op: OP:: Oa: OA; 
*. Op: Oa :: OP: OA; 
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and 2 AOP is common to As aOp, AOP; 
.. ap: Oa :: AP: OA, 


But Oa, AP, and OA are constant ; 
*. ap is constant; 
.. p lies on a © whose centre is a. 
The demonstration of the converse is left to the student. 


The demonstration might easily be adapted to the case in 
which Op falls in the same st. line, with OP on the opposite 
side of O; ie. when Op makes a ‘straight angle’ with OP. 
This is a limiting case of Prop. 9. On account of its im- 
portance we add a figure illustrating this case, leaving the 
demonstration to the student. 


Ex. 827.—From two given points O, o two parallel straight lines 
OP, op are drawn, having a given ratio to one another: P lies on a given 
circle. Find the locus of p. | ö 
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PROPOSITION 9. 


If O is a given point and P any point on a given circle, the locus of 
a point p, such that Op makes a given angle in a given sense 
with OP, and bears a fixed ratio to it, is a circle. 


Let A be the centre of the given circle, and let Oa be taken, 
making the given angle in the given sense with OA, and 
bearing the given ratio to it. Join ap. 

. LAQa= zPOp; 
*. LaOp= 2. AOP. 
Again Op: OP:: Oa: OA, 
*. Op: Oa :: OP: OA; 
but 2 aOp= 4 AOP; 
*. ap : Oa :: AP: OA. 
But Oa, AP, OA are constant; 
*. ap is constant; 
. P lies on a © whose centre is a. 


Ex. 828.— From a given external point O, any straight line OPQ is 
drawn, cutting a given circle in P, Q, and on it is taken a point R such 
that OR bears a fixed ratio to the sum of OP, OQ. Show that the locus 
of R is a circle through O. 

A hint may be found in Ex. 359. 

Investigate a similar theorem for an internal point. 


Ex. 829.—P is any point on a given arc APB; O the mid point of the 
conjugate arc AOB. If Q be taken on OP such that OQ bears a constant 
ratio to the sum of AP, PB, find the locus of Q. 
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Ex. 830.—To draw a triangle of given species which shall have one 
vertex at a given point and the other two vertices on given straight lines 
or given circles. 

Compare Ex. 157. 


Ex. 831.—Show that any number of triangles of given species can be 
described having one vertex on each of three given straight lines or circles. 
Compare Ex. 157. 


Ex. 832.—From a given point O two straight lines OP, OQ are 


drawn, such that angle POQ and rect. OP, OQ are constant. P lies (1) 
on a given straight line, (2) on a given circle. Find the locus of Q. 


See pp. 251-254. 
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HARMONIC DIVISION. 


Der.—A point in a straight line is said to divide it 
‘internally,’ and a point in the line produced is said 
to divide it ‘externally.’ In either case the dis- 
tances of the point from the ends of the line are 
called ‘segments’ of the line. 


PROPOSITION 1. 


To find the points which divide a given straight line into segments 
which have a given ratio to one another. 


Let AB be the given st. line, and let the given ratio be that 
of the st. line L to the st. line M. 

From A in any direction draw AS equal to L, and through B 
draw EBF || to AS, such that EB=BF=M. Join SE, 
SF. Let SE cut AB in C, and SF, AB produced cut 
in D, then C and D are the reqd. pts. 


For AC: CB :: AS: EB (. ¿s CEB, CSA are equiangr.), 
:: L: M, 
: AS: BF, 
: AD: DB C. cs DFB, DSA are equiangr.). 


2 I 
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Der.—When the internal segments AC, CB of a 
given straight line AB have the same ratio to one 
another as the external segments AD, DB, 

(i) the straight line AB is said to be ‘harmonically 
divided at the points C, D; 

(ii) the points A, C, B, D are said to form a ‘har- 
monic range’ ; 

(iii) AC, AB, AD are said to be in ‘harmonic pro- 
gression.’ 

(iv) AB is called the ‘harmonic mean’ between 
AC, AD; 

(v) the points C and D are called ‘harmonic con- 
jugates’ with respect to the points A and B. 


PROPOSITION 2. 


If C, D are harmonic conjugates, with respect to A, B, then A, B 
are harmonic conjugates with respect to C, D. 


For DA: DB :: AC: BC; 
*. DA: AC:: DB: BC, 
i.e. D, B, C, A form a harmonic range. 


PROPOSITION 3. 


If three points A, B, D are given in a straight line, one point C, 
and one only, can be found forming a harmonic range A, C, B, D 
with A, B, D. 


Take any pt. S outside the given st. line, and join SA, SB, 
SD. Through B draw FBE || to SA, meeting SD in F, 
and making BE=FB. Join SE, cutting AB in C. 
Then by the demonstration of Prop. 1, A, C, B,D is a 
harmonic range. 
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Again, if A, C, B, D, forming a harmonic range, be joined 
with an external point S, and EBF be drawn || to AS 
and meeting SC, SD produced in E, F, 

AS : EB :: AC: CB (. As CEB, CSA are equiangr.), 
: AD: DB, 
:: AS: BF; 
.. EBS BF. 

Now when A, B, D are given and S taken, only one line 
through S can be drawn, making EB SBF. 

. only one point C can be found making a harmonic 
range A, C, B, D with A, B, D. 


PROPOSITION 4. 
If A, C, B, D form a harmonic range, AB(AC + AD)=2 AC. AO. 


For AB(AC+AD)=AB.AC+AB.AD, [II. I. 
AB. AC CB. AD AC. AD, [II. I. 
AB. AC DB. AC AC. AD (. CB. AD 
DB. AC) 
S2 AC. A. 


Cor.—If O be the mid point of CD, 
AB. AO = AC. AD (. AC AD S2 AO). 
Also since D, B, C, A form a harmonic range, 
DC( DBT DA) S 2 DB. DA; 
and if O' be the mid point of AB, 
DOC. OO! = DB. DA. 


PROPOSITION S. 


If A, C, B, D form a harmonic range and O, O' are the mid points 
of CD, AB, 
OC’*?=O0D* SOA. OB, 
AO? SOB? SOC. O' O. 


— — ~ 
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For DA: AC :: DB: BC; 
a DA - AC:: 0B+BC: DB— BC; 
2 OA: 2 OG:: 200: 2 0B; 

Sie OC*=OAOB. 
Similarly O’A*=O'C.O’D. 


PROPOSITION 6. 


If S be any point without the straight line in which is the harmonic 
range ACBD, and if through B a straight line EF be drawn 
parallel to SA and meeting SC, SD in E and F, then EB=BF. 


See demonstration of 2d part of Prop. 3. 
The converse theorem has been * demonstrated. (See 
Prop. 1.) | 


PROPOSITION 7. 


If four straight lines SA, SC, SB, SD, drawn from a point S, cut any 
transversal ACBD in points A, C, B, D, forming a harmonic 
range, they will cut any other transversal acbd in points 
a, c, b, d, forming a harmonic range. 


For through B, b draw EBF, ebf || to AS, and meeting SC 
in E, e and SD in F, f. 


Then EB=BF; [PRoP. 6. 
. Sb bf; 
*. a, c, b, d is a harmonic range. [ PROP. 1. 


Der.—A system of four straight lines SA, SB, SC, 
SD, drawn from a point S such that the four points 
a,c, b, d, in which any transversal cuts them, forma 
harmonic range, is called a ‘harmonic pencil’; the 
straight lines SC, SD passing through the conjugate 
points c, d are called ‘conjugate rays’; so also are 
the straight lines SA, SB passing through the con- 
jugate points a, b. 
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Thus in the figure on p. 360, AB, AD, AC, AE form a 
harmonic pencil, of which the two arms AB, AC of the 
4 BAC are one pair of conjugate rays, and the internal and 
external bisectors AD, AE of the 2 BAC are the other pair. 

Again, the two straight lines OP, OQ (diagm. on p. 427) 
form a harmonic pencil with the two given st. lines OA, OB. 
For PQ can easily be shown to be || to OC and bisected by 
OA. 

Also since any antiparallel Bv to the base BC of A ABC 
is || to the tangent at A to the circum-© of ABC, it is clear 
that this tangent forms, with the sides AB, AC and the 
symmedian through A, a harmonic pencil, of which the 
tangent and the symmedian are one pair of conjugate rays, 
and the sides of the triangle the other pair. 


PROPOSITION 8. 


If three straight lines SA, SB, SD are given, drawn from the same 
points, one straight line SC, and one only, can be found form- 
ing a harmonic pencil SA, SC, SB, SD with SA, SB, SD. 


Draw a transversal A, B, D; then by Prop. 3 one point C, 
and one only, can be found making a harmonic range 
A, C, B, D with A, B, D. 

Hence one st. line SC, and one only, can be found, etc. 


PROPOSITION 9, 


If one pair of conjugate rays of a harmonic pencil are at right 
angles to each other, they are the external and internal 
bisectors of the angle between the other two. 


In the diagram let ASB be art. . 
Then SB is at rt. ¿s to EF (. EF is || to AS); 
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.. £ESB= <2 FSB (I. 4), 
i. e. SB is the intl. bisector of 4 CSD; 
.. SA is the extl. bisector. 


Cor.—If S is any point on the circle having AB for diameter DS : SC 
:: OB: BC. See Ex. 697. 


Ex. 833.—A, B, C, D are four given concyclic points, and S any fifth 
point on the same circle. If SA, SB, SC, SD form a harmonic pencil 
for any one position of S, they do so for all positions. 

Prove by Ill, 21 and Superposition. 


Ex. 834.—A, B, C, D are four given concyclic points, and S any 
fifth point on the same circle. If the tangent at D form a harmonic 
pencil with DA, DB, DC, show that SA, SB, SC, SD also form a 
harmonic pencil, and that the tangent at A forms a harmonic pencil with 
AB, AC, AD. 


Ex. 835.—A and B are two given points on a given circle, whose centre 
is O. It is required to find a point P on the same circle, such that PA, 
PB intercept equal segments OM, ON on a given diameter CD of the 
circle, 

Rouché et de Comberousse, Traité de Géométrie Elémentaire. 


Produce AB, CD to meet in T, and draw tangents TE, TF to the given 
circle. The other end P of the diameter through F or E will be the point 
required. Remember that EA, EF, EB, ET, and FA, FE, FB, FT are 
harmonic pencils, and use Ex. 834. 


PROPOSITION 10. 


Through a fixed point A any straight line is drawn, meeting two 
given intersecting straight lines SC, SD in Cand D. If AB 
is taken along ACD, a harmonic mean between AC, AD, then 
B lies on a fixed line through S. 


Join AS. Through B draw EBF || to AS, meeting AC, AD 
in E, F. 
Then, as in Prop. 3, B is the mid pt. of EF. 
But EF is || to a fixed st. line AS; 
*. its mid pt. B lies on a fixed st. line through S (see Ex. 109). 
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The straight line SB is called the harmonic polar, or 
simply the polar of A, with respect to the two st. lines SC, 
SD. 


PROPOSITION 11. 


If the diagonals AC, BD of a quadrilateral ABCD cross at E; the 
sides DA, CB produced meet in F; and the sides BA, CD pro- 
duced in G; 

then (i) FG, FA, FE, FB ) 
(ii) GF, GA, GE, GD } form a harmonic pencil. 
(tii) EG, EA, EF, EB 


G D L C 


Along GAB, GDC, take GH, GL, the harmonic means 
between GA, GB and GD, GC. 
Then H, L lie on a st. line through F, ) 
and also on a st. line through E ; J 
*. they lie on the st. line FE; 
.. FG, FA, FE, FB form a harmonic pencil. 
Similarly GF, GA, GE, GD form a harmonic pencil. 
Also since G, A, H, B form a harmonic range, 
*. EG, EA, EH, EB form a harmonic pencil. 


Cor. 1.—With the same construction, let the diagonals AC, 
BD be produced to meet the straight line through F and G 
in N, O; then G, N, F, O is a harmonic range. 


[ PROP. 9. 
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Ex. 836.—To find the polar of a given point F with respect to 
two given straight lines by means of the ruler only. 

Draw FAB, FBC, cutting the two given straight lines in A, B, D, C. 
(See fig. of Prop. 10.) Join AC, BD, crossing at E. then E ts a point on 
the required polar. Similarly another point can be found. 


Ex. 837.—Through a given point E to draw a straight line, such 
that it would, if produced, pass through the point of intersection G 
of two given straight lines when that point is inaccessible. 

Through E draw AEC, BED, meeting the given straight lines in 
A, B, D, C (fig. of Prop. 11), and produce DA, BC to meetin F. Through 
F draw any other straight line Foc, cutting AB in b and CD ind; and 
let bD, oA cross ate. Then Ee ts the required line. 

Compare Ex. 241. 


Ex. 838.—-AB, CD are two given parallel straight lines. E is a given 
point. It is required to determine, by means of a ruler only, a straight 
line through E parallel to AB, CD. 


Ex. 839.—AB and CD are two given parallel straight lines. It is 
required to bisect a finite portion of either of them by means of a ruler 
only. ö 


Ex. 840. —AB CO is a given parallelogram, and EF a given finite 
straight line. Show how to bisect EF by means oſ a ruler only. 

Construct by means of Ex. 838, a parallelogram having EF for one 
diagonal, 


PROPOSITION 12. 


From a given external point A, a straight line APQ is drawn, 
cutting a given circle in P and Q; along APQ is taken the 
harmonic mean AR between AP and AQ; then the locus of 
R is the polar of A with respect to the circle. 


Find the centre O of the given ©, and let the straight line 
through A, O cut the © in Cand D. Bisect PQ in E, 
and join OE. Along ACD take AB the harmonic mean 
between AC, AD. 

Then AB.AO=AC.AD, [PRop. 4. 
=AP.AQ, [III. 36, Cor. 
=AR.AE ; (PROP. 4. 
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. B, O, E, R are concyclic; 
. CBR LOER 
which is a rt. 2; 
but B is a fixed point; 

R lies on a fixed st. line. 

Also since OA.OB=OC?, [PRop. 5. 
this st. line is the polar of A with respect to the given ©. 
(See pp. 243, 244.) 

Hence this straight line is sometimes called the harmonic 
polar of A with respect to the given O. (Compare Prop. 10.) 
If in the figure of Prop. 11 the quadrilateral ABCD is 
cyclic, and H and L be taken as before, then H, L lie on the 
polar of G with respect to the © round ABCD. 
Hence this polar passes through E, F. 
Hence we are enabled to solve the following problem :— 


PROPOSITION 18. 


To draw a pair of tangents to a given circle from a given external 
point by means of a ruler only. 


From the given extl. pt. G draw GAB, GCD cutting the 
given © in A, B and C, D. Join AC, BD, crossing at E. 
Join DA, CB, and produce them to meet at F; then EF 
will cut the © at the points of contact of the reqd. tangents 
from G. 


Ex. 841.—-A, B, C, D are four given concyclic points, and P any fifth 
point on the same circle. The tangents at A, B, C, D cut the tangent at 
Pin a, b, c, d. Ifabcdisa harmonic range for one position of P, it is 
so for all positions. 

Show that if abcd is a harmonic range, PA, PB, PC, PD form a 
harmonic pencil, and conversely, and use Ex. 833. 
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ON SIMILARITY. 
PROPOSITION 1. 


If along the straight lines OA, OB, OC, OD, joining a given point 
O to the corners A, B, C, D of a given rectilineal igure ABCD, 
a, b, c, d, be taken, such that 
Oa : OA=Ob : OB=Oc : OC=Od : OD, 
then a, b, c,d are the corners of a rectilineal figure abcd 
similar to ABCD. : 


Join ab, be, cd, da, 
--Oa:OA:: Ob: OB; 
*. ab is || to AB; 
*. £Oab= 4 OAB, 
and Oa : ab :: OA : AB. VI. 4. 
Similarly 4 Qad = z OAD, 
and ad : Oa :: AD : OA; 
*. remg. 2 dab=remg. L DAB, 
and da: ab :: DA: AB. [Ex QUALI. 
Similarly Ls abc, bed, da zs ABC, BCD, CDA, and 
the sides about them are propls. ; 
e. abcd is similar to ABCD. 


DEr.— The point O is called the external centre of 
similitude of the similar figures abcd, ABCD. 
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PROPOSITION 2. 


If the straight lines AO, BO, CO, DO, joining the corners 
A, B, C, D of a given rectilineal figure ABCD to a point O be 
produced to points a, b, c, d, such that 

Oa : OA=Ob : OB=Oc : OC=Od : OD, 
then a, b, c,d are the corners of a rectilineal figure abcd 
similar to ABCD. 


The demonstration resembles that of Prop. 1. 


DEr.—0 is called the internal centre of similitude of 
the two similar figures abcd, ABCD. 


PROPOSITION 3. 


Two given similar figures can always be placed so that the lines 
joining corresponding points are concurrent, i. e. so as to have 
a centre of similitude. 


Let abcd be placed so that ab is || to AB and cabc in the 
same sense as the 2 ABC, and let Aa, Bb, produced if 
necessary, meet in O. 

Join OC, Oc. 
Then 2c Oba= z OBA, 
and Ob: ba :: OB: BA. [VI. 4. 
But L abe ABC, [ Hyp. 
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and ab: bc :: AB: BC; 
.. LObc= 2 OBC, 
and Ob :bc :: OB: BC; Ex x DALI. 
.*. £bDOc=zBOC; 
. c, O, C are in the same st. line. 
Also bc is || to BC (. 2 Obc= 2 OBC), 
and.. Oc: OC=Ob : OB. 
Similarly d, O, D are in the same st. line, 
and Od: OD Oc: OC. 


Note that when two similar rectilineal figures abcd, ABCD have a 
centre of similitude O, any two corresponding sides ab, AB are parallel 
to one another, and that the ratio ab : AB (called the ‘ ratio of similitude’ 
of the two figures) is the same as that of the distances of any two corre- 
sponding points a, A from O. 

If the ratio of a pair of corresponding sides (ab : AB) of two given 
similar rectilineal figures is not one of equality, the two figures can be 
placed so as to have either an external or an internal centre of similitude, 
according as ba is placed, as in the first or as in the second diagram. 

If the ratio ab: AB is one of equality (i. e. if the figures abcd, ABCD 
are congruent), we cannot place the figures so as to have an external 
centre of similitude ; for if we place ab as in the first diagram, Aa and 
Bb are parallel. 

We can still, however, get an internal centre; for if we place ab as in 
the second diagram, Aa, Bb cut one another, and it is easy to show that 
Oa=0A, Obs OB, Oc=OC, Od=OD. 

This special case is one of great importance. The two figures abcd, 
ABCD are then said to be symmetrical with regard to the point O, 
and O is called a centre of symmetry of the two figures. 


Dr.- When two similar figures have a centre of similitude, they 
are called ‘homothetic’; and are said to be ‘similarly placed’ or 
‘oppositely placed’ according as that centre is external or internal. 

Dr.- When a figure is such that a point O exists within it such 
that every straight line drawn through O and terminated by the 
boundary of the figure is bisected at O, the figure is said to be 
‘symmetrical with respect to the point O,’ and O is called ‘the 
centre of symmetry’ of the figure. 

Thus a parallelogram is symmetrical with respect to the cross of its 
diagonals, and a circle is symmetrical with respect to its centre. 
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Contrast central symmetry’ with ‘axial symmetry’ (see p. 23). 

A knowledge of the properties of homothetic figures can be turned to 
good account in Geometrical Drawing. 

Suppose, for instance, we are required to draw a square bede, such 
that b, c fall on the sides AB, AC of a given triangle ABC, and d, e on 
the base BC. | 

Using the ‘ Method of Analysis and Synthesis’ (see p. 114), suppose the 
required square bcde were drawn, and also that a square BCDE were 
described on the base BC on the side remote from A. 

Then bede, BCDE would be homothetic figures, and b, c lie on 
AB, AC respectively: d, e must lie on AD, AE. Hence the construc- 
tion :— 

Construct a square BCDE on the base BC on the side remote from A. 
Join AD, AE, cutting BC ind, e. Through d, e draw dc, eb parallel 
to EB or DC, meeting AB, AC in b, c; bcde shall be the required 
square. : 

For be: BE:: Ae: AE, 
2: ed: ED; 
.. beg ed. 
Similarly od Sed. 
We leave the rest of the demonstration as an exercise. 


Ex. 842.—Inscribe an equilateral triangle in a given triangle ABC: 
have one side parallel to BC. 
Solve as above. 


Ex. 843.—Inscribe an equilateral triangle PQR in a given triangle 
ABC, having one side QR parallel to a given straight line. 

Draw a parallel to the given straight line, meeting CA, AB in q,r. 
On qr describe an equilateral triangle pqr. Join Ap, and let it cut BC 
in P. Draw PQ, PR parallel to AB, AC. 


Ex. 844.—Inscribe in a given triangle ABC a triangle similar to a 
given one, and having one side parallel to BC. 


Ex. 845.—Inscribe in a given triangle ABC a triangle similar to a given 
one, and having one side parallel to a given straight line. 


Ex. 846.—ABCDE is a regular pentagon, BEGF a square described 
on BE. If AF, AG cut BC, DE in f, g; show that fg is the side of a 
square begf whose corners are on sides AECDE. 


Ex. 847.—Draw a square whose corners shall be on sides of a given 
regular hexagon. 


— — 
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Ex. 848.—To find a point within a given isosceles triangle whose dis- 
tance from each base angle is double its distance from the vertex. 


Ex. 849.—In a given triangle inscribe a parallelogram whose sides are 
in a given ratio. 


Ex. 850.—In a given triangle inscribe a rhombus having an angle equal 
to a given rectilineal angle. 


The attention of the student is drawn to an important distinction be- 
tween the fwo possible kinds of similarity which may exist between two 
given similar rectilineal figures. It may assist his comprehension to con- 
sider first the important special case of congruence. 

If two congruent figures are (like the pair of triangles ABC, DEF in the 
diagrams of I. 4 or I. 8), such that superposition could be effected without 
taking either of them out of the plane in which they are, they are said to 
be directly congruent. 

If two congruent figures are (like the pair of triangles AFC, AGB in 
the diagram of I. 5, or the pair ADF, AEF in the diagram of I. 9), such 
that superposition could be effected after one of them had been taken out 
of the plane in which they are, and turned over, they are said to be 
inversely congruent. 

In the same way, if two similar figures are such that they can be 
‘similarly placed,’ or ‘ oppositely placed,’ without taking either of them 
out of the plane in which they are said to be directly similar; but if they 
are such that they could be similarly or oppositely placed after one of 
them had been taken out of the plane in which they are and turned over, 
they are said to be inversely similar. 


PROPOSITION 4. 


If two figures abcd, a'b’c'd’ are each of them homothetic with a 
third figure ABCD, they are homothetic with each other, and 
the three centres of similitude are in a straight line. 


Let O be the intl. centre, and m : M the ratio, of similitude 
of abcd, ABCD; O' and m': M those of a b'c'd', 
ABCD. 

Let OO’, aa’ meet in E, and on O'E take N such that 
ON: OO“ :: m: M, and join Na, 

. ON : OO’ :: Oa: OA: 
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Na is || to Aa’, 
and Na: AO’::m: M. 


But AO’ :O’a’:: M: m; 
*. Na: O' 72 m: m; 
m sm; 
*. aa’ cuts OO’ in a pt. E such that EN: EO’ :: m: m- 
Similarly bb’, cc’, dd’ cut OO’ at the same pt. E. 
Also Ea: Ea’:: EN: EO’ 
: m: m. 
Similarly also Eb : Eb’, Ec : Ec’, Ed: Ed’ each m: m'. 
Hence E is a centre of similitude of abcd, a’b’c’d’. 
A slight modification of the proof would be necessary if 
one or both of the two given centres of similitude were 


external. 

DEr.— The line passing through the three centres 
of similitude of three similar figures taken two at a 
time is called the axis of similitude’ of the three 


figures. 


Ex. 851.— Use the diagram of Prop. 4 to show that if two similar 
rectilineal figures abcd, ABCD were res; ectively similarly and oppo- 
sitely placed to a third similar rectilineal ‘figure a'b’c’d’, they would be 


oppositely placed to one another. 
Referring to the section on Loci (Prop. 6, p. 8 it is easy to see 


that : 
(1) If a straight line drawn through the centre of similitude O of two 


homothetic rectilineal figures abcd, ABOD meet their boundaries at 
corresponding points p, P, the ratio Op : OP is the ratio of similitude of 


the two figures abcd, ABCD. 
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(2) Ifa straight line drawn through a fixed point O meet the boundary 
of a given rectilineal figure ABCD in P, and along OP (or PO produced) 
a point p be taken, such that Op : OP in a given ratio, the locus of p is 
the boundary of a rectilineal figure abcd homothetic with ABCD and 
having the given ratio for the ratio of similitude. 

Thus the relationship between two homothetic rectilineal figures 
abcd, ABCD and their centre of similitude O is the same as that of two 
circles qpq’, QP (see p. 436), and the point O dividing the join of their 
centres externally or internally in the ratio of their radii. 

Hence two circles are looked upon as homothetic figures, and the 
point O is called their centre of similitude. 

Two such points can always be found for two given unequal circles 
which are not concentric. 

For two equal circles the internal point of division only can be found, 
and it is a ‘centre of symmetry’ for the two circles. 

For two concentric circles the common centre is the only centre of simi- 
litude. ö 

If the two circles have a pair of external common tangents, their point 
of concurrence is the external centre of similitude. 

If the two circles have also a pair of internal common tangents, their 
point of concurrence is the internal centre of similitude. 

In general, two homothetic rectilineal figures do not, like two circles, 
have both an external and an internal centre of similitude. 

If, however, they each have (like parallelograms) a centre: of 
symmetry,’ they will have two centres of similitude (an external and an 
internal), unless they are equal or concentric. 


Ex. 852.—If two similar parallelograms have one centre of similitude, 
they must have two unless they are equal or concentric. 


Ex. 853.—If two regular hexagons have one centre of similitude, they 


must have two unless they are equal or concentric. 
What connection has Prop. 4 with this and the last exercise? 


Ex. 854.—D, E, F are the mid points of the sides BC, CA, AB ofa 
triangle ABC; O', E’, F’ the mid points of the straight lines PA, PB, PC, 
joining its corners to a point P. Show that DD’, EE’, FF’ are con- 
current. ; 

Ex. 855.—A circle is described touching the side BC of triangle ABC, 


and the other two sides AB, AC produced. Show that it is the in-circle 
of a triangle AB'C’ similar to triangle ABC. 
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Ex. 856.— In the fig. of VI. B,’ show that the circle described to pass 
through A and touch BC in D will touch the circle ABC at A. 


Ex. 857.—Two similar and similarly placed triangles are such that the 
circum-circle of one is the in-circle of the other. Compare their areas. If 
one is four times the other, show that they are equilateral. 


Ex. 858.—-O is one of the points of intersection of two fixed circles; 
OPQ a straight line meeting the circles in P and Q; R divides PQ 
externally or internally in any given ratio. Find the locus of R. 


Lf A be other point of section, triangle APQ ts of constant species. 

Ex. 859.—In two given circles external to each other, to inscribe two 
triangles similar to a given triangle, and having a side of one in the same 
straight line as the corresponding side of the other. 

There are four solutions, two for each centre of similitude. 


Ex. 860.—If two circles cut each other, to inscribe in the space 
between them a parallelogram of which one side is given. 


PROPOSITION 5. 


If from a given point O there be drawn straight lines Oa, Ob, 
Oc, Od, all bearing the same ratio (m : M) to the straight lines 
OA, OB, OC, OD, joining O to the corners of a given recti- 
lineal figure ABCD, and all making with them the same angle 
0 in the same sense, then a, b, c, d are corners of a rectilineal 
figure abcd directly similar to ABCD. 


Along OA, OB, OC, OD take Oa’, ob Oc’, Od’ equal to 
Oa, Ob, Oc, Od. 

Then by Prop. 1, a'b'c'd' is similar to ABCD. 

Now turn the figure formed by a’b’c’d’ and the st. lines, 
joining its corners to O round O until Oa’ falls along Oa. 

Then Ob’, Oc', Od' will fall along Ob, Oc, Od, and a’, b', 
c’, d' will coincide with a, b, c, d. 

We shall call the point O a ‘centre of stretch-rotation’ 
for the two directly similar figures, abcd, ABCD. 

The — abcd may be said to be derived from the 

2 K 
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figure ABCD by a ‘stretch’ m: M from O and a ‘turn’ 0 
round O. 

In Prop. 1, abcd is derived from ABCD by a ‘stretch’ 
Oa : OA only. 

In Prop. 2, abcd is derived from ABCD by a stretch 
Oa : OA and a straight angle ‘turn’ round O. 


PROPOSITION 6. 


A centre of stretch-rotation can be found for any two unequal 
directly similar rectilineal figures which are not homothetic. 


For let ap, AP (diagm. on p. 435), corresponding sides of 
two directly similar figures, meet in C; and let the circum-Os 
of As CaA, CpP cut again in O. 

Then 2 apO=int. C APO of cyclic quadl. pC PO, 
and 4 Oap=ext. 2 OAP of cyclic quadl. aCAO ; 
.*. As Oap, OAP are equiangr. ; 
.. Oa: Op :: OA: OP; 
*. Oa: OA:: Op: OP. 
Let pq, PQ be the sides of the similar figures consecutive to 
ap, AP, 
. Lapq= CAP, [H vp. 
and LapO S zAPO; 
. LOpq= L OPQ 
Again Op: pa:: OP: PA (. As Oap, OAP are equiangr.) ; 
and pa: pq:: PA: PQ; [Hyp. 
*. Op: pq :: OP: PQ. 
But 4 Opq= L OPQ; 
*. Op: Oq :: OP: OQ. 
Also. L aOp= 2 AOP; 
*. £AQA= z pOP. 
Similarly 2 pOP= 4 qOQ, and so on. 
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Hence O is a centre of stretch-rotation for the two similar 
figures. 


The result of Prop. 4 in the section on Loci might be thus stated :— 


The figure derived from a given circle by a stretch from a given point 
O and a given turn round O is a circle. 
We shall speak of O as a centre of stretch-rotation of the two circles. 


PROPOSITION 7. 


Any pair of unequal circles which are not concentric have an in- 
definite number of centres of stretch-rotation which are all 
concyclic. 


Let a, A be the centres of the two given Ọs; O a pt. such 
that Oa : OA in the ratio of the radii ap, AP. (Fig. on 
p. 437.) 

Take any pts. p, P on the Os such that 
4 Oap, OAP are equal and in the same sense, 

. Oa: OA:: ap: AP; 
*. Oa : ap :: OA: AP. 
But 2 Oap LOA; 

*. Op: Oa :: OP: OA; 

.. Op: OP:: Oa: OA. 
Also C aOp = (AOP ; 
. / pOPS L AOa; 

.. O is a centre of stretch- rotation for the two Os. 


Similarly for other points whose distances from a, A are in 
the ratio of the radii. 

But all such pts. lie on the © which has for a diamr. the 
join of the pts. dividing aA externally and internally in the 
ratio of the radii, #.e. on the join of the centres of similitude. 

This © is called the ‘circle of similitude’ of the two 


given Os. 
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PROPOSITION 8. 


PQR is a triangle inscribed in given triangle ABC. If the angles 
at P, Q, R on the sides CA, AB, BC are of given magnitude, 
the circum-circles of the triangles have a fixed point O in 
common. 


Let P’Q’R’ be any second A inscribed in AABC, having 
Ls P,Q, R' equal to zs P, Q, R of A PQR, and let 
the circum-@s of As APQ, AP’Q’ intersect in O. Join 
OP, OQ, OR, OP’, OQ’, OR’. Let QR, Q’R' cross at E. 

Then Odd int. 2 OPP’ of cyclic quadl. OPAQ, 
and 2 OQ’Q=ext. OPP of cyclic quadl. OP’AQ’; 
.. As OQQ’, OPP’ are equiangr. ; 
5. OQ : OQ’ :: OP: OP. 
Again. £2 QOQ’= POP); 
„. £QOP=2Q’OP, 
and. OQ : OQ’:: OP: OP’; 
*. OQ: OP:: OQ’: OP; 
.. LOQP= L OQ'P’ l 
and OQ: QP :: OQ’: QP 
But PRS C P'QR', 
and PQ: QR :: P’Q’: QR’; 
. remg. L OQR=remg. 2 OQ’R’, 


[VI. 4. 
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and OQ: QR:: OQ’: QR; 
*. LOQR= L OQ'R', 
and L ORQ= L OR'Q'; 
., the circum-Os of As QEQ’, RER’ pass through O; 
*. the circum- O of ABQR passes through O (see p. 248); 
.*. O is a fixed pt. 
Again. (ORC Sint. 2 OQB of cyclic quadl. ORBQ, 
S int. OPA of cyclic quadl. OPAQ ; 
*. circum-O of ACPR passes through O. | 
Similarly the circum-@sof As BQ’R’, CP’R’also pass through O 


Note that since triangles OQR, OQ’R’ are similar, 
OR: OQ ::OR’: O“ ?; 
.. OR: OR :: OQ : OQ’, 
: OP: OP’; 
also 2 ROR’= L QOQ’= 2 POP’; 
.. O is the centre of stretch-rotation for the two As PQR, P' R'. 
Hence :—If any number of directly similar triangles be inscribed 
in a given triangle, so that all corresponding vertices lie on the 
same side, they have a common centre of stretch-rotation. 
Some interesting special cases of this general proposition may be 


noted. 
(i) Suppose 2 P=ZA; LAS LB; CRS LC, 
Then RP, PQ, QR are tangents to the circum- Os of As APQ, BAR, 
CRP; 
.. LOPR=2z OQP in alt. segt. OPAQ, 
LO in alt. sect. OBR; 
. the fixed point O is a Brocard point’ for each of the directly 


similar Ls. 
Again LOAC SLO P in same segt. OQAP, 
(L OBAS L ORQ m ORBQ, 
L£OCB=ZOPR 15 OPC R; 


. O is a Brocard point’ of A ABC. 
This also follows from the fact that the 4 ABC itself belongs to the set of 
directly similar As. 
(ii) If ZAS LA; ORS LB; PS . C, 
O is a Brocard point for each of the As, 
such that L OAB= LOBC= ¿ OCA, 
= LOPQ= LOQR= ZL ORP. 
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(iii) If RS LA; CPS LB; LQ=2C, 

O is the circum- centre of ABC and the ortho- centre of A PR; 
, the common chd. PQ of the circum- Os of As PAQ, PRQ subtends 

equal Cs PAQ, PRQ; l 

.. circum- O of AAPQ=circum-© of APR. 
So also circum- Os of As BQR, CRP each circum- O of A PAR; 

. chds. OA, OB, OC subtending equal Ls OPA, OB, ORC in 

equal Os are equal. 

Again 4 OBA= 2 OAB, 


= LOPQ, 
and . AOB 22. C, 
22, PR; 
. 2LOPQ +24 PQR= Ls OBA, OAB, AO B, 
=2 rt. Zs; 


.. OPT LPR Sa rt. ; 
.. PO is Lr to QR. 
Similarly QO, RO are Lr to RP, PQ. 

(iv) The case of a straight line cut by the sides CA, AB, BC in P, Q, R, 
so that the segments PQ, QR, RP have given ratios to one another 
is a ‘limiting case’ of the general theorem. 

We leave the special investigation of this case as an exercise. 

The previous theorems on sets of directly similar triangles with a 
common centre of stretch-rotation have a close connection with the 
geometry of the parabola. 

Some further theorems concerning such sets of triangles will be given in 
the next section (on Maxima and Minima). 


Ex. 861.—PQR is a triangle inscribed in a given triangle ABC. Show 
how to inscribe in triangle ABC any number of triangles directly 
similar to triangle PQR. 


Ex. 862.—O is a Brocard point of triangle ABC; OP, OQ, OR are 
drawn to CA, AB, BC, so that angle OPA=angle OQB=angle ORC. 
Show that triangle PQR is directly similar to triangle ABC. 

Show also that O is a Brocard point of triangle PQR. 


Ex. 863.—O is the circum-centre of triangle ABC; OP, OQ, OR are 
drawn to BC, CA, AB, so that angle OPA=angle OQB=angle ORC. 
Show that triangle PQR is directly similar to triangle ABC. 

Show also that O is the ortho-centre of triangle PQR. 


Ex. 864.—A straight line cuts the sides CA, AB, BC in P, Q, R. 
Show how to draw any number of straight lines which shall be cut into 
segments having the same ratio as PQ, QR, RP, 
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From O the common point of intersection of the circum-circles of 
lriangles APQ, BQR, CRP (see p. 248) draw OP’, OQ’, OR’ fo CA, 
AB, BC, so that angles POP’, QOQ’, ROR’ are egual and in the same 
sense; P', Q, R' will lie in a straight line such as is require. 


Ex. 865.— In fig. of Prop. 8, 
Perimr. of A PQR : perimr. of A P’Q’R’ :: OP: OP. 


Ex. 866.—In fig. of Prop. 8, 
APR: A P’Q’'R’:: sq. on OP: sq. on OP. 


Ex. 867.— In a given triangle ABC, to inscribe a triangle PR whose 
species and perimeter are given. 


Ex. 868.— In a given triangle ABC to inscribe a triangle PQR whose 
species and magnitude are given. 
Principia, Book I., Lemma xxvi. 


Ex. 869.— A right line may be drawn, whose parts, given in length, 
may be intercepted between three right lines, given in position.’ 
Principia, Book J. Lemma xxvi., Cor. 


Ex. 870.—All the corresponding points of a set of directly similar 
triangles inscribed in a given triangle, as in Prop. 8, lie in a straight line 
except the points corresponding to O, which coincide with O. 


Ex. 871.—A straight line cuts the sides CA, AB, BC of a given 
triangle ABC in P, Q, R, such that the ratios of PQ, QR, RP are given. 
A point divides S, one of these segments, into parts having a given tatio 
to one another. Show that the locus of S is a straight line. 


Ex. 872.—‘ To describe a trapezium whose species is given and whose 
several angles may respectively touch four right lines given in position, 
which are neither all parallel nor converge to a common point.’ 


Principia, Book I, Lemma xxvii. 


Ex. 873.— A right line may be drawn whose parts, intercepted in a 
given order between four right lines given in position, shall have a 
given proportion to each other.’ 

Principia, Book J., Lemma xxvii., Cor. 


Ex. 874.—D is any point in the base BC of a triangle ABC: from D 
are drawn DE, DF parallel to two given straight lines to meet AB, AC 
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in E, F. Show that the circum-circle of triangle ADE has a fixed chord, 


and hence that the locus of its centre isa straight line. See Exs. 664, 
665. 


The ‘Pantagraph’ is an instrument whose use depends on 
the properties of similar figures. 


It consists of four rods EAB, BCQ, CD, DA pivoted 
together at A, B, C, D, and such that CD=AB and DA=BC. 
Hence for all possible movements of the instrument, ABCD 
is a gm. 

Suppose O, P, Q to be fixed points on EB, AD, BQ, such 
that in some position of the instrument O, P, Q are in a st. 
line. 


Then OA: AP :: OB: BQ. 
But + OAP= + OBQ for all positions. 
*. LAOP= L BOQ; 
. O, P, Q are always in a st. line, and OP: OQ=OA: OB 
always. 

If therefore O remains fixed and Q describes any figure, P 
will describe a similar and similarly placed figure reduced in 
the ratio OA : OB. 

It is obvious that the instrument could also be used for 
enlarging. 

Hence O is a ‘centre of similitude’ of the original figure 
and its enlarged or reduced copy. 

For a modification of the above instrument, by Professor 
Sylvester, which can ‘turn’ as well as ‘stretch’ a given figure 
(i.e. in which O is a centre of ‘stretch-rotation °’), see How 10 
Draw a Straight Line, p. 23, ‘ Skew Pantagraph. 
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The principle of the common pantagraph is used in the 
parallelogram frequently attached to the oscillating beam of a 
steam-engine. 

Let E be the centre of the beam, ABCD the jointed 

parallelogram, and let the corner D be joined to a fixed 
centre H by a rod not shown in the figure, so that D is 
forced to move on a circular arc convex towards A. Then as 
A describes an arc about E convex towards D, it occurred to 
Watt that a point F might be found which, for moderate 
oscillations, moved approximately in a straight line. This is 
the so-called parallel motion’ in which no use is necessarily 
made of the parallelogram ABCD. 
But if the parallelogram ABCD be so constructed that EFC 
are in a straight line for one position, they remain so for all 
positions, and by the principle of the pantagraph C also 
describes an approximately straight path. In Watt’s engine 
C was attached to the end of the piston-rod which drives the 
engine, F to that of the exhaust-pump. 
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MAXIMA and MINIMA. 


Der.—When a geometrical magnitude X, which 
varies continuously according to any given law, 
passes through a certain value M greater than the 
values immediately preceding or immediately suc- 
ceeding it, the magnitude X is said to bea ‘maximum’ 
when it has that value M. 


Thus suppose a pt. D to move along the st. line AB from 
the end A through the mid pt. C to the end B; the value of 


A Č D B 


the rectangle AD.DB varies continuously with the position of 
D: also since 

rect. AD.OB=CA?—CD?, III. 5. 
it is clear that when D is at C that value is greater than when 
D is moving towards C or away from ©. Hence the rectangle 
AD.DB is said to be a maximum when D coincides with C. 


Der.—When a geometrical magnitude X which 
varies continuously according to any given law 
passes through a certain value M less than the 
values immediately preceding or immediately suc- 
ceeding it, the magnitude X is said to bea ‘minimum’ 
when it has that value M. 


Thus suppose a pt. D to move along the st. line AB from 
the end A through the mid pt. C to the end B; the value of 
AD?+ DB? varies continuously with the position of D; also 
since 

AD ＋ DB?=2 AC?+2 CD?, 
it is clear that when D is at C that value is less than when D 
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is moving towards C or away from C. Hence AD?+ DB? is 
said to be a minimum when D coincides with C. 

It does not follow that when a magnitude is a maximum or 
minimum, according to the above definitions, that it has 
assumed the absolutely greatest’ or the absolutely least value 
it is capable of assuming: for it may increase and then 
decrease ; then increase again, and so on. Whenever it has 
left off increasing, and is just about to decrease, it is by 
definition a maximum ; and whenever it has left off decreasing 
and is just about to increase, it is by definition a minimum. 

Thus a varying magnitude may have several maximum 
and several minimum values. 

Note also that maxima and minima occur alternately. 

In our first illustration, if we confine ourselves to the finite 
segment AB of the indefinite straight line through A and B, 
the rectangle AD. DB is an absolute maximum when D is at C; 
but if we suppose D to move from some point on BA pro- 
duced, through A, C, B, and then along AB produced, it can 
be seen that rect. AD.DB decreases as D approaches A; 
that it increases as D moves from A to C; decreases as D 
moves from C to B; and increases again as D moves along 
AB produced: also, since rect. AD. DB CD? CB, when D 
is in either produced part, its value may be made as great as 
we please by taking D further and further from C ; hence the 
rect. AD. DB is not an absolute maximum when D is at O: it 
is a relative maximum occurring between two minima. 

Note that these minima (D at A or B) give zero values. 

In our second illustration it is plain that, whether we con- 
sider the finite segment AB or the indefinite st. line through 
A and B, AD?+ DB? is an absolute minimum when D is at C; 
since for all positions 

AD?+BD=2 AC?+2 COD. III. 9, 10. 

We proceed to enunciate some propositions on maxima and 
minima whose truth has been already demonstrated in, or 
follows easily from, some of Euclid’s propositions. 


— — m * 
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PROPOSITION 1. 


The straight line drawn from a given point to a given straight line 
is a minimum when it is perpendicular to it. (I. 16, 19.) 


This is demonstrated in III. 16. 


PROPOSITION 2. 


The sum of the straight lines drawn from a point to two given 
points is a minimum when that point lies in their join. (I. 20.) 


PROPOSITION 3. 


If a finite straight line be divided into two segments, the rectangle 
contained by them is a maximum when they are equal. 


Or thus :— 
If the sum of two straight lines be given, the rectangle contained 
by them is a maximum when they are equal. 


Cor.—Of all rectangles with the same perimeter, the square has 
the greatest area. 


PROPOSITION 4. 


If a finite straight line be divided into two segments, the sum of 
the squares on them is a minimum when they are equal. (II. 9.) 


An easy extension of this may be stated thus :— 


The sum of the squares of the distances of a point from two given 
points is a minimum when it bisects their join. (II. 9, Ex. 203.) 
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PROPOSITION 5. 


If the rectangle contained by two straight lines is given in magni- 
tude, the sum of the squares on them is a minimum when they 
are equal, z.c. when the rectangle is a square. 


For if AB=BC, 
AB?+ BC?=2 AB. BC. 
If not, apply BC to AB, 
then AB?-+ BC? > 2 AB. BC. (ey: 


PROPOSITION 6. 


If the rectangle contained by two straight lines is given in magni- 
tude, their sum is a minimum when they are equal, . e. when 
the rectangle is a square. 


For if AB=BC, 
(AB BC)?=4 ABB. BC. 
If not, apply BC to AB, 
then (AB BC)? > 4 AB. BG. [II. 8. 


Co. — Of all rectangles having the same area, the square has the 
least perimeter. 


PROPOSITION 7. 


If a straight line be drawn to the circumference of a circle from a 
given point within it which is not the centre, it is a maximum 
when it passes through the centre and a minimum when it 
forms the remaining part of the diameter through the given 
point. (III. 7.) 


— = — — 
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PROPOSITION 8. 


If a straight line be drawn to the circumference of a circle from 
a given external point, it is a maximum when it passes through 
the centre and a minimum when it forms that part of the maxi- 
mum which is outside the circle. (III. 8.) 


PROPOSITION 9. 


The diameter is the maximum chord of a circle. 


PROPOSITION 10. 


If from two given points A and B on the same side of a given 
indefinite straight line XY, straight lines AQ, BQ are drawn to 
a point PQ in XY, their sum is a minimum when they make 
equal angles with XY. 


by ------}------7), 


Draw AO ir to XY, and produce it to A’, so that OA’=OA. 
Join A’B, cutting XY in P. Take any pt. Q in XY. 


Join AP, AQ, AQ. 
’ AO, OP= A'O, OP, 
— and 2 AOP= CA'Op. 


.. APSA . 
Similarly AQ=A’Q 


Maxima and Minima. Prop. 12. 469 
Also 2 APX= 2 A'PO, 
= BPV. 
„ AS AQ; 
.. AQ+QB=A’Q+ QB. 
Similarly AP+PB=A’P-+ PB, 
AB. 
But if Q does not coincide with P, 
A'Q+QB > A'B; [I. 2. 
*. AQ+QB > AP+PB, 

The solution thus depends on Prop. 1. 

We have demonstrated that AQ+QB is an absolute mini- 
mum when Q coincides with P; and it is worthy of notice that 
as Q recedes from P in either direction along XY, A'Q+ QB 
continually increases, so that there is no other relative minimum 
or maximum ; and that if two points on XY give equal values 
for AQ+-QB, they must be on opposite sides of P. 

This proposition has interesting applications in Optics. 


PROPOSITION 11. 
Of all equivalent triangles on the same base, the isosceles has the 
minimum perimeter. 


The vertices of any No. of equivt. As on the same base AB, 
and on the same side of it, lie on an indefinite st. line XY || to 
AB ; and it can be shown by a construction and demonstration 
like that of Prop. 10 that the sum of the sides ts a minimum 
when they make equal Ls with XY, i.e. when the A is isosceles 


PROPOSITION 12, 


A and B are two fixed points; Q a point in a given indefinite 
straight line XY. To find when AQ?+ QB? is a minimum. 


Bisect AB in O. Then AQ?+QB?=2 AO?+ 2 OO; 
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.. AQ?+QB? is a minimum when OQ is a minimum, ie. 
when OQ is 1 to XY. 
Compare Ex. 278. 


PROPOSITION 13. 


From a point P in the side BC of a triangle ABC, PH, PK are 
drawn parallel to CA, AB so as to form a parallelogram AH PK. 
It is required to find when AHPK is a maximum. 


. As BHP, BAC are equiangr. ; 
. PH: PB:: AC: CB. 
Similarly PK: PC :: AB: CB; 
.. PH. PK: PB. PO :: CA AB: CB?; 
rect. PH. PK is a maximum when rect. PB. PC is a maxi- 
mum, . e. when P bisects BC. 
.*. gm A PK is a maximum when P bisects BC, z.e. when it 
is half of the triangle ABC. 


Note that the maximum area of [gm AH PK is half the 
area of ABC, and that AAB C is never less than double of 
gm AH PK. 

Many problems in Maxima and Minima may be solved like 
the problems in Props. 10-13, by reducing to one of the 
‘Standard Cases given in Props, 1-9. 

We append some of these as exercises for the student. 
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If, however, the student fails in reducing a given problem 
to one of the ‘Standard cases,’ he should have recourse to the 
method of ‘coincidence of equal values’ which we proceed to 
exemplify in the solution of two problems. A formal state- 
ment of the principles on which the method depends will be 
afterwards made. 


AOB, COD are two given intersecting straight lines; E, a given 
point. Through E is drawn a straight line cutting AB, CD 
in Q, q. Itis required to find when the rectangle Eq.EQ isa 
minimum. 


Here Eq.EQ may be made as large as we please by taking 
EQ nearly || to AB or CD. Hence as the value of the rect- 
angle changes gradually as we turn the line EQ round E, 
there must be two positions of minimum value. 

Let EpP be one of them. 

Then there must exist positions EqQ, Eq’Q’ on opposite 

sides of EpP, such that rect. Eq. EQ rect. Eq’.EQ’; 
*. Q, q, q’, Q’ are concyclic ; 
*. L OQ'q'= L OqQ. 

Now let EqQ move up to and coincide with EpP,; then 

Eq'Q' simultaneously moves up to and coincides with EpP ; 
in the limit ¿ OPp= z OpP, 
z.e. EpP makes equal angles with AB and CD. 

The other position of minimum is given by the other st. 
line through E, making equal angles with AB, CD. 

The student should examine carefully the validity of the 
italicised portion of the above investigation. 

eE 
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PROPOSITION 14. 


A and B are two points on the diameter COD of a circle CQD on 
opposite sides of the centre O, such that AO is greater than OB. 
To find when AQ+ QB is a maximum or a minimum. 


It is evident that when Q is at either end of the diamr. 
COD, AQ QB is a maximum or a minimum. For if, as Q 


approaches D on one side, AQ QB increases, it must, from 
the symmetry of the figure, decrease as Q moves away from 
D on the other, and vice vers. But this argument leaves un- 
settled whether D gives a maximum or a * and the 
same may be said of C. 

In what follows, when we know that a value is either a 
maximum or a minimum value, but have not demonstrated 
which, we shall speak of it as a turning value.“ There 
may be other positions of Q besides C and D which give 
turning values of AQ+QB, as to which the above simple 
considerations of symmetry give no information. These we 
proceed to investigate. 
~ If there does exist a point on the © CQD for which 
AQ+QB has a ‘turning value,’ there must exist two other 
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points Q and Q' on the ©, on opposite sides of that pt., such 
that AQ+QB=AQ’+Q’B. 

Suppose this to be the case. Join Q, Q’ and produce to X 
and Y. 

Then, by Prop. 10, there must exist on the st. line XY a 
pt. P between Q and Q, such that 2 APX= z BPY. 

Now let Q and Q’ move up and coincide with the supposed 
pt. of ‘turning value’ on the ©. 


Then P will also coincide with it, and XY will be the 
tangent at P. 

Hence at a pt. P of ‘turning value’ on the ©, the tangent 
at P and also the radius OP is equally inclined to AP and BP. 

This condition is obviously satisfied at the points C and D 
already known to be points of turning value. 

If it is satisfied at any other point P, 

AP:PB:: AO: OB. 

Now as Q moves round the © from C to D, the ratio 
AQ : QB is continually increasing from AC : CB, which is of 
less inequality to AD : DB, which is of greater inequality. 

Hence if AO: OB > AD: DB, there is no point P such 
that AP: PB :: AO: OB. 

In this case C and D are the only pts. which give turning 
values. We leave it to the student to showthat C gives a 
minimum and D a maximum. 


But if AO: OB < AD: DB, there will be such a point. 
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We shall leave it to the student to show that it gives a maxi- 
mum value for AQ+QB, and that, since maxima and minima 
occur alternately, C and D must each give a minimum. 

It can be found by Ex. 697. 

The student’s attention is drawn to the following interesting 
property on account of its connection with the more general 
problem known as Alhazen's, in which the positions of A, B 
are unrestricted. 

Produce OA, OB to A’, B’, such that 
OA.OA’= OB.OB’=OP?. 
Then OP touches circum-O of AAPA’; 
.. LOPA= L OAP. 
Similarly L OPB= ~OB'P; 
. LOA P=zOBP; 
. AP=B’'P; 

. P lies on Ir bisector of A’B’. 

The principle we have used in solving Props. 13 and 14 
may be formally enunciated thus :— 

On opposite sides of a position which gives a ‘turning value’ to 
a continuously varying magnitude, and indefinitely near to it, there 
must always exist two positions which give it * values. 
Conversely: 

Between every two positions which give danai values to a con- 
tinuously varying magnitude, a position of turning value must 
always exist. 

On the power which the application of this principle gives 
in solving problems on maxima and minima, we may quote 
the following passage from Tait and Steele’s Dynamics of a 
Particle :— 

‘This principle, though excessively simple, ss of very great 
power, and often enables us to solve problems of Maxima and 
Minima such as require in Analysts not merely the processes 
of the Differential Calculus, but those of the Calculus of 
Variations.’ 


Ex. 875.—AOB isa given diamr. of a © AQB, whose centre is O; 
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M any pt. on AB; MQ Lr to AB. Find when rect. OM. Md is a 
maximum. 

Use Prop. 13 to show that, tf the tangent at the point P which gives a 
maximum meets OB produced at T and the perpendicular to AB through O 
in R, RP=PT. 


Ex. 876.—Inscribe the greatest square in a given quadrant AOB of a 
circle with its sides along OA, OB. Ose Prop. 13. 


Ex. 877.—-Inscribe the greatest rectangle in a semi-circle AQB having 
one side on AB. Use Prop. 13. 


Ex. 878.—AB is a given diamr. ofa © AQB; M any pt. on AB; MQ 
Ir to AB. Find when rect. AM. MQ is a maximum. See hint for Ex. 


Ex. 879.—A is a given point on a given © AB; AY Tr to the 
tangent at Q. Find when Y is furthest from the diamr. through A. 

Draw QM, YN Lr to diamr. Show that YN is propl. to A AMQ. 
.Apply last exercise. 


Ex. 880.—O is a given pt. on a given st. line OX; Q any pt. on 
another given st. line, cutting OX at T; QM Tr to OX. Show that 
when OM MQ? is a maximum, MQ is a tangent to the circum-© of 
OTQ, and give a geometrical construction for finding Q. 

Taking two pts. Q, Q’, such that OM?—MQ?2=OM?—M'Q”%, and 
drawing QR Lr to M’Q’; show that 

OM TOM“: MQ+M’Q’ :: RQ’: MM’, 
and hence in the limit 
OM: MQ :: Ma: TM. 


Ex. 881.—C is a given pt. ona © ; Q any pt. on either of the quad- 
rantal arcs terminating at C; QM Lr to the tangent at C. Show that the 
maximum value of CM?— MQ? is half the square of the radius. 


Ex. 882.—A and B are two fixed pts. on two given Os APC, BQD; 
AP, BQ are || chords. Show that when rect. AP.BQ is a maximum, AP 
‘corresponds’ to BQ. 

Ex. 883.—OX, OY are two given st. lines; A a given pt. within 
4 XOY. Show that the line through A, which forms with OX, OY the 
A of minimum area, is bisected at A. 

Ose Ex. 684, or apply the result of Prop. 13. 


In applying the method of Coincideuce of Equal Values, a 
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knowledge of Loci is often useful; as in the solution of the 
following problems :— 


PROPOSITION 15. 


A and B are two given points; Q a point on a given circle. Find 
when AQ? QB? is a maximum or minimum. 


If a st. line Ir to AB meet the © in Q, Q, 

AQ?— QB?=AQ’?—Q’B?; [Ex. 194. 
and .. a turning value must exist on each side of this Lr. 
Making Q and & coincide, we see that the points which 

give a turning value to AQ?~QB? are the points of contact 
of tangents to the © which are Ir to AB. 
If the tr bisector of AB cuts the © in CD, the ‘turning. 
values will be both maxima; C and D giving sero minima. 
If the Ir bisector of AB does not meet the ©, one of 
these turning values will be a maximum and the other a 
minimum. 


PROPOSITION 16. 


A and B are two given points ; Q a point on a given circle. When 
is triangle AQB a maximum or a minimum ? 


If a || to AB meets the © in Q, Q’, 
AAQB= HAB. 

Hence there must be a ‘turning value’ on each side of 
this ||; and, making these equal values coincide, we see that 
the points which give these ‘turning values’ are the pts. of 
contact of tangents to the © which are || to AB. 

If AB cuts the © in C, D, these values are both maxima ; 
C and D giving sero minima. | 

If AB does not cut the ©, one of them is a maximum and 
the other a minimum. 

We add some general directions for the use of the method 
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employed in Props. 15 and 16 in solving the general 
problem :— | 

To find the position of a point Q on a given straight line, 
or circle X, at which a certain varying magnitude M, depend- 
ing upon the position of Q, is a maximum or a minimum. 


First disregard the st. line X and consider the locus L of the 
pt. Q, when the magnitude M is kept constant. 

Then let this constant be so chosen that touches X. 

The point of contact P will be a position of turning value. 


Exs. 492, 494 may be solved immediately by this method, 
for if 2 AQB remains constant, the locus of Q is a © through 
A, B: hence describe a © through the two given pts. A, B to 
touch the given st. line or circle. The pt. of contact will make 
4 AQB a maximum or minimum. 

Similarly a knowledge of Envelopes may be applied to the 
solution of the general problem :— 

To find the position of the straight line Q, which passes 
through a given point X, in which a certain varying magnitude M 
depending upon the position of Qis a maximum or a minimum. 

First disregard the point X and consider the envelope E of the 
st. line Q, when the magnitude M ts kept constant. 

Then let this constant be so chosen that E passes through X. 

The tangent at X to the envelope will be in a position of turn- 
ing value. 


Ex. 884.—A and B are two given points. Find a pt. Q such that 
AQ : QB shall be a given ratio, and Q at its greatest possible distance 
from AB. 


Ex. 885.—AB, AC are two given finite st. lines. Show that the locus 
of a pt. Q which makes A QAB + A QAC constant is a straight line || to 
BC. Hence show how to find a pt. Q ona given © such that A QAB + 
A QAC shall be a maximum or a minimum. 


Ex. 886.—APX, AQY are two given st. lines. If the perimeter of 
A APQ is kept constant, show that PQ envelopes a certain ©. 


— r ~ 2 s 
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Hence find a st. line PQ, which passes through a given pt. C and cuts off 
a AAPQ from AX, AY of minimum perimeter. 

Show also how to find a st. line PQ which shall touch a given © and 
cut off a A of minimum perimeter from AX, AY. 


Many problems on Maxima and Minima lie beyond the 
range of Elementary Geometry. For, though the method of 
Coincidence of Equal Values is applicable to all cases, and 
will generally teach us some property of the figure on whose 
construction the solution depends, it may happen that the 
actual construction of the figure cannot be effected by ‘rule 
and compass’ only. 

Thus suppose the two given points A, B in Prop. 14 were 
not on the same diamr. of the given ©. | 

We could show as before that, if P is the pt. on the given © 
at which Q gives a ‘turning value’ to At QB, that OP is 
equally inclined to AP, BP, and subtends equal angles at the 
‘inverse points A’ and B’ of A and B (see p. 251). 

But this will not in general enable us to find P. We see 
that P must lie on a locus such that 

PAB! + PB’A’= 4 OAB - OBA, 
but this locus is a straight line only when 2 OA’B’= 4 OB'A’. 
In other cases it is a curve whose construction cannot be 
effected by ‘rule and compass.’ (The locus is a rectangular 
hyperbola, Newton’s Arithmetica Universalis, Prob. xli.) 


PROPOSITION 17. 


To divide a given straight line AB into three parts such that the 
sum of the squares on them may be a minimum. 


If AP? ＋ PQ?-+ QB? is the least possible, 
AP=PQ=QB. 
For if AP is not equal to PQ, žeeping QB fixed, we might 
move P so as to decrease AP? Ps. 
Similarly PQ=QB. 
The method can be extended to any number of segments. 
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PROPOSITION 18. 


To find a point within a triangle ABC such that the sum of its 
distances from A, B, C is a minimum, 


If AQ+BQ+CQ zs a minimum, 
L BQC= L CQA= L AQB. 

For keeping CQ of constant length Q describes a ©, and if 
AQ+BQ is a minimum, it may be shown, as in Prop. 13, 
that BGC SL CQA. Similarly CMAS 2 AQB. 

It may happen that no point within the A gives a turning 
value. 


PROPOSITION 19. 


In a given triangle ABC to inscribe a triangle whose perimeter is a 
minimum. 

If PQ+QR+RP zs a minimum, AB, BC, CA must be the 
extl. bisector of ¿s of APQR. 

Keep one side fixed and use Prop. 10. 

It may happen that there is no inscribed A of minimum 
perimeter. 

The method can be extended to polygons. 


Ex. 887.— Find a pt. Q within a AAB C such that AQ? + BQ? + CQ? 


isa minimum. 


Ex. 888.— is a pt. within a A ABC ; QD, QE, QF are drawn Lr to 
BC, CA, AF. If QD?+QE?+ QF? is a minimum, show that D is the 
centroid of A DEF, and hence that it is the symmedian pt. of A ABC. 


The remaining propositions deal chiefly with the properties 
of /sefertmetrical Figures, i.e. of figures having equal peri- 


meters. 
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PROPOSITION 20. 


Of all triangles having the same perimeter, the equilateral has the 
greatest area. 


Keeping one side fixed, we see that the other two must be 
equal. 


Cor.—Of all isoperimetrical figures with a given number of sides, 
the equilateral is the greatest. 


PROPOSITION 21. 


If two sides of a triangle are given in magnitude, its area is a 
maximum when those two sides contain a right angle. 


The proof is left to the student. 


Cor.—Of isoperimetrical parallelograms the square has the 
greatest area. 

For the maximum parallelogram must be equilateral by 
Prop. 20 and rectangular by Prop. 21. 


PROPOSITION 22. 


If ABCD is the greatest quadrilateral that can be described with 
the sides AB, BC, CD of given lengths, A, B, C, D must lie on 
a circle, of which the fourth side AD is the diameter. 


If 4 ABD were not a rt. 2, keeping ABCD fixed, we could 
make AABD greater by putting AB Ir to BD (Prop. 21.) 

Hence AB D, and similarly 2 ACD, must be right. 

By similar reasoning it can be shown that— 


If ABC... HK is the greatest polygon that can be described with 
the sides AB, BO, CD... HK of given lengths, A, B, 0. 
H, K must lie on a circle, of which AK is the diameter. 
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It may save the student some trouble to state that the 
construction of a cyclic quadrilateral ABCD whose three sides 
AB, BC, CD shall be respectively equal to three given straight 
lines, and whose fourth side AD shall be the diameter of the 
circum circle, is beyond the range of Elementary Geometry, 
unless two of the given st. lines are equal. 

It is, however, easy to prove that only one form of such 
quadrilaterals can exist. 

For if in a © ABCD, whose diamr. is AD, we draw any 
three chds. AB, BC, CD, and place in a greater or smaller 
circle three chds. ab, bc, cd, equal respectively to AB, BC, 
CD, ad cannot be a diamr. of that ©. 

Now of all the quadrilaterals with three sides, ab, bc, cd 
respectively equal to AB, BC, CD, there must be one whose 
form makes it contain the greatest possible area, and it can- 
not be any other than ABCD. 


PROPOSITION 238. 


A cyclic quadrilateral ABCD is greater than any quadrilateral abcd 
which is not cyclic, whose sides are equal to the corresponding 
sides of ABCD. 


For let the other end E of the diamr. through A be on the 
arc CD. Join CE, ED, and on cd construct a A ced 
directly congruent with A CED, and join ae. 

Then. abcd is not cyclic; 
. Ls abc, ace, adc cannot all be rt. cs. 

Therefore one of the two figures abce, ade must be less 
than the corresponding part of ABCED, while the other 
cannot be greater ; 

. abced <ABCED. 
But Aced=ACED; 
. abcd <ABCD. 
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N. B.— It is possible to construct by Elementary Geometry 
a cyclic quadrilateral whose sides shall be equal to those of a 
given quadrilateral. 


PROPOSITION 24. 


If a figure is the greatest that can be contained within a peri- 
meter of given length, it must be a circle. 


Inscribe any quadl. ABCD in it. 

If A, B, C, D were not concyclic, we could, without altering 
the external parts cut off by its sides, make the quadl. ABCD, 
and therefore the whole figure, greater. 

Similarly any other four points on the perimeter are con- 
cyclic. | 


Ex. 889.—A figure ABC is to be contained by a straight line AC 
whose length is not assigned while the remaining part ABC of the 
boundary is to be of given length. Show that when it is a maximum it 
must be a semicircle. 


Ex. 890.—If a figure is the greatest that can be contained by a given 
straight line and another boundary of given length, it must be a segment 
of a circle. 


Ex. 891.—A figure ABCDEF is to be contained by straight lines AB, 
CD, EF of given lengths. The /engths only of the intermediate parts 
BC, DE, FA are given. If the figure has its area a maximum, show that 
AB, CO, EF must be chords of a circle of which BC, DE, FA are arcs. 
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COMPOUND RATIO. 


Referring to the definition of compound ratio in Book V., 
it is easy to see that if we first compound A: B andC: D, 
and then compound E: F with the resulting ratio, we get the 
same ratio as if we first compounded C: D and E: F, and then 
compounded A: B with the resulting ratio. Hence :— 


PROPOSITION 1. 


The ratio compounded of any given set of ratios is independent of 
the order in which they are taken. 


In what follows the magnitudes considered are supposed to 
be straight lines. 
By VI. 23 (see p. 397), the ratio compounded of the ratios 


fa:x 
lb:y 
=rect. a.b : rect. x. y 


=ratio compounded of i ä 4 \; 


a: A a: XN 
. ratio compounded r b :y | =ratio compd. of J h: 2 l 
c: 2 c:y 


a:Z 
=ratio compd. arj b: x 
c: y 


and so on. Hence:— 


PROPOSITION 2. 


If from any such set of given ratios we form a new set by making 
any interchanges of consequents (or any interchanges of ante- 
cedents) the ratio compounded of the set is unaltered. 


A. X 
For the sake of brevity, the ratio compounded of } b:y | 
C:2 


— — — 0 
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is frequently denoted thus, a.b.c : x.y.z. This notation can 
be used for any number of ratios. 

When the ratio obtained by compounding the set is one of 
equality, the result is expressed thus, a.b.c=x.y.z. 


The student is requested to observe that no geometrical 
meaning ts here assigned to such a symbol as a.b.c or a.b.c.d. 


PROPOSITION 3. 
If a.b.c.d=p.q.r.s and br, then a.c.d=p.q.s. 
For a.c.d.b=p.q.s.r. 


PROPOSITION 4. 
If a.b.c.d.e=p.q.r.s.t and a.b.d.=q.s.t, then c.e=p.r. 
For c. e. a. b. d p. r. q. s. t. 


The student will probably notice that these propositions 
lead to the same rules ſor deducing equalities of compound 
ratios as would apply F à. b. c. d, etc., were algcbraicul 
products. 
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MISCELLANEOUS PROPOSITIONS. 


PROP. 1.—If the straight lines AO, BO, CO joining the vertices 
of a triangle ABC to a point O be produced to cut BC, CA, AB 
in X, Y, Z, then the ratio compounded of the ratios AZ : ZB, 
BX: XC, CV: YA is one of equality, z.c. AZ.BX.CY=ZB.XC.YA. 


(Ceva’s Theorem), 
For AZ: ZB:: AAC Z.: ABCZ, 
and AZ: ZB:: AAOZ : ABOZ; 
. AZ : ZB:: ACOA: ABOC. 
Sinay CY: VA:: ABOC : AAOB, 


A 


679 


1 
i 
1 
U 
i 
T 
R 
! 
! 


8 X C 


and BX : XC :: AAOB : ACOA; 
. AZ. CV. BX: ZB. VA. Xx C:: ACOA: ACOA; 
.*. AZ. BX. CVS ZB. X C. VA. 
The student should vary the figure by taking O outside 


AABC. 


PROP. 2.—If the sides BC, CA, AB of a triangle ABC, produced 
or not, meet a straight line in the points X, Y, Z, then 
AZ.BX.CY=ZB.XC.YA (Menelaus’s Theorem). 


Draw CD || to AB to meet XYZ in D. 
Then BX: XC:: ZB: CD 
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and CV: VA:: CD : AZ; 
. AZ. BX. CV: ZB.XC.YA :: AZ. ZB. CD: ZB. CD. AZ; 
. AZ. BX. CVS ZB. X C. VA. 


Ex. 892.—If X, V. Z divide the sides BC, CA, AB of A ABC, so that 
AZ. BX. CV Z B. XC. VA, then either AX, = CZ are concurrent, or 
X, Y, Z are collinear. 


PROP. 3.—If a, B, y, X, u, „are any six concyclic points, and if B, 
my intersect in X; y\ and va in V; and an, A8 in Z; then X, Y, Z 
are collinear (Pascal’s Theorem). 

Let PQR be A formed by BA, yp, av. 
p 


By three applications of Prop. 2, show that PH. QX. Ry. PA. 
Qy. RV. PZ. /i. Ru Q. RX. Pe. Q. Ry. PV. QZ. Ru. Pa. 
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Then remembering that PB. PA Pv. Pa, apply Prop. 4 on 
Compound Ratio, and deduce QX. RV. PZ = RX. PV. QZ. 

The pts. a, B, y, A, p, v can be taken in any order on 
the O. 


Ex. 893.—If a hexagon ABCDEF circumscribe a O, the diagls. AD, 
BE, CF meet in a pt. (Brianchon’s Theorem). 

The pts. of contact a, B, Y, X, u, » can be so taken that AD, BE, CF 
are the poles of the X, Y, Z of Prop. 3. Use Ex. 470. 


PROP. 4.—If S and O be the circum- and in-centre R, r, the circum- 
and in-radius SO?= R?—2 Rr. 


Let the in-@ touch AC at M: produce AO to cut the 
circum-@) at D: draw DH Ar to AC. Then it can be shown 
that OD = DC. 


Again As AOM, ADH arc equiangr. ; 
.*. AO: AD :: OM: DH; 
*. AO. DC: AD.DC :: 2 R. OM: 2 R. OH. 


But AD. DOC 2 R. DH. MYLE. 
2R.OM=AO.DC 
AO. OO 

= R?—SO°. See Ex. 470. 


„*. 9O°= R2— 2 Rr. 


2M 
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Ex. 894.—If O, be an ex- centre, and r} the corresponding ex- radius, 
SO,?7= R? +2 Rr, 


Ex. 895.— If S, O be the centres, R, r the radii of two Os, and SO?= 
R?—2Rr, any number of as can be both inscribed in one and circum- 
scribed about the other. 


PROP. 5.—Through a given point D to draw a straight line MDN 
which shall cut off from two given straight lines a triangle 
AMN equal to a given rect ilineal figure. 


Through D draw DF || to AM to meet AN in F. To AF 
apply gm AF GK equal to given rectl. figure. At K erect 
Ir KL equal to FD, and describe © with centre L and 
radius equal to DG, cutting AM at M. Join MD and produce 
to cut AN at N. 

Then FD, * are homols. sides of simr. As F DN, DGH; 
. AFDN: AH DG:: FD? : DOG. 
Sie AKMH : AH DG:: KM?: DG?; 
.. AFON+AKMH: AHDG:: FD?+KM2: DG 
:: KL?+4KM?: LM? 
.*. AFDN+AKMH=AHDG; 

The above investigation may be adapted to the case in 

which D is outside MAN. 


LzEM MA. — D is any fixed point; bc a fixed straight line, touching 
a fixed circle at P; Lis any other point on bc; along DL is taken 
DE such that DL.DE=sq. of tangent from D to the fixed circle; 
then E lies on another fixed circle touching the first and passing 
through D. 7 
Let DP cut the first © again in Q, and let QH be the 
tangt. at Q. 
| Then DL. DES DOP. DQ; 
E, L, P, Q are concyclic; 
L DEQ=zcPQ=2 HQP; 
i E lies on a fixed © through D and Q, touching HQ, 
and .. the first fixed © at Q. 
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PROP. 6.—The nine-point circle of a triangle touches the in- and 
: ex-circles. 


Consider the in-@ and that ex-@ which touches BC 
between B and C. 


BC, CA, AB are three of the common tangts. to these two 
Os. Let the fourth common tangt. bdc be drawn cutting 
AC, CB, BA in b, d,c. Let D, E, F be mid pts. of BC, 
CA, AB. Then Ab = AB; Ac AC, and Ad is the intl. 
bisector of BAC; 

*. Ad bisects Cc at rt. zs, 
and .. DE passes through K, the pt. where Ad cuts Cc. 
Also if a, a’ be the pts. of contact with BC, 
Da’= Da (BA AC) ; BOC = DK. 
Let DE, DF cut be in L, M. 
Then DL: DK:: BC: BA:: DK: DE; 
.*. DL. DE DK Z Da? = Da”. 
Similarly DM. DF Da? = Da’; 

. E and F lie on the © through D touching the in- and 

ex· Os considered. 
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PROP. 7.—The diagonal and the side of a square have no common 
measure. 


From the diag]. BD of the sq. ABCD cut off BE equal to 
BC and draw EG ır to BD to meet CD in G. 
Then DE=EG=GC and DE: DG:: BC: BD. 


Any line which measured BC and BD would also measure 
DE, and .. also GC. 

But since it measured CD it would measure DG, and .. be 
a common measure of DE and DG. 

Again. DE: DG :: BG: BD and DE, DG < BC, BD. 

G.C.M of DE, DG < G.C.M. of BC, BD. 

But we have shown that any line which measured BC, BD 

would also measure DE, DG. 
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an „ = 6 a — 


MISCELLANEOUS EXERCISES. 
Booxs I.-VI. 


Ex. 896.—In a A ABC, BC=2AC and 4LA=3 ZB. Show that 
A ABC is right angled. 


Ex. 897.—ABCD is a parallelogram; P any point within it. Show 
that AABP+ 4 CDP= A BCP + 4 DAP. 


Ex. 898.—AB, AC are two given straight lines, and X and Y any other 
two straight lines not parallel to one another. Show how to draw a 
straight line parallel to X such that the intercept made upon it by AB, 
AC shall be bisected by Y. 


Ex. 899.—ABC is an isosceles triangle, right-angled at C. The in 
ternal bisector of angle BAC meets BC in D. Show that CD = AB 
AC. 


Ex. goo. —Given any point in one of the shorter sides of an oblong. 
Show that two rectangles may be constructed which have an angle at the 
given point and which are inscribed in the oblong. 


Ex. 901.—If the base AB of a triangle be divided at D so that m. AD = 
n. DB, show that m.AC?+n. BC?=m.AD?+n.BD?+ (m+n)CD?. 


Ex. 902.—O, C are the mid points of the arcs into which a chord AB 
divides a given circle, and PAQ is the tangent to the circle at A. Show 
that AO, AC are the bisectors of the angles BAP, BAQ. 

Of what general Proposition is this a limiting case ? 


EX. 903.—In the fig. of VI. B,’ if the tangent at A meet BC pro- 
duced in T; show that TA=TD. 


Ex. 904.—AB is a fixed diameter of a given circle APB; P 
any point on the circumference. If the tangent at P meet the 
tangents at A and B in Q and R; show that the rectangle PQ, PR 
is equal to the square of the radius of the circle. Show also that 
the rectangle AQ, BR is equal to the square of the radius. 


Ex. 905.—A, B, C, D, E, F are four points on a circle. If DE is 
parallel to AC and CF parallel to BD ; show that EF is parallel to AB. 


Ex. 906.—A tangent drawn at a point on that part of the in-circle 


— 2 ~ 
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convex toward A, meets AB, AC in D, E. Prove that the difference of 
the perimeters of triangles ABC, ADE =twice BC. 


Ex. 907.—Deduce the existence of Simson’s line from Ptolemy’s 
theorem. Also deduce Ptolemy’s theorem and the extension to it from 
the existence of Simson’s line. 


Ex. 908.—AD, BE, CF are the perpendiculars from A, B, C to the 
sides BC, CA, AB of triangle ABC. Show that EF is perpendicular to 
the diameter through A of the circum-circle of triangle ABC. 


Ex. 909.—One of the sides containing the right angle of a right-angled 
triangle is double the other, and circles are described on these sides as 
diameters. Show that their common chord is two-fifths of the hypo- 
tenuse. 


Ex. 910.—-From A in the acute-angled triangle ABC is drawn AD 
perpendicular to BC. If AD=6, BD=3, CD=2, show that angle 
BAC is half a right angle. Use Exx. 427, 429. 


Ex. 911.—In triangle ABC the angle C is obtuse and AD is perpen- 
dicular to BC. If AD=2 or 3, BD=6, CD=1, show that angle BAC 
is half a right angle. 


Ex orai cides be described, eadi dt which touches a- pairol 
alternate sides of a regular pentagon at the extremities of the intermediate 
side, show that all such circles have a common point. 


Ex. 913.—If ABCDE be any cyclic pentagon and the chords BD, CE 
meet ina; CE, DA in b; and so on, so that a second pentagon abcde 
is formed, show that 

' LBAE+ 2 bae=2ABC+ LAED. 


Ex. 914.—In a circle APQ, centre C, two parallel chords PMP’, QNQ’ 
are drawn bisected by the radius CNMA. If the lines QP, QP’ cut CA 
in U, V, prove that CU, CV=CA 


Ex. 915.— The straight lines joining the ends of any chord of a circle 
to the mid point of a chord through its pole are equally inclined to the 
latter chord. 


Ex. 916.—A series of triangles is formed in the following manner :— 
The ex-centres of each are the vertices of the next. Show that as we 
proceed the triangles tend to become equilateral. 


Ex. 917.—L is the point of contact of the in-circle of triangle ABC 
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with BC. Show that one of the common tangents of the two circles 
described through L to touch AB at B and AC at C is parallel to BC. 


Ex. 918.—O is the in-centre of triangle ABC; P the point where AO 
meets the in-circle: BO, CO are produced to meet the tangent at P in 
H, K. Show that BH=CK=BO+OC. Also if the same tangent 
meets AB, AC in L, M; show that CM=HL and that BL=KM 
(Leybourn’s Mathematical Repository). 


Ex. 919.—A triangle APB has a fixed base AB and angle B exceeds 
angle A by a constant difference. Show that the tangent at P to the 
circum- circle of triangle APB is fixed in direction. 


Ex. 920.—If the sum or difference of the two base angles of a 
triangle be equal to a right angle, prove that the perpendicular upon the 
-base from the third angle is a mean proportional between the segments 
of the base. 


Ex. 921.—The tangent at A to the circum-circle of triangle ABC meets 
BC produced at D; BA produced meets the circum-circle of triangle 
ACD at E; and the tangent at B to circum-circle of triangle ABC meets 
the circum-circle of triangle ABD again at F. Show that BEDF is a 
parallelogram. 


Ex. 922.—In the fig. of VI. 13, if a chord AHK be drawn cutting BD 
in H, show that AD touches the circum-circle of triangle DHK. 


Ex. 923.—Area of regular 12-gon =:3 times square on radius of circum- 
circle. 


Ex. 924.—ABCD is a rectangle, and E a point in CD such that AE is 
a mean proportional between AB, BC. if BF be drawn perpendicular 
to AE, show that BF=AE. | 

Hence show how to cut a rectangular card whose length is not greater 
than twice its breadth into three parts, which may be put together to 
form a square. Examine the case in which the length is double the 
breadth, and point out why the construction fails when the length is more 
than double the breadth. 


Ex. 925.—Use the last exercise to suggest a method of dividing a 
rectangle whose length is greater tham twice its breadth into four parts 
which may be put together to form a square. 

Hence obtain a demonstration of I. 47, showing that CL can be cut 
into pieces equivalent to AK, and BL into pieces equivalent to AF. 


Ex. 926.—Given the vertical angle, a line drawn from thence to divide 


— — ~ 
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the base in a given ratio and the sum of the squares on the other two 
sides, to construct the triangle (Hutton’s Miscellanea Mathematica). 


Ex. 927.—The straight lines AO, BO, CO, joining the vertices of 
triangle ABC to any point O, are produced to cut the circum-circle again 
in P, Q, R; D, E, F are the projections of O on BC, CA, AB. Show 
that triangles PQR, DEF are directly similar, and that O in PQR cor- 
responds to the point in DEF isogonally inverse toO. See Ex. 439. 


Ex. 928.—If O in Ex. 927 is the symmedian point of ether of the 
triangles ABC, PQR, it is also the symmedian point of the other, and 
that the sides of each triangle are proportional to the medians of the 
other. 


Ex. 929.—If O in Ex. 927 is the positive Brocard point of triangle ABC, 
it is the negative Brocard point of triangle DEF. 


Ex. 930.—If O in Ex. 927 is the centroid of the triangle ABC, and 
Aa, BB, Cy are symmedian chords, then Aa. QR = B.R P= Cy. PQ. 


Ex. 931.—ABC..., A’B’C’... are two directly similar figures, | their 
centre of stretch-rotation. ABC... can be transformed into A’B’C’... b 

(1) a ‘turn’ w, about any point in its plane, followed by a stretch’ 
from a centre 8; 

(2) a ‘stretch’ from 8, ſollowed by a ‘tum? w, about a certain point 
O’ not ecincident with O. Show that 

(3) S, O, O’ are collinear. . 

(4) SO is stretched into SO’. 

(5) 10, 10’ are equally inclined to S1, and that 

O: 10’ :: SO : SO’. 

(6) O' is the position of O after the first ‘ turn and stretch’ (Prof. R. 

W. Genese.) 


THE HARPUR EUCLID 


BOOK XI. (1-21). 
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BOOK XI. 


PROP. 1.—One part of a straight line cannot be in a plane and 
another part withont it. 


Let the segment AB of a st. line lie in pl. MN; then the 
whole st. line lies in pl. MN. 


— 


M 


For AB can be produced to any length, as CD, in pl. MN. 
And if AB were a segt. of any other st. line ABK other 
than CD, the pl. MN could be turned about CD until the pt. 
K, and .. the st. line ABK, fell in it; [I. Der. 7. 


T.e. two st. lines in a plane would have a common segment, 
which is impossible. 


NoTE.— Simson gave a faulty demonstration (which we kave omitted) of 
the proposition that ‘two straight lines ina plane cannot have a common 
segment’ as a corollary to I. II. 


The reason given by Euclid ts that tf two straight lines ABK, ABD had 
a common segment AB, and a circle were described with centre B and 
radius AB, the diameters ABK, ABD would cut off unequal arcs from that 


circle, 
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PROP. 2.—(i) Two straight lines which cut one another are in the 
same plane. 
(ii) Three straight lines which meet one another are in the same 
plane. 


Let the st. lines AB, CD cut one another at E, then they 
are in the same plane. Also the three st. A c 
lines BD, DE, EB are in the same plane. 

Let any plane pass through EB and be 
turned about EB, produced if necessary, 
until it passes through D. Then BD, DE 
are in that plane ; [I. DEF. 7. 

.. BD, DE, EB are in one plane; j ? 
„. also AB, CD are in that same plane, XI. r. 


PROP. 3.—If two planes cut one another, their common section is 
a straight line. 


Let the pls. MN, PQ cut one another; their common 
section, AB, shall be a st. line. 


i N 
— 
M Q 


For the st. line from A to B lies in both planes; [I. DEF. 7. 
.. it is their common section. 


Der. —A straight line is said to be perpendicular or at right angles 
to a plane when it is at right angles to all straight lines meeting it 
in that plane. 


PROP. 4.—If a straight line is at right angles to each of two 
straight lines at their point of intersection, it is at right angles 
to the plane in which they are. 


Let the st. line EF be tr to each of the two st. lines AB, 
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CD, cutting each other at E; then EF is Ir to the plane in 
which they are. | 

Join BC. In BC take any pt. H. Produce FE to G so 
that EG EF. Join FB, FH, FC, GB, GH, GC, EH. 


FE, EB=GE, EB, | 
In As FEB, GEB and rt. 2 FED art GEB; 
.. FB SGB. 
Similarly FC=GC. 
But BC is common to As FBC, GBC; 
| .. £FBH=zGBH.. | 
But FB, BH=GB, BH; 
*. FH=GH. 
But FE, EH=GE, EH; 
% BEHS 2 GEHs 
.. they are rt. Cs; 
.*. FE is Ir to EH. 
, Similarly it can be shown Ir to any other st. line, meeting 
itin pl. BEC; 
2 FE is Ar to pl. containing AB, CD. 


PROP. 5.—If three straight lines meet at a point, and a straight 
line stand at right angles to each of them at that point, these 
three straight lines are in one and the same plane. 


Let the st. line AB be ir to each of the st. lines BC, BD, 
BE; then BC, BD, BE are in the same plane. 
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Let pl. MN be that in which lie BD, BE. Then the 
pl. containing AB, BC cuts pl. MN in some st. line (XT. 3) 
which is Lr to AB (XI. 4); 

| A 


== 


*. it must lie along BC. 
i.e. BC is in the same plane with BD, BE. 


PROP. 6.—If two straight lines are at right angles to the same 
plane, they are parallel to one another. 


Let AB, CD be ır to pl. MN, 
then AB is || to CD. 
Join BD. Through D in pl. MN draw EDF ır to BD 
such that ED DF. Join BE, BF, AD, AE, AF. 


A = C 


22322 
= 
` 
~ 
— 
es. Tee 
— * 
* 2a 
= 
- 
— 
ta 
`a 


M 


BD, DE=BD, DF, 
In As BDE, BDF (and EE. A BDE=rt..z DF; 
„ BES BF. 
Again ABE, ABF are rt. ¿s (. AB is Ir to pl. MN); 
, AB, BE=AB, BF, 
.. in As ABE, ABF{ na S ABF; 

Lut AD, DE=AD, DF; 

. LADE= L ADF; 

AD ee ier te EF. 
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But BD is ır to EF, [Const. 
and CD i is Lr to EF (, CD is Ir to pl. MN); 
ach is in same plane with AD, DB; ~=[XI.5. 


. CD is in same plane with AB. [XI. 2. 
But 2s ABD, CDB are rt. Ls (. AB, CD are ir to pl. MN); 
. AB, CD are ||. 


PROP. 7.—If two straight lines be parallel, the straight line 
drawn from any point in one to any point. 10 the other is in the 
same plane with the parallels. 


Let AB, CD be two || st. lines; E, F any two pts. in AB, 
CD; then EF. lies in the pl. MN containing AB, CD. 


For E, F lie in pl. MN; 
. EF lies in that plane. [I. Der. 7. 


PROP. 8.—If two straight lines be parallel, and one of them 
be at right angles toa plane, the other shall also be at right 
angles to the same plane. 


Let the st. lines AB, CD be ||, and let AB be ır to pl. 
MN; then CD is Ir to pl. MN. Join BD. Through D, in 
pl. MN, draw EDF ir to BD such that ED=DF. Join 
BE, BF, AD, AE, AF. | 

BD, DE=BD, DF, 


In As BDE, BDF and rt. BDE. L BDF; 
„ BE= SF. j 
Again ABE, ABF are rt. zs (. AB is Ir to pl. MN); 
; AB, BE=AB, BF, 
in As ABE, ABF A and L ABE= L ABF; 
*. AE AF. 
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But AD, DE = AD, DF 
.. ADE S ADF; 
*. ED is arto AD. 


But ED is Ir to BD; [ Const. 
*. ED is Ir to pl. ADB; [XI. 4. 
.. ED is Ir to CD, which is in pl. ADB. [XI. 7. 
Again. Ls ABD, BDC=two rt. zs, 
and AB D is a rt. 2 (. AB is Ir to pl. MN); 
*. ODB is a rt. . 
But CDE is a rt. ; 
*. CD is Ar to pl. MN. XI. 4. 


PROP. 9.—T wo straight lines which are each of them parallel to 
the same straight line and not in the same plane with it, are 
parallel to one another. 


Let the st. lines BM, CN be each of them || to AL, but 


not in the same plane with it; BM shall C 
be || to CN. B A 
From any pt. G in AL and ır to AL, AK 
rA 


draw GH in the plane containing AL, 


BM, and GK in the plane containing |H 
AL, CN. à 
Then AL is Ir to p. HGK; [XI. 4. M L 
.. BMandCN are Ir to pl. HGK; [XI. 6. 


. MB is || to CN. [XI. 8. 
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PROP. 10.—If two straight lines which meet one another be 
parallel to two other straight lines which meet one another 
and are not in the same plane with the first two, the first two 
and the other two shall contain equal angies. 


Let the st. lines AB, BC be || to the st. lines DE, EF; 

then cABC=2zDEF. Take BA, BO, ED, EF all equal 
to one another. Join AD, BE, CF, 

c AC, DF. 
| . AB = ODE and is || to DE; 
*. AD=BE and is || to BE. 
* 4 Similarly CF=BE and is || to BE; 
ee ee *. AD=CF and is || to CF; - 
. AC=DF. 
But AB, BC=DE, EF; 

. ABG S L DEF. 
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PROP. 11.—To draw a straight line perpendicular to a plane from 
a given point without it. 


Let A be a given pt. without the pl. MN; it is reqd. to 
draw from A a st. line Ir to pl. MN. In pl. MN draw any 
st. line BC. From A draw AD ır to BC. 


Then if AD s not arto pl. MN, in pl. MN draw DE ur to 
BC, and from A draw AF ır to DE. AF is the reqd. ir to 
pl. MN. 
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Through F draw in pl. MN GFH || to BC,; 
„ BC is Ir to AD, DF; 
.. BC is Ir to pl. ADE; [XI. 4. 
GH is Ir to pl. ADE; [XI. 8. 
.. GH is Ir to AF; 
. AF is Ir to GH, DE; 
. AF is Ir to pl. MN. [XI. 4. 


PROP. 12. To erect a straight line at right angles to a given 
plane from a given point in the plane. 


Let A be the given pt., MN the given plane; it is reqd. to 
erect a st. line from A Ar to pl. MN. IC 
From any pt. C without pl. MN 
draw CB ır to pl. MN. 
From A draw AD || to CB. M. 
Then AD is ir to pl. MN. [XI. 8. 


PROP. 13.—(1) From the same point in a given plane there cannot 
be drawn two straight lines at right angles to the plane. 


(2) From a given point without a plane there can only be drawn 
one perpendicular to the plane. 


Let A be a pt. in pl. MN; only one ır can be drawn to 
pl. MN from A. 

Take any other pt. B in pl. MN 
and erect at Ba Ir to pl. MN. 

Then any ır from A to pl. MN 
must be || to BC (XI. 6), and if two 
could be drawn we should have two M 
st. lines || to BC and meeting at A, which is impossible (I. 
30 and XI. 9). 

(2) If two ars could be drawn to pl. MN from an extl. pt. 
A, they would be || to one another (XI. 6), which is absurd. 

2 N 
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Dzr.— Parallel planes are such as do not meet one another 
though produced. 


PROP. 14.— Planes to which the same straight line is perpendicular 
are parallel to one another. 


Let the st. line AB be tr to each of the pts. MN, PQ; 
then pl. MN is || to pl. PQ 


For, if possible, let O be a pt. common to pls. MN, PQ 
when produced. Join OA, OB. 
Then. AB is Ir to pls. MN, PQ, 
*. Ls OBA, OAB are rt. L s, 
which is impossible; 
.*. pl. MN is || to pl. PQ. 


PROP. 15.—If two straight lines which meet one another be 
parallel to two other straight lines which meet one another, 
but are not in the same plane with the first two, the plane 
which passes through these is parallel to the plane which 
passes through the others. 


Let the st. line AB, BC be |j to the st. lines DE, EF, but 
not in the same plane with them; then pl. ABC is || to pL 
DEF. 

From B draw BG ir to pl. DEF, 
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and through G in pl. DEF draw GH, GK || to DE, EF, and 
.*. also || to AB, BC. 
Then Ls ABG, BGH=2 rt. zs. 


But BGH is a rt. 2 (. BG is Ir to pl. DEF); 
.. CABG is art. . 
Similarly CBG is a rt. 2; 


. BG is Ir to pl. ABG. [XI. 4. 
But BG is Ir to pl. DEF; 
*. pl. ABC is || to pl. DEF. [XI. 14. 


PROP. 16.—If two parallel planes be cut by a third plane, their 
common sections with it are parallels. 


Let the || pls. AB, CD be cut by pl. EFHG, their common 
sections EF, GH shall be |. 


For EF, GH lie in the same pl. EFGH, and if they met 
when produced, the pls. AB, CD, in which they lie, would 
also meet, which is contrary to the hypothesis. 
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PROP. 17.— If two straight lines be cut by parallel planes, they 
shall be cut in the same ratio. 


Let the st. lines AB, CD be cut by the || pls. GH, KL, MN 
in the pts. A, E, B, C, F, DO; then AE: EB :: CF: FD. 
Join AC, BD, AD. Let AD cut pl. KL in X. Join EX, XF. 


pl. ADB the pls. KL, MN in EX, BD; 
. EX is || to BD; IXI. 16. 
„ EB :: AX: XD. 
2 CF : FD :: AX: XD; 
. AE: EB :: CF: FD. 


Der.—A plane is perpendicular to a plane when the straight 
lines drawn in one of the planes perpendiculariy to the common 
section of the planes are perpendicular to the other planes. 


PROP. 18.—If a straight line be at right angles to a plane, every 
plane which passes through that line shall be at right angles to 
that plane. 


Let the st. line AB be tr to pl. MN; then any pl. DE 
through AB is Tr to pl. MN. 

From any pt. F in CE, the common section of the two pts., 
draw FG in pl. DE Ar to CE. 
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Then ABF is art.z (. AB is Ir to pl. MN). 
But BFG is a rt. . 
.*. FG is || to AB; 


But AB is Ir to pl. MN; 
.. FG is Ir to pl. MN. [XI. 8. 
Similarly any other st. line in pl. DE ır to CE is Ir to 


pl. MN; 
.. pl. DE is Ar to pl. MN. 


PROP. 19.—If two planes which cut one another be each of them 
perpendicular to a third plane, their common section shall also 
be perpendicular to the same plane. 


Let the two pls. ABD, ACD be each of them ir to pl. 
ABC; then their common section AD shall be Ir to pl. 


ABC. 
D 


B 


. pl. BAD is Ir to pl. BAC; 
*. the Ir to pl. BAC through A lies in pl. BAD. [Der. 
Similarly it lies in pl. CAD; 
it must be their common section AD. 
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Der.—A solid angle is that which is made by the meeting of 
more than two plane angles, which are not in the same plane, at 
the same point. 

PROP. 20.—If a solid angle be contained by three plane angles, 
any two of them are greater than the third. 

Let the solid C at A be contained by the three plane 4s 

BAC, CAD, DAB; any two of them are greater than the 

third. If they are not all equal, let «BAC > + BAD 


and y L CAD. 


In pl. BAC draw AE such that 4 BAE = L BAD and 
AE=AD. 
Through E draw the st. line BEC. Join DB, DC. 
BA, AD=BA, AE, 
In As BAD, BAE{ snd 4L BAD S L BAE; 
*. BD SBE. 
But BD, DC > BC; 
*. remr. DC > remr. EC. 
CA, AD=CA, AE, 

.*. CAD > L CAE. 
But 2 BAD = L BAE. 

. Ls BAD, CAD > whole + BAC. 


But 2 BAC > BAD and Y CAD; 
„. 4 BAC with either C BAD or 2 CAD > the other. 
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PROP. 21.—Every solid angle is contained by plane angles which 
are together less than four right angles. 


Let the solid C at A be contained by any number of plane 
4s BAC, CAD, DAE, EAB;; these are together less than 
four rt. Zs. 


Let the pls. in which these Cs are be cut by a plane 
BCDE in the st. lines BC, CD, DE, EB. 

Take any pl. a within BODE and join it with the angular 
pts., thus dividing it into as many As as it has sides, ñe. as 
there are plane Zs containing A. 

Then Ls ACB, ACD > L BCD. 
.. Ls ACB, ACD > zs aCB, aCD, 
and so on at D, E, B; 

.. Ls at bases of As with common vertex at A, are 
greater than Ls at bases of As with common vertex at a; 
but all Cs of first of As=all 2s of second set. I. 32. 

*. remg. Ls at Å < remg. Cs at a; 
*. Ls at A S four ert. cs. 
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DEFINITIONS. 
Book XI. 


I. A ‘solid’ is that which has length, breadth, and thickness. 
2. That which bounds a solid is a superficies.’ 


3 A straight line is ‘perpendicular,’ or ‘at right angles,’ to a 
plane, when it makes right angles with every straight line meeting 
it in that plane. 


4. A plane is perpendicular, or at right angles, to a plane, when 
the straight lines drawn in one of the planes perpendicular to the 
common section of the two planes are perpendicular to the other 


5. The ‘inclination of a straight line to a plane’ is the acute 
angle contained by that straight line, and another drawn from the 
point at which the first line meets the plane to the point at which 
a perpendicular to the plane drawn from any point of the first line 
above the plane, meets the same plane. 


6. The ‘inclination of a plane to a plane’ is the acute angle con- 
tained by two straight lines drawn from any the same point of 
their common section at right angles to it, one in one plane, and 
the other in the other plane. 


7. Two planes are said to have the ‘same or a like inclination’ 
to one another, which two other planes have, when the said angles 
of inclination are equal to one another. 


8. ‘Parallel planes’ are such as do not meet one another though 
produced. , | 

9. A ‘solid angle’ is that which is made by more than two plane 
angles, which are not in the same plane, meeting at one point. 

ro. ‘Equal and similar solid figures’ are such as are contained 
by similar planes equal in number and magnitude. 


11. ‘Similar solid figures’ are such as have all their solid 
angles equal, each to each, and are contained by the same number 
of similar planes. 


12. A ‘pyramid’ is a solid figure contained by planes which 


U 


Definitions. 511 


are constructed between one plane and one point above it at which 
they meet. 


13. A ‘prism’ is a solid figure contained by plane figures, of 
which two that are opposite are equal, similar, and parallel to one 
another; and the others are parallelograms. 


14. A ‘sphere’ is a solid figure described by the revolution of a 
semicircle about its diameter, which remains fixed. 


15. The ‘axis of a sphere’ is the fixed straight line about which 
the semicircle revolves. 


16. The ‘centre of a sphere is the same with that of the semi- 
circle. 


17. The ‘diameter of a sphere’ is any straight line which passes 
through the centre, and is terminated both ways by the super- 
ficies of the sphere. 


18. A ‘cone’ is a solid figure described by the revolution of a 
right-angled triangle about one of the sides containing the right 
angle, which side remains fixed. 

If the fixed side be equal to the other side containing the right 
angle, the cone is called a right-angled cone; if it be less than 
the other side, an obtuse-angled cone; and if greater, an acute- 
angled cone. 


19. The ‘axis of a cone is the fixed straight line about which 
the triangle revolves. 


20. The ‘base of a cone’ is the circle described by that side 
containing the right angle which revolves. 


21. A ‘cylinder’ is a solid figure described by the revolution of a 
right-angled parallelogram about one of its sides which remains 
fixed. 


22. The ‘axis of a cylinder’ is the fixed straight line about 
which the parallelogram revolves. 


23. The ‘bases of a cylinder’ are the circles described by the 
two revolving opposite sides of the parallelogram. 


24. ‘Similar cones and cylinders’ are those which have their axes 
and the diameters of their bases proportionals. 


25. A ‘cube’ is a solid figure contained by six equal squares. 


— = — >’ „ 
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26. A ‘tetrahedron’ is a solid figure contained by four equal 
and equilateral triangles. 


27. An ‘octahedron’ is a solid figure contained by eight equal 
and equilateral triangles. 


28. A ‘dodecahedron’ is a solid figure contained by twelve equal 
pentagons which are equilateral and equiangular. 


29. An ‘icosahedron’ is a solid figure contained by twenty equal 
and equilateral triangles. 


A. A ‘parallelopiped is a solid figure contained by six quasi: 
lateral figures, of which every opposite two are parallel. 


The following, though not given by Euclid, are important 
(Legendre’s Eléments de Géométrie) :— 


Drr.—A straight line and a plane are said to be parallel to 
one another when they do not meet however far they are produced. 


PROP. 1.—If a straight line AB without a plane MN be parallel to 
a straight line CD in that plane, it is parallel to the plane. 


For, since it lies in pl. ABDC, if it met pl. MN it would 


A B 
N 


D 
M 


meet it at some point in the common section CD, which is 
contrary to the hypothesis. 
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PROP. 2.—If a straight line AB is parallel toa plane MN, and a 
plane passing through AB cut the plane MN, the common 
section CD is parallel to AB. 


For if AB met CD it would meet pl. MN, tn which CD lies, 
which is contrary to the hypothesis. 


PROP. 3.—If from a point C in a plane MN, which is parallel to a 
straight line AB, a straight line be drawn * to AB, it will 
lie in the plane MN. 


For the plane BAC cuts pl. MN in a st. line CD || to AB 


by Prop. 2, and only one || to AB can be drawn from a point. 
[I. 30 and XI. 9. 


PROP. 4.—If a straight line AB is parallel to two planes CDE, 
CDF, which cut one another, it is parallel to the common sec- 
tion CD. 


For the || to AB a C must lie in both planes by 


Prop. 3; 
„. it is their common section CD. 
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LIST OF MATHEMATICAL TERMS USED IN THIS 
WORK, BUT NOT DEFINED BY EUCLID. 


Antiparallel, 160, 316, 317. 
Arm of angle, 201. 

Axe, or axe-head, 106, 169. 
Axis of Similitude, 453. 

of Symmetry, 23. 
——— radical, 240. 


Brocard Circle, 322. 
—— Points, 221, 322. 


Centre of Mean Position, 160. 
— of Similitude, 448, 449. 
of Stretch-rotation, 455- 
Centroid, 160. 

Circle of Similitude, 457. 
Circum-centre, 99, 285. 
Circum-circle, 285. 
Circum-radius, 285. 
Collinear, 217. 

Complement of an angle, 31. 
Complementary, 31. 
Concentric, 173. 

Conclusion, 17. 

Concurrent, 65. 

Concyclic, 203. 

Congruent, 13. 

Conjugate angles, 201. 

— rays, 442. 
Contraparallelogram, 257. 
Contrapositive, 171, 173- 
Converse, 17. 
Conversion, rule of, 185. 
Convex figure, 120. 

Cosine Circle, 318. 

Cross, 245, 266. 

Cyclic quadrilateral, 205. 


Directly congruent, 452. 
—— similar, 452. 


Envelo 
— sans 
Equidistant, 186. 
Equivalent, 67. 
Escribed circle, 282. 
Ex-centre, 282. 


Ex - circle, 282. 


Ex-radius, 282. 


Harmonic Conjugates, 440. 
— Mean, 440. 

— Pencil, 442. 

— Polar, 445. 

—— Progression, 440. 
Harmonically divided, 440. 
Homothetic, 450. 
Hypotenuse, 92. 


Identity, rule of, 197. 
In-centre, 282. 
Indeterminate, 108. 
In-radius, 282. 

Inverse points, 236. 
Inversely congruent, 452. 
—— similar, 452. 
Inversion, 251. 

Isogonal, 236. 
Isoperimetrical, 479. 


Kite, 23. 


Limit, 246. 
Linkage, 256. 
Locus, 51. 


List of Mathematical Terms. 


Major and minor arcs, 201. 
angles, 201. 
Maxima and Minima, 464. 


Median, 35. 
Mid-centre, 235. 


Nine-point circle, 313. 
N-gon, 309. 


Obverse, 37, 39. 
Oppositely placed, 450. 


Orthocentre, 99, 234, 235. 
Orthogonally, to cut, 194. 


Parallel Translation, 264. 
Peaucellier's Cell, 256. 
Pedal Line, 238. 

Pencil, 55. 

Polar, 243, 244. 

Pole, 243, 244. 
Projection, 149. 


Radical axis, 240. 
centre, 241. 
Ratio of similitude, 450. 
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Regular figures, 62, 296. 
Rule of Conversion, 185. 
Identity, 197. 


Secant, 189. 

Set, 55. 

Similarly placed, 450. 
Simson's Line, 238. 
Species, given in, 363. 
Straight angle, 201. 
Stretch- rotation, 455. 
Superposition, 13. 
Supplement, 31. 
Supplementary, 31. 


SIS 


Symmedian Line, 160, 318, 319. 


Symmetry, Axis of, 23. 
—— Centre of, 450. 


Tangent, 189. 
Taylor’s Circle, 272, 321. 
Trapezoid, 106. 


Triplicate Ratio Circle, 319. 


Tucker's Circles, 316. 


Vertex, 7, 201. 
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